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Focusing on the Chinese Way of 
Learning Mathematics: An Introduction 


The last decades have seen a mounting interest in Asian education 
amongst politicians, policy makers, educational researchers and 
practitioners around the world. In particular, being part of Asian 
education, Chinese education has attracted much attention. This growth 
of interest is clearly relevant to the wide acclaimed performance of Asian 
and particularly Chinese students that people have observed in large- 
scale international comparisons, such as those conducted in the 
International Assessment of Educational Progress (IAEP), the Third 
International Mathematics and Science Study (TIMSS), and the 
Programme for International Student Assessment (PISA) during this 
period. In those comparisons, mathematics as a school subject has been a 
focus because of its importance in children’s school education and its 
comparability in contents being taught in different countries. Needless to 
say, many questions in this regard remain to be studied, or even 
identified. 

This book intends to present a concerted effort in the study of 
Chinese mathematics education by a group of international researchers, 
both Chinese and non-Chinese, who we believe have insiders’ experience 
expertise, and more importantly a passion concerning Chinese 
mathematics education. The focus of the book is on how Chinese learn 
mathematics. Given the long history of Chinese culture, the rich practice 
of Chinese pedagogy, and the large population of Chinese learners, the 
value of studying on Chinese mathematics education to itself and beyond 
is easy to see. 


> 


vii 
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The origin of the book can be traced back to the Ninth International 
Congress on Mathematical Education (ICME-9) held in Tokyo, Japan in 
2000, during which a special event of the congress, Forum of All Chinese 
Math Educators: Festive and Academic Gathering of Chinese 
Descendants and Other Interested Parties, drew much interest from an 
unexpectedly large number of audience from Mainland China, Hong 
Kong, Singapore, Taiwan, Russia, Japan, and the United States, etc., in 
its two sessions’. With the momentum and encouragement we gained 
from the event and all the interested scholars and researchers including 
particularly the four advisors of this book, we started our journey of 
more than three years, from the initial discussion of the main theme and 
structure to the organization of peer-reviewing for all the contributions, 
and finally to the completion of the book. 

This book consists of four sections. In Section 1, “Overview and 
International Perspectives”, we start off in Chapter 1 with a 
comprehensive overview and synthesis by Fan and Zhu about the 
performance of Chinese students as revealed in large-scale international 
comparative studies in mathematics education conducted over the past 
few decades. The overview is followed by Wong, Han, and Lee’s 
investigation of current mathematics curricula in 10 countries/regions in 
Chapter 2, pr oviding readers with a broad background from an 
international and comparative perspective to understand the curriculum 
environment, under which Chinese students learn mathematics. In 
Chapter, 3, Cai and Cifarelli provided an insightful review of smaller- 
scale and more specific cross-national comparative studies of the US and 
Chinese students and presented a profile of Chinese learners’ 
mathematical thinking in problem solving and problem posing. In 
particular, they identified six characteristics of Chinese learners’ 
mathematical thinking in problem solving. Following that, Wang and 
Murphy further led us in Chapter 4 into the Chinese classroom by 
analyzing discourse in a model Chinese mathematics classroom and 
developing the concept of coherence to describe the most salient 


' Also see “A Report on the Forum of All Chinese Math Educators at ICME-9”, by L. 
Fan, D. Zhang, and L. Gu, 2000, Bulletin of the International Commission on 
Mathematical Instruction. 49, pp. 8-10. 
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features found in the classroom, that is, coherence in the instructional, 
psychological, and social dimensions. In Chapter 5, Li Jin in a more 
generic meaning proposed a Chinese cultural model of learning, based on 
her examination of Chinese learners’ beliefs with respect to the learning 
purposes, processes, achievement standards, and affect by contrasting 
with the American ones. Meanwhile, Siu in Chapter 6 further opened up 
the cultural root of the Chinese mathematics learners by a uniquely 
“animated” reflection from a historical perspective on the official 
mathematics curriculum and the state examination system in ancient 
China. The chapter showed that study in mathematics in ancient China 
did not proceed in an examination-oriented, rote-based learning 
environment. In sum, by looking into the Chinese mathematics learners 
with different glass (telescopic, microscopic and longitudinal), we hope a 
general image of the Chinese mathematics learners is portrayed in 
Section 1. 

Section 2, “Context and Teaching Materials”, examines the social 
and pedagogical context and teaching materials particularly textbooks 
with the focus on how they affect the way Chinese students learn 
mathematics in classrooms, in schools, and in their own homes. In 
Chapter 7, Zhang, Li Shiqi, and Tang analyzed a once most coherent and 
visible principle for mathematics instruction in Mainland China, the “two 
basics” principle: “basic knowledge and basic skills”, and discussed its 
both positive and negative influences on Chinese students’ learning of 
mathematics. Bao in Chapter 8 evaluated the difficulty levels of new and 
old mathematics textbooks measured in five dimensions and provided us 
with an updated view of the mathematics curriculum in Mainland China. 
Also focusing on the mathematics textbooks, Fan, Chen, Zhu, Qiu, and 
Hu investigated in Chapter 9 the role of textbooks in the process of 
Chinese students’ learning of mathematics through looking into how they 
are used by teachers and students within and beyond classrooms in two 
Chinese cities, Kuming and Fuzhou, providing readers with insights on 
how textbooks as main teaching materials shape the way of teaching and 
learning. Differently, Li Jianhua in Chapter 10 focused on a popular 
Chinese elementary school mathematics teacher manual in the topic of 
multi-digit multiplication, and illuminated a significant feature of the 
Chinese teachers’? manual, that is, offering a thorough understanding of 
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the student text and detailed suggestion for teachers’ teaching. In Chapter 
11, Huang Hsin Mei examined the effects of cram schools in Taiwan on 
children’s mathematics learning. As the influence of non-formal 
mathematics education students received outside schools on their 
achievement particularly in Asia socleties, such as Singapore, Hong 
Kong, Taiwan, Japan and Mainland China, have received growing 
attention in international mathematics education community’, and yet 
they are still under-researched, this chapter opened a fresh and 
meaningful window for us to view mathematics instruction beyond the 
regular school settings. 

Section 3, “Pedagogy and Learning Processes”, focuses on the 
general pedagogy and learning processes in the Chinese mathematics 
classrooms. It begins with an analysis in Chapter 12 by Gu, Huang 
Rongjin, and Marton on how Chinese teachers promote effective 
mathematics learning even with large classes by teaching with variation, 
a characteristic they identified in Chinese mathematics classroom and a 
theory they have been working first independently then collaboratively 
on mathematics pedagogy. Still with the perspective of variations, Huang 
Rongjin and Leung in Chapter 13 further looked into the Hong Kong and 
Shanghai classroom, and their findings challenged the very idea of the 
so-called paradox of Chinese learners. Similarly taking a Shanghai 
classroom as a focal point of investigation, Lopez-Real, Mok, Leung, and 
Marton revealed in Chapter 14 that although one might be able to 
identify a “pattern” of teaching that characterizes a teacher’s approach, it 
is dangerous to attempt to look for a national “script” of mathematics 
lessons. Consistently, Ma, Zhao, and Tuo further in Chapter 15 alerted us 
to the diversity within the perceived communality of the so-called 
“Chinese” mathematics classrooms by showing a vast difference in 
teachers and their preparation and implementation of teaching in rural 
and urban regions in Northeast China. In Chapter 16, Li Jun examined 
the learning results of using both theoretical and experimental 


2 For example, see the Discussion Document of ICMI Study 13, “Mathematics education 
in different cultural traditions: A comparative study of East Asia and the West”, 
retrievable at its official website at http://www.inf.fu-berlin.de/icmics (as of 15 May 
2004). 
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approaches in teaching a specific topic of mathematics curriculum, 
probability, on Chinese students, and hence revealed the advantages and 
disadvantages of both approaches. Using date collected from 
mathematics classrooms in Jiangsu Province of China, An in Chapter 17 
identified and discussed a unique characteristic of Chinese mathematics 
teaching and learning: using the learning-questioning and learning- 
reviewing instructional model to enhance students’ understanding of 
mathematics concepts and reinforce mathematics proficiency. Finally, 
Xu in Chapter 18 reported a study on the effects of using different 
representations in problem solving activities on Chinese children’s 
learning of mathematics, and concluded that by means of different 
representations the Chinese children could exhibit their different 
preferred cognitive structures, which signals a challenge for teachers to 
change their conception about teaching and learning. 

Section 4, “Inspiration and Future Directions”, presents the last 
two chapters of the book. In Chapter 19, Wong firstly provided a 
comprehensive review on the trend of CHC (Confucian Heritage Culture) 
studies over the past fifteen years, and then examined the three Chinese 
traditions of calligraphy, martial art, and seal carving, and their 
implications for our understanding the learning of mathematics, and thus 
finally provided his perception of the “CHC script” concerning our main 
theme. In Chapter 20, Cai, Lin, and Fan offered a summary of research- 
based evidences that characterize how Chinese learn mathematics around 
the following four key issues: (1) Are Chinese learners really higher 
achievers in mathematics? (2) Does the teaching of Chinese learners 
necessarily lead to rote learning? (3) How is the intended curriculum 
structured to support teaching and learning? and (4) How do Chinese 
families support students’ learning? Furthermore, for each of these 
questions, they discussed needed directions to better understand Chinese 
learners and their learning of mathematics, and thus closed the whole 
book. 

This book could not have been completed without many people’s 
help, support, and cooperation. As editors, first we would like to thank 
our advisors, Zhang Dianzhou of East China Normal University, Lee 
Peng Yee of the National Institute of Education (NIE) of Nanyang 
Technological University, Lin Fou-Lai of National Taiwan Normal 
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University, and Gu Lingyuan of Shanghai Academy of Educational 
Sciences for their invaluable advices, support, and encouragement. Three 
editorial meetings were held in the National Institute of Education of 
Singapore in May 2002, East China Normal University and Shanghai 
Academy of Educational Sciences in October 2002, and Shenzhen 
University in January 2004, and we are grateful to these institutions for 
their various support and/or sponsorships; besides, we owe a special 
thanks to Kang Wu of Shenzhen University for organizing the last 
editorial meeting. We also wish to thank Ren Zizhao of the National 
Education Examinations Center of China, Bao Jiansheng of Soochow 
University, Zhang Jianyue of People’s Education Press of Beijing, Lionel 
Pereira-Mendoza of NIE, and Tso Tai-Yih of National Taiwan Normal 
University for various support and help they gave us at different stages. 
In addition, our editorial assistants, Zhu Yan, and Yeo Shu Mei of NIE, 
offered a great amount of editorial and technical support especially 
during the last stage of the completion of the book, and we truly 
appreciate their important assistance. Finally, we must not forget all the 
authors; without their effort and contribution, we could never have done 
our work as editors. 

It is clear to us that, in many senses, this book only represents a 
starting point in our understanding the phenomenon and exploring the 
value of mathematics education involving Chinese students, and there is 
much to do further along this direction. In this connection, we hope the 
book can contribute meaningfully in the long way to the advancement of 
research in Chinese mathematics education, and hence more broadly in 
the international mathematics education. 


Fan Lianghuo 
Wong Negai-Ying 
Cai Jinfa 

Li Shiqi 


May 2004 
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Chapter 1 


How Have Chinese Students Performed in 
Mathematics? A Perspective from Large-Scale 
International Mathematics Comparisons 


FAN Lianghuo ZHU Yan 


This chapter primarily aims to provide readers with an overview and 
synthesis of the performance of Chinese students, mainly from 
Mainland China, Hong Kong, and Taiwan, as revealed in large-scale 
international comparative studies in mathematics education conducted 
over the past few decades. Overall, the results from those international 
comparisons consistently indicated that Chinese students were among 
the top performers, though evidences also suggested that Chinese 
learners were relatively weak in some mathematics areas. Attention is 
also paid to the interpretations and issues raised by researchers 
concerning those international comparisons and Chinese students’ 
performance from various perspectives. 


Key words: Chinese students, mathematics performance, large-scale 
international comparisons 


1 Introduction 


Over the past few decades, a considerable number of influential large- 
scale international comparative studies have been conducted in 
mathematics education, centering on measuring students’ mathematical 
achievements in different countries. The results from those studies have 
provided a most important benchmark for comparing students’ 
performance across different countries. As Medrich and Griffith (1992) 
pointed out, those studies were the most completely executed large-scale 
international surveys in the education domain. Therefore, it is quite 
understandable that they have attracted much attention from researchers, 
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policy makers, educators, and the general public who have an interest or 
a stake in mathematics education in different countries. 

Chinese students, including those from Mainland China, Hong Kong, 
and Taiwan, participated in most of the large-scale international studies, 
including those organized by the International Association for the 
Evaluation of Educational Achievement (IEA), Educational Testing 
Service (ETS), and the Organization for Economic Cooperation and 
Development (OECD). This chapter is mainly intended to provide 
readers with an overview and synthesis of the performance of Chinese 
students in those prominent international comparisons, though attention 
is also paid to the interpretations and issues raised by researchers 
concerning those international comparisons and Chinese students’ 
performance. 

Before we proceed, we should point out that although this chapter 
will naturally mention, to different degrees, the large-scale international 
comparative studies concerned, it is not intended to present a 
comprehensive review of those studies. Readers who are interested to 
know more about those studies should refer to relevant publications, 
which are often well-circulated and easily accessible through online 
resources. 


2 The IEA Studies 


According to Husén (1996), the idea of measuring the performance of 
different educational systems by testing the achievement of large 
samples of students was first suggested at the end of the 1950s (also see 
Husén & Tuijnman, 1994). In this sense, the International Association 
for Evaluation of Educational Achievement (IEA) was believed to be the 
first organization conducting large-scale international surveys in 
education (Robitaille & Travers, 1992). Since its inception in 1958, the 
IEA has conducted more than 20 large-scale comparative studies in 
student achievement, and five of them were in the subject of mathematics. 

In 1959, the IEA began to organize its first cross-national 
comparison in mathematics, the First International Mathematics Study 
(FIMS), which was carried out from 1961 to 1967. The FIMS was 
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believed to be an experiment in international studies on mathematics 
achievement (Travers & Weinzweig, 1999). Twelve countries 
participated in that study, mainly consisting of industrialized Western 
European countries, but no Chinese students from Mainland China, Hong 
Kong, and Taiwan were involved. 

In 1976, the IEA embarked on conducting its second mathematics 
study the Second International Mathematics Study (SIMS). The number 
of participating countries increased to twenty and more than 5000 
students from 130 classes in Hong Kong attended this study. Two age 
levels were involved in the study, that is, 13-year-old students 
(Population A) and students in the final grade of secondary education 
(Population B). At each age level, students’ performance was measured 
and reported separately for different mathematics areas, as shown in 
Table 1 (Robitaille & Garden, 1989a). 


Table 1 
Breakdown of the SIMS Item Pool for Population A and Population B 
Population A Population B 
e = Arithmetic (29%) e Sets, relations, functions (5%) 
e = Algebra (19%) ə Number systems (13%) 
ə Geometry (25%) e = Algebra (19%) 
è Measurement (15%) e Geometry (19%) 
e Descriptive statistics (11%) e = Analysis (34%) 
e Probability and statistics (5%) 


Others (5%) 


At the Population A level, Hong Kong students’ overall performance 
ranked eighth, whereas Japanese students were the first. Regarding each 
particular mathematics area, the SIMS found that Hong Kong students 
ranked eighth in arithmetic, tenth in both algebra and geometry, seventh 
in measurement, and fourteenth in statistic. At this age level, Japanese 
students received the highest average scores in all the subtests but 
measurement test, on which Hungary students performed the best. Figure 
1 shows the mean percent correct achieved by the best performers and 
Hong Kong students on the five mathematics areas as well as the 
corresponding international mean percent correct. 
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© Best performers Hong Kong Ci International mean 
90 are fe SEP Mere apc ee Ppt napa, AN E = eta ah, cg aan AET Aa os Bek ty 

80 Seena + Seeds Sots 
70 Sh ony re = ad Aap na bast GA i a Est esd Eh, a $ 
60 l; de seat, T a a Nf Sta ee Ee tenet G de via a! y = | 
50 


Percent 


Arithmetic Algebra Geometry Measurement Descriptive 
Statistics 


Figure |. Students’ achievements: Population A 


Source. “The IEA Study of Mathematics Il: Contexts and Outcomes of School 
Mathematics”, by Robitaille and Garden, 1989a. 


In order for the readers to see more specifically what were tested in 
the study, Table 2 shows some sample items from the five mathematics 
areas along with a summary of the results, including the average 
percentage of all the students, the average percentage of Hong Kong 
students, and the range of percentages of all the students who answered 
correctly, on each of the items. 


Table 2 
Percent Correct for Sample Items at the Population A Level 
Item Stem Int’] mean H. K. mean Range 
No. (%) (%) (%) 
Arithmetic 
(49. “oe Pp 2 24 50 (JPN) 
[yxy Ì7 Qa] F aS to 
6 (LUX 
The table above shows the values of x ( ) 
and y, where x is proportional to y. 
What are the values of P and Q? 
Algebra 
151  If5x+4= 4x-31, then x is equal to 26 24 58 (JPN) 
to 


9 (SWA) 


How Have Chinese Students Performed in Mathematics? 7 


SS SS SS 


Geometry 
155 58 65 80 (JPN) 
to 
33 (NGA) 
5x | 4x 
A Cc 


If AB is a straight line, what is the 
measure in degree of angle BCD? 


Measurement 

168 A solid plastic cube with edges 1 16 17 35 (JPN) 
centimeter long weighs 1 gram. How to 
much will a solid cube of the same 5 (THA) 


plastic weigh if each edge is 2 
centimeters long. 


Descriptive Statistics 


162 351 55 81 (JPN) 
to 
13 (NGA) 


Number of Pupits 
OoOfp-NWeaonowow oa 


05 6-10 145 16-20 
Time (in minutes) 


The graph shows the time of travel by 
pupils from home to school. How 
many pupils must travel for MORE 
than 10 minutes? 


Note. JPN: Japan; LUX: Luxembourg; SWA: Swaziland; NGA: Nigeria; THA: Thailand. 
Source. “Second International Mathematics Study”, by Robitaille and Garden, 1989b. 


At the final grade of secondary school, students from Hong Kong 
obtained the highest scores on almost all the subtests. In particular, the 
percent correct in each major subtest by the Hong Kong students was 
80% in “sets, relations and functions”, 78% in “number systems” and 
“algebra”, 65% in “geometry”, 71% in “elementary functions and 
calculus”, and 73% in “probability and statistics”. However, within 
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algebra test, it was found that Japanese students did slightly better than 
Hong Kong students on “equations and inequalities” (Robitaille & 
Garden, 1989a). 

Compared to the first two IEA studies, many more countries/regions 
participated in its third study, the Third International Mathematics and 
Science Study (TIMSS), which was believed to be “the largest 
international assessment that has been conducted to date in the field of 
education” (Beaton & Robitaille, 1999, p.31). Moreover, because of its 
success, it turned out to be retrospectively the first in a four-year cycle of 
assessment of trends in students’ mathematics achievement’. 

The TIMSS study was conducted at three age levels: 9-year-olds 
(Grades 3 and 4 in most countries/regions), 13-year-olds (Grades 7 and 8 
in most countries/regions), and students in their final year of secondary 
education. Students from East Asia including Hong Kong and Singapore 
participated in the test for the first two age but not the last age levels. 

Similar to the SIMS, the TIMSS attempted to measure students’ 
achievement in different areas with mathematics (see Table 3). The 
results showed that East Asian students took overall the first four places 


Table 3 
Mathematics Content Areas Involved in the TIMSS Tests by Grade Levels 
Primary School Years Middle School Years 

e Whole numbers (25%) e Fractions and number sense (34%) 
e Fractions and proportionality (21%) © Geometry (15%) 
> Measurement, estimation, and number © Algebra (18%) 

sense (20%) e Data representation, analysis, and 
e Data representation, analysis, and probability (14%) 

probability (12%) e Measurement (12%) 
© Geometry (14%) e Proportionality (7%) 
e Patterns, relations, and functions 

(10% 


Source. “Mathematics Achievement in the Middle School Years: IEA’s Third 
International Mathematics and Science Study”, by Beaton et al., 1996; “Mathematics 
Achievement in the Primary School Years: IEA’s Third International Mathematics and 
Science Study”, by Mullis, Martin, Beaton, et al., 1997. 


' TIMSS has later been renamed Trends in International Mathematics and Science Study. 


O 
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in mathematics for both young age levels: Singapore’, Korea, Japan, and 
Hong Kong. 

There are totally 102 items in the mathematics test at the primary 
school level (Mullis, Martin, Beaton, et al., 1997). The average percent 
correct by Hong Kong third graders on the items was 59%. The 
corresponding percent obtained by Korean students (first place) was 67%, 
while the international average percent correct was 47%. Regarding 
different mathematics content areas, the results showed that Hong Kong 
students ranked second on “geometry” items, third on “measurement, 
estimation, and number sense” items, and fourth on all the other items. 
Similar results were found for the fourth graders. Overall, Hong Kong 
close to 9000 primary participants ranked fourth. On each subtest, those 
students ranked first on “geometry” items, second on “fractions and 
proportionality” items, and fourth on the others. Table 4 shows some 
sample items from the six mathematics content areas along with a 
summary of students’ performance on each of them. 


Table 4 
Percent Correct for Sample Items at the Primary School Level 
Third Grade Fourth Grade 
Sample Items Int’! H.K. Int'l H.K. 


mean (%) mean (%) mean (%) mean (%) 


Whole numbers 


25 x 18 is more than 24 x 18. How 30 35 (5 45 63 8$ 
much more? 

Fractions and proportionality 

Mario uses 5 tomatoes to make half 42 61 (1*) 53 731% 


a liter of tomato sauce. How much 
sauce can he make from 15 
tomatoes? 


? Given that Singapore is a typical multi-ethnic country with the majority of population 
being Chinese (77%), attention is also paid to Singaporean students’ performance in this 
Chapter. 
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Measurement, estimation, and 
number sense 


A thin wire 20 centimeters long is 21 20 (21°) 23 29 (5*) 
formed into a rectangle. If the 

width of this rectangle is 4 

centimeters, what is its length? 


Data representation, analysis, and 

probability 

The graph shows the number of 19 23 (7™*) 37 38 (12") 
cartons of milk sold each day of a 

week at a school. 


How many cartons of milk did the 
school sell on Monday? 


Geometry 


This picture shows a cube with one 35 53 (2"4) 42 72 (1°) 
edge marked. How many edges 
does the cube have altogether? 


Patterns, relations, and functions 


These numbers are part of a 41 43 (10") 57 65 (10") 
pattern. 


50, 46, 42, 38, 34, ... 


What do you have to do to get the 
next number? 

Note. From Table 4 to Table 8, the ordinal numbers in the brackets represent the ranking 
of Chinese students concerned on the particular test item in all the participating countries. 
Source. “Mathematics Achievement in the Primary School Years: IEA’s Third 
International Mathematics and Science Study”, by Mullis, Martin, Beaton, et al., 1997. 
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At the middle school year level, Hong Kong students also ranked 
fourth, whereas both seventh and eighth graders from Singapore became 
the best performers. On the 151 test items at this school level, the 
average percent correct obtained by Hong Kong seventh graders was 
65% and that by eighth graders was 70%, and the corresponding percent 
by Singaporean students was 73% and 79%, while the international 
average percent correct was 49% and 55%, respectively. Moreover, the 
TIMSS revealed that in the defined six major mathematics content areas, 
Hong Kong close to 7000 participants were relatively weak on 
“measurement” and “proportionality” items. Some sample items and 
students’ corresponding performance are given in Table 5. 


Table 5 
Percent Correct for Sample Items at the Middle School Level 
Seventh Grade Eighth Grade 
Sample Items Int'l H.K. Int'l H. K. 


mean (%) mean (%) mean (%) mean (%) 


Fractions and number sense 


If the price of a can of beans is 23 47 (2"4) 28 54 (2°) 
raised from 60 cents to 75 cents, 
what is the percent increase in the 


price? 

Geometry 

What is the ratio of the length of a 50 63 (7") 56 71 (5") 
side of a square to its perimeter? 


Algebra 


If 3(x + 5) = 30, then x= 62 87 (24) 72 92 (2"$ 
Data representation, analysis, and 

probability 

Each of the six faces of a certain 41 70 8$ 47 72 (3°) 


cube is painted either red or blue. 

When the cube is tossed, the 

probability of the cube landing 

with a red face up is 2 . How 
3 

many faces are red? 
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Measurement 


Which of these angles has a 62 69 (14") 64 68 (16) 
measure closest to 30°? 


- * ca 
Se eae 


Proportionality 


Peter bought 70 items and Sue 32 52 (6) 38 62 (4%) 
bought 90 items. Each item cost the 

same and the items cost $800 

altogether. How much did Sue 

ay? 

Source. “Mathematics Achievement in the Middle School Years: IEA’s Third 
International Mathematics and Science Study”, by Beaton et al., 1996. 


Although student mathematics achievement in the TIMSS was 
measured primarily through written tests, participating countries also had 
an opportunity to administer a performance assessment, which consisted 
of a set of practical tasks. The performance assessment was available for 
administration to a sub-sample of both fourth and eighth graders that 
completed the written tests. At the eighth grade level, there were 19 
education systems participating in the mathematics performance 
assessment and among them Singapore was the only Asian country’. 
However, at the fourth grade level, students from nine education systems 
including Hong Kong participated in the performance assessment. The 
performance assessment is the largest international one of its kind that 
has bee conducted so far. 

At each grade level, the study set a total of five mathematics 
performance tasks. Table 6 shows the overall results for both Singapore 
and Hong Kong students. 


3 Hong Kong also participated in the eighth grade performance assessment, but it failed 
to meet the sampling criteria, hence the results were excluded in the official report. 
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Table 6 
Average Percentage Scores on Performance Assessment Tasks in the TIMSS 
Fourth Grade Eighth Grade 
Tasks Best Hong Int’! Best Int’] 
Singapore 
performers Kong ave. performers (%) ave. 
% (% % % 2 % 
P 54 nd 84 84 
50 66 60 


st 
Doo (<0) VO O eom eC 


Folding 63 rd 84 80 

and cutting (sL %6) 38 (ROM) (3°) 6? 

Around 57 st 67 63 

bend ako VOD %4 (NTH) 3") 2 

Packaging na i565") 17 (SIN) a) 44 
44 r 71 7] 

Overall (SLO 39 (5°) 36 (SIN) a’) 59 


Note. 1. AUS: Australia; SIN: Singapore; HKG: Hong Kong; ROM: Romania; SLO: 

Slovenia; NTH: Netherlands; IRA: Iran, Islamic Republic. 2. The overall score is the 

average of percentage scores across tasks, including one combination task (i.e., Plasticine) 
with all tasks being weighted equally. 

Source. “Performance Assessment in [EA’s Third International Mathematics and Science 

Study”, by Harmon et al., 1997. 


During 1997-2001, a replication of the TIMSS, known as TIMSS- 
Repeat (TIMSS-R), was conducted. It measured progress in the eighth 
grade mathematics in thirty-eight countries/regions. About 5000 students 
from Hong Kong and 6000 from Taipei participated in the study. In the 
TIMSS-R, the mathematics test was also designed to enable reporting by 
various content areas, including fractions and number sense, 
measurement, data representation, analysis, and probability, geometry, 
and algebra. Consistent to the TIMSS, the TIMSS-R found that East 
Asian students (i.e., Singapore, Korea, Chinese Taipei, Hong Kong, and 
Japan) again achieved highest scores in overall mathematics assessment 
as well as in each of the major content areas. Table 7 shows Chinese 
Taipei and Hong Kong students’ overall performance in the TIMSS-R. 
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Table 7 
Chinese Students’ Mathematics Performance in the TIMSS-R 
Best performers Chinese Taipei Hong Kong 

Fractions and number sense 608 (SIN) 576 (3% 579 (2"$ 
Measurement 599 (SIN) 566 (4°) 567 3") 
R aie analysis, 576 (KOR) 559 (3% 547 (5*) 
Geometry 575 (JPN) 557 (4") 556 (5) 
Algebra 586 (TAP) 586 (1") 569 (5*) 
Overall 604 (SIN) 585 (3$) 582 (4") 


Note. SIN: Singapore; KOR: Korea; JPN: Japan; TAP: Chinese Taipei. 

Source. “TIMSS 1999 International Mathematics Report: Findings From IEA’s Repeat of 
the Third International Mathematics and Science at the Eighth Grade”, by Mullis, Martin, 
Gonzalez, et al., 2000. The international average for each content area as well as for the 
overall performance was scaled to be 487. 


Among the 38 participating educational systems, 26 systems, 
including Hong Kong, took part in both TIMSS studies, which provided 
a unique opportunity to investigate the change in mathematics 
achievement over the four years in an international context. The 
comparison of students’ performance between the two time periods 
reveals that the average mathematics achievement across the 26 countries 
increased slightly, from a scale score of 519 in 1995 to 521 in 1999 
(Mullis, Martin, Gonzalez, et al., 2000). The greatest increase was 
received in Latvia (Latvian-Speaking Schools) with an increase of 17 
scale-score points. The next highest increase, 13 scale-score points, 
occurred in Hong Kong, which was much higher than the other three 
Asian regions (Korea: 4, Japan: -4, Singapore: -7). Moreover, it was 
found that Hong Kong students got slight improvement in all individual 
mathematics content areas ranging from 1% in measurement and algebra 
to 4% in data representation, analysis, and probability (Leung, Yung, & 
Tso, 2002). 
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3 The ETS Studies 


Claiming to be the largest private educational testing and measurement 
organization, the Educational Testing Service (ETS) has for a long time 
been active in educational testing in the United States and taken charge 
of the National Assessment of Educational Progress (NAEP) program 
since 1983 (Robitaille & Travers, 1992). In 1988 and 1990/91, the ETS 
further carried out two large-scale international studies entitled 
International Assessment of Educational Progress (LAEP). The purpose 
of [AEP was to collect and report data on what students know and can do, 
on educational and cultural factors associated with achievement, and on 
students’ attitudes (Mead, 1995). 

In the first study ([AEP1), 13-year-old students from the United 
States and five other countries were assessed in their mathematics and 
science achievement, but no Chinese students were involved. 

More than a dozen countries/regions participated in the second study 
(IAEP2) and students at two age levels (9-year-old and 13-year-old) were 
assessed. About 1650 Students from Mainland China participated in the 
13-year-old test, while about the same number of students from Taiwan 
attended each of the two age level tests. It is worth noting that, among 
the IEA and ETS international comparisons, the [AEP2 is the only one 
involving students from Mainland China, and the participants were 
selected from only 17 provinces and 3 municipal cities, representing 38% 
of the total age-eligible children (Lapointe, Mead, & Askew, 1992). 

The mathematics achievement tests in the [AEP2 lasted one hour at 
both age levels and covered five content areas: Numbers and operations, 
Measurement, Geometry, Data analysis, statistics, and probability, and 
Algebra and functions. At the 9-year-old level, students from Taiwan 
ranked third among the 14 educational systems, while Korean students 
performed best. At the elder level, students from Mainland China were 
the top performers. However, as shown in Table 8, Chinese students 
were relatively weak in Data analysis, statistics, and probability. 
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Table 8 
Chinese Students’ Performance (Percent Correct) in IAEP studies 
9-year-old 13-year-old 
Best Tai Intl Best Mainland : Int’! 
aiwan : Taiwan 
performers (%) ave. performers China (%) ave. 
% : % %) % ° (%) 
N.O. 74.6 67.1 84.9 84.9 rd 
(KOR) at 61.2 (CHD) 1s 74.7 (3) 641.0 
73.3 69.3 71.4 71.3 nd 
Mea. ITA) (7) 67.2 (CHI) a% 63.7 (2™) 46.9 
75.4 69.2 80.2 80.2 th 
Geo (KOR) (2"4) 63.9 (CHD a® 76.6 (4°) 62.2 
79.3 72.8 81.8 75.4 nd 
D.S.P. (KOR) B® 67.6 (SWD (10") 81.2 (2"™°) 69.1 
72.4 64.2 82.4 82.4 th 
A.F. (HUN) (5* 61.8 (CHI) as 69.2 (5°) 54.2 
74.8 68.1 80.2 80.2 rd 
Ove. (KOR) B) 63.3 (CHD (1) 72.7(3") 58.3 


Note. 1. N.O. = Number and operations; Mea. = Measurement; Geo. = Geometry; D.S.P. 
= Data analysis, statistics, and probability; A.F. = Algebra and functions; Ove. = Overall; 
2. CHI: Mainland China; HUN: Hungary; KOR: Korea; ITA: Italy; SWI: Swaziland. 
Source. “Learning Mathematics”, by Lapointe, Mead, and Askew, 1992. 


Moreover, the IAEP also investigated students’ mathematics 
achievement in three process aspects, including Conceptual 
understanding (understanding of mathematical facts and concepts), 
Procedural knowledge (application of knowledge and concepts in 
solving routine problems using procedures taught in the classroom), and 
Problem solving (application of several skills to a unique situation, 
which usually involved multiple steps) (Lapointe, Mead, & Askew, 
1992). The results showed that at the 14-year-old age level, students from 
Mainland China ranked first in all the three aspects, whereas those from 
Taiwan also performed quite well, ranking either second or third. 
However, at the 9-year-old age level, the Chinese students did not do 
well on Problem solving tasks and their average percent correct (55.7) 
was lower than the international average (58.5), ranking tenth among the 
14 educational systems. 
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4 The OECD Studies 


The fact that the Organization for Economic Cooperation and 
Development (OECD), as a global organization, started in the early 
1990s to organize large-scale international comparative studies reflects 
the value of such cross-national comparison. The OECD organized its 
first one called the International Adult Literacy Surveys (IALS) between 
1994 and 1998. Later, it initiated another new system of international 
assessment, Programme for International Student Assessment (PISA), 
which is a three-yearly survey of the knowledge and skills of 15-year- 
olds in reading, mathematical, and scientific literacy. In each survey, 
two-thirds of testing time will be devoted to one major literacy domain: 
reading in 2000, mathematics in 2003, and science in 2006. 

Rather than focusing on school mathematics curriculum as it is often 
seen in other large-scale cross-national comparisons such as the TIMSS, 
PISA defined mathematical literacy broadly as the capacity to identify, 
understand and engage in mathematics as well as to make well-founded 
judgment about the role of mathematics plays in an individual’s current 
and future private life, occupational life, social life with peers and 
relatives, and life as a constructive, concerned and reflective citizen 
(OECD, 2003). Accordingly, three broad dimensions were further 
identified in PISA for use in assessing students’ mathematics literacy. 


e Mathematical content. It was organized around two aspects: 
mathematical big ideas including chance, growth and change, 
dependency and relationships, and space and shape, and 
mathematical curricular strands including number, 
measurement, estimation, algebra, functions, geometry, 
probability, statistics, and discrete mathematics. 

e Mathematical processes. PISA organized them into three 
classes, consisting of Competency Class 1: representation, 
definitions, and computations; Competency Class 2: 
connections and integrations for problem solving; and 
Competency Class 3: mathematisation, mathematical 
thinking, generalization and insight. 

e Mathematical situations and context. The situations in which 
the PISA items were set were categorized as community; 
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educational; occupational, personal and scientific, to ensure 
the tasks were based on authentic contexts which can be 
likely found in the actual experiences and practices of 
students in a real-world setting. 


A total of 4405 students from 140 schools in Hong Kong were 
randomly selected to participate in the mathematics assessment of PISA 
2000, whose main focus was though on reading as indicated earlier. The 
results suggested that Hong Kong students were overall the best 
performers. They obtained a mean of 560 on mathematical literacy scale, 
which has a mean of 500 points and a standard deviation of 100 points, 
significantly higher than all the other 40 participating countries/regions 
except Japan (mean score: 557) and Korea (mean score: 547). 

Furthermore, Hong Kong students performed substantially better 
than their international peers in all the three broad dimensions explained 
above and sub-areas under these dimensions. In content areas, the largest 
lead was seen in algebra and measurement but more moderate lead was 
observed in functions, geometry, and statistics. Table 9 presents part of 
the results. 


Table 9 
Comparison of Students’ Average Scores of Hong Kong and OECD Countries/Regions 
on Some Dimensions and Sub-areas of the PISA Framework 


Hong Kong OECD 
average (%) Average (%) 


Mathematical curricular strands (Content) 


Algebra 55 28 
Functions 62 55 
Geometry 65 54 
Measurement 56 41 
Statistics 58 50 
Mathematical processes (Competency Class) 
1: Representation, definitions, and computations 75 65 
2: connections and integrations for problem solving i f 


3: mathematisation, mathematical thinking, 
generalization and insight 
Source. “The First HKPISA Report: Monitoring the Quality of Education in Hong Kong 
from an International Perspective”, by HKPISA Center, 2003. 
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In addition, results showed that the differences in scores at different 
percentiles of students is quite uniform, suggesting students at different 
levels within Hong Kong are doing equally well in comparison with their 
international counterparts at corresponding levels (HKPISA Center, 
2003). 


5 Summary and Discussions 


Table 10 presents a synthesis of Chinese students’ performance and 
relevant information in all the above-mentioned international large-scale 
mathematics comparative studies. 

From the results revealed in those large-scale international 
comparative studies, the most obvious conclusion that we can draw is 
that Chinese students, whether they are from Mainland China, Hong 
Kong, or Taiwan, were overall among the top performers by international 
standards. Meanwhile, under this general observation, it should be noted 
that evidences also suggested that Chinese learners were relatively weak 
in some mathematics areas, which was most evident in JAEP2, which 
showed that students from Mainland China were at the 10" place in the 
area of data analysis, statistics, and probability’ while they were the best 
in all the other areas, and the performance of students from Taiwan were 
below the international average level in problem solving tasks. 

It should be pointed out that Chinese students’ outstanding academic 
performance in mathematics was also manifested in a large number of 
small-scale cross-national comparative studies conducted by individual 
researchers over the past two decades, most notably by Stigler, 
Stevenson, and their colleagues (e.g., Chen & Stevenson, 1995; 
Stevenson, Chen, & Lee, 1993; Stevenson & Stigler, 1992; Stigler, Lee, 
Lucker, & Stevenson, 1982; Stigler, Lee, & Stevenson, 1990). Those 
small-scale comparisons often provide us with more in-depth views and 


“The reason seems to be related to the fact that data analysis, statistics, and probability 
were ignored in the school mathematics curriculum for a long time in Mainland China. 
The new reformed curriculum has explicitly included those topics (also see Li Jun, this 
volume), and it would be interesting to see how Chinese students will perform in this area 
in the future international comparisons. 
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Table 10 
Chinese Students’ Performance in Large-scale International Mathematics Comparative 
Studies 


No. of Ape Chinese 
International participating 8 Participation by students’ 
Stud educati groups Chi d fi 
y ion tested Inese students performance 
systems (ranking) 
FIMS 11 13 
(1961 — 1967) 12 17/18 None NA 
Hong Kon th 
SIMS 20 13 (5548 ae 125 ea 8 
(1976 — 1989) Hong Kon st 
l 5 l mM 8 (3294 Saitek 131 isdn l 
IAEP1 
(1988) 6 13 None NA 
China Taiwan rd 
13 9 (about 1650 students, 110 schools) 3 
IAEP2 Mainland China 1 
(1990 ed 1991) 20 13 ‘about 1650 students, 110 schools) 
China Taiwan 3rd 
(about 1650 students, 110 schools) 
Hong Kon h 
26 9 {8807 ir 124 A 4 
TIMSS Hong Kong 
(1991 — 1998) (6752 ee 86 schools) 
24 17/18 None NA 
Chinese Taipei 34 
TIMSS-R {5772 students, 150 schools) 
(1997-2001) 38 13 Hong Kong qe 
(5179 students, 137 schools} 
PISA 2000 Hong Kon st 
(2000 — 2002) 4 15 (4405 Sie 140 Seay l 
Chinese Taipei 
TIMSS 2003 2i 4 Hong Kong Not available 
(2000-2004) Chinese Taipei yet 
49 13 Hong Kong 
PISA 2003 42 15 Hong Kong Not available 
(2003 ~ ) Macau yet 


Source. “Implementation of the TIMSS Sample Design”, by Foy, 1996; “Implementation 
and the Sample Design”, by Foy and Joncas, 1999; “Second International Mathematics 
Study”, by Robitaille and Garden, 1989b; “Mathematics Achievement in Hong Kong 
Secondary Schools”, by Brimer and Griffin, 1985; “The First HKPISA Report: 
Monitoring the Quality of Education in Hong Kong From an International Perspectiv”, by 
HKPISA Center, 2003; “International Assessment of Educational Progress”, by Mead, 
1995; except for the durations of the IEA studies, which are retrieved March 15, 2004, 
from the IEA’s official website at http://www.iea.nl/iea/hq 
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analysis on relevant issues. Nevertheless, to discuss in detail those small- 
scale studies is beyond the scope of this chapter. 

On the other hand, the methodological issues of those large-scale 
international studies have recently received increasing attention from 
researchers (e.g., see Postlethwaite, 1999). In particular, different 
researchers have questioned the reliability and validity of the results 
obtained from those large-scale comparative studies and the 
generalizability of those from the small-scale ones (e.g., Bracey, 1993, 
1996, 2000; Jaeger, 1992; Rotberg, 1990; Wang, 1996, 2001). 
Concerning the large-scale comparisons, researchers have argued that the 
majority of mathematics problems used in those studies were routine and 
traditional, which were hard to detect students’ higher order thinking 
skills, for example, about 83% of the TIMSS items were multiple-choice 
questions for Population 2 students (International Association for the 
Evaluation of Education Achievement, 1996). Others have found that 
when more challenging tasks, such as open-ended problems, were used 
for comparisons, Chinese students did not demonstrate much superior 
performance in mathematics (e.g., Brenner, Herman, Ho, & Zimmer, 
1999; Cai, 1998; also see Cai & Cifarelli, this volume). 

Despite the criticisms and doubts about the past cross-national 
studies, many researchers in the international mathematics education 
community have tried to explore the possible reasons for Chinese 
students’ outstanding performance in mathematics as revealed in the 
cross-national comparisons. They have interpreted such phenomenon 
from different perspectives and examined different factors that might 
affect students’ learning in mathematics, including students’ mother 
tongue (e.g., Fuson & Kwon, 1991; Geary, Bow-Thomas, Liu, & Siegler, 
1996), societal expectation (e.g., Jiang & Eggleton, 1995; Stevenson et 
al., 1990), parental involvement (e.g., Stevenson & Stigler, 1992), social 
beliefs and cultural values (e.g., Stevenson, Chen, & Lee, 1993; Wong, 
1998), learning behavior such as the amount of time spent on 
mathematics (e.g., Stevenson, Stigler, & Lee, 1986), curriculum and 
textbooks (e.g., Cai, Lo, & Watanabe, 2002; Zhu, 2003), among others. 
Although the available studies in this area have enhanced people’s 
understanding concerning the way in which students learn mathematics 
in different countries and societies, it appears clear that we are at an 
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explorative but not confirmative stage (also see Leung, 2002). There is 
still a long way for us to go to understand more precisely and definitely 
what contributed to the differences in students’ achievements in 
mathematics, and how we can learn better from cross-national 
comparisons to further improve students’ learning experiences in 
mathematics in different countries and educational systems. 
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Appendix 


Chinese Students’ Performance 
in the International Mathematics 
Olympiads (1994-2003) 


No. of participating bes Ko Taiwan Singapore 
countries/regions (1985) (1988) (1992) (1988) 
-onm aS, SS a a | 

2003 82 2 28" 16" 36" 

2002 83 i" 24" 7 30" 
200) Oog O gg a 
~oo _ —_—_ z: th th gt 

1996 75 6 27' 20! 25° 

1995 73 1“ 20° 12" 26" 

1994 69 2" 16" 12% 29% 


Note. 1. All the results are retrieved March 15, 2004, from http://olympiads.win.tue.nl/ 
imo/. They are also available online in other IMO relevant websites. 2. The number in 
each bracket indicates the year for the first time of participation in the IMO. 3. All the 
students, except one, in the Singapore’s teams participating in the IMOs from 1988 to 
2003 were ethnically Chinese (Source: personal communication with Dr. Chua Seng Kiat, 
who led the Singapore IMO Teams in the 1990s). 


Chapter 2 


The Mathematics Curriculum: 
Toward Globalization or Westernization?! 


WONG Ngai-Ying HAN Jiwei LEE Peng Yee 


The mathematics curricula of various educational regions have 
experienced their reform at the turn of the millennium. All these 
worldwide curriculum reforms precisely signify how great the challenge 
we have to face. We have to prepare our youngsters for an age in which 
the economy is globalized, the society is “knowledge-based”, and 
information-rich. Previous analysis on the mathematics curricula 
showed that there had been a difference (now matter how small) in the 
approaches and pedagogical philosophies between “Western” and “Far 
Eastern” regions. The positions of their curricula were different too. 
However, in recent years, regions around the world seem to be meeting 
the same challenges and so the notions of accountability, 
valued-addedness, curriculum standardization, higher order abilities, 
ICT, life-long and life-wide learning have become world trends, which is 
common to both the “East” and the “West”. In this chapter, the authors 
would first analyze and compare the mathematics curricula of major 
“Western” and “Far Eastern” regions. Their communalities and 
differences will then be drawn. The problems that arose from these 
trends will be discussed and possible solutions will be put forth. 


Key words: curriculum, process ability, globalization, educational 
control 


1 Introduction 


The mathematics curricula of various educational regions in the world 
have experienced their reforms at the turn of the Millennium. While the 


'The authors wish to thank Mrs. Siu Chan Fung Kit for translating part of the French 
mathematics Curriculum into English. 
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standard-based curriculum movement started off in the United States, 
along with the publication of Curriculum and Evaluation Standards for 
School Mathematics in 1989, the United Kingdom also had its first the 
national curriculum in the same year. In Australia, the National Statement 
on Mathematics for Australian Schools was published in 1990 and a new 
mathematics curriculum was published in New Zealand in 1992. 
Curriculum innovation also happened in continental Europe like France 
and Germany. The Netherlands had its new curriculum in 1998 too. 

The same holds true in the other side of the globe. Educational and 
curriculum reform had been taken place in Mainland China, Taiwan and 
Hong Kong towards the end of the 20" century. Macau also published the 
first mathematics curriculum of its own after its reunion with China. Japan 
had its new mathematics curriculum in 2000, South Korea in 1998, 
Singapore in 1998 and again in 2000, Malaysia in 1993, which introduced 
the new concept of “Smart Schools” in 1998. 

All these worldwide curriculum reforms, in particular in the subject of 
mathematics, clearly indicate how great the challenge we have to face. We 
have to prepare our youngsters for an age in which the economy is 
globalized, and the society is “knowledge-based” and information-rich. 
Previous analysis on the mathematics curricula showed that there had 
been a difference (no matter how small) in the approaches and 
pedagogical philosophies between “Western” and “Eastern” regions (N. Y. 
Wong & K. M. Wong, 1997). The positioning of their curricula was 
different too. However, in recent years, regions around the world seem to 
be facing the same challenges. As a result, the notions of accountability, 
valued-addedness, curriculum standardization, higher-order abilities, ICT 
(information and communication technology), life-long and life-wide 
learning have become world trends. They are now common emphases in 
the “East” and the “West” alike. 

Before inspecting the curricula of various countries, we would like to 
have a look on the notion of curriculum itself. There are a lot of definitions 
of “curriculum” (D. Tanner & L. N. Tanner, 1980), each carrying a 
different perspective, or even conception, of it. While the International 
Association for the Evaluation of Educational Achievement (IEA) 
“intended — implemented — attained” curriculum is often used (Robitaille 
& Garden, 1989), Goodlad (1979) further identified the aspects of 
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ideological, formal, perceived, operational, and experiential curricula (see 
also B. Clarke, D. Clarke, & Sullivan, 1996). Certainly one can get a 
holistic picture of what is happening in the classroom only by 
ethnographic observation of the implemented curriculum. In this chapter, 
though we can only focus on the intended curriculum as exhibited by the 
official curriculum documents, they can still reveal the general orientation 
of the curricula. One should also note that the curriculum could have 
different roles in different regions. Curriculum documents are more 
mandatory in some regions than in others. Some are meant to be a 
checklist of the attained curriculum (attainment targets, attainment 
_ standards, etc.); some are “code of practices” to be followed by teachers; 
some are programs of studies; some are curriculum frameworks for 
curriculum developers or textbook writers; and some are general 
principles and directions just for teachers’ references (N. Y. Wong & K. M. 
Wong, 1997). In “Eastern” regions where public examinations often play 
a leading role, many of these documents originated from examination 
syllabi and thus more attention was paid on the regulations regarding 
examinations rather than on the teaching process in the presentation of the 
curriculum. 

Naturally, like most other educational studies, a single investigation 
can only explore a few facets of the problem; however, we believe that the 
stated educational goals of curricula constitute essential parts of them. In 
this chapter, we will first provide a general picture by making a 
comparison of these goals, which will be subordinated by some of the 
specific objectives stated in the curricula. We hope that, by doing so, we 
can provide the readers with a broad backdrop to understand the 
curriculum environment, under which Chinese students learn mathematics, 
from an international and comparative perspective. Then, we will attempt 
to depict a world trend of the mathematics curriculum in the new 
Millennium. We will see in a moment the impact of such a trend on the 
Chinese mathematics curriculum and the possibility of blurring of local 
traditions in the wave of globalization. 
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2 “Western” Mathematics Curricula 


2.1 The United States 


School mathematics experienced tremendous change in the “Modern 
Mathematics” reform in the 1960s (Thwaites, 1972). In the United States, 
alongside with the “back-to-basic” movement in the 1970s, problem 
solving was identified as one of the most important basic skills as asserted 
in the position paper for basic mathematics in 1977 that “learning to solve 
problems is the principal reason for studying mathematics” (National 
Council of Supervisors of Mathematics, 1977, p. 2). Problem solving was 
thus put forth as the focus of school mathematics in the 1980s (National 
Council of Teachers of Mathematics [NCTM], 1980). With the decline of 
mathematical competence (National Commission on Excellence in 
Education, 1983), the necessity of setting up a national standard was put 
forth (see e.g., NCTM, 1989, pp. 45-56). Though there are different 
conceptions regarding “standards” (Raizen, McLeod, & Rowe, 1997), 
Robson and Latiolais (1999, 2000) identified the notions of content 
standards, curriculum standards, competency standards, and performance 
standards. In brief, they are benchmarks for or descriptions of contents of 
study, curricula, or students’ performance. With such a movement, the 
Curriculum and Evaluation Standards for School Mathematics 
(commonly known as the NCTM standards) was published in 1989 
(NCTM, 1989), which was said to be influenced by the California 
frameworks published regularly since the early 1960s (Raizen et al., 1997). 
The general goals for students were set in the NCTM standards “that 
students learn to value mathematics, become confident in their ability to 
do mathematics, become mathematical problem solvers, learn to 
communicate mathematically, and learn to reason mathematically” 
(NCTM, 1989, p. 5). We can see that these are in line with the “expanding 
goals” as stated in Reshaping School Mathematics (Mathematical 
Sciences Education Board, 1990) in which the practical, civic goal, 
professional and cultural goals were elaborated (p. 7). 

Thirteen to fourteen standards were developed for Grades K-4, 5-8 
and 9-12 (see Table 1). 
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Table 1 


The Learning Dimensions in Various Regions before 1995 


U.S. (1989) U.K. (1989) Australia New Zealand Taiwan Hong Kong 
K4 5-8 9-12 (1990) (1992) (1994) (1992) 
- problem (as left) (as left) - using &  - attitude&  - reasoning & 
solving applying appreciation strategy 
- communication math - math inquiry 
- reasoning - choosing & 
- connections using math 
- estimation - number & - number - number - number -concept of -number 
- number sense number number 
& numeration relationships 
- whole number - number 
operation system & 
- whole number number 
computation theory 
- fractions & - computation 
decimal & 
estimation 
- algebra (as left) - algebra -~ algebra - algebra - algebra - algebra 
- geometry&  - geometry - synthetic - shape & - space - space - plane - shapes & 
spatial sense geometry space geometry space 
- algebraic - coordinate 
geometry geometry 
- trigonometry 
- measurement (as left) - measurement - measurement - - measure 
~ Statistics & {as left) - statistics ~ data - chance and - measurement - data - data 
probability - probability handling data & data handling & handling 
~ discrete math - chance & probability 
data 
- patterns & {as left) - functions 
relationships 
- initial 
calculus 
- math 
structure 


Source. Extracted and translated from N. Y. Wong and K. M. Wong (1997). 


The standard was attached with “focus” and “discussion.” These 
standards describe more or less “students’ action,” or (learning) 
opportunities for students’ actions. 

After ten years of its publication, the NCTM standards underwent 
revision following extensive consultations. Finally, the NCTM (2000) 
published the Principles and Standards for School Mathematics in the new 
Millennium. The dimensions were sort of condensed into eleven standards 
of different grade levels (see Table 2). The learning stages were changed 
from “K—4, 5-8, 9-12” to “Pre-K-2, 3-5, 6-8, 9-12” too. 


Table 2 


The Learning Dimensions in Various Regions after 1995 


US. U.K. Victoria China Shanghai (2001) Taiwan Hong Kong(1999) Macau Japan (2000) South Korea 
(2000) (2000) (2000) (2000) Primary Secondary (1999) Primary Secondary Elementary Lower secondary (2000) 
- problem - reasoning & - practical & - connections - Math & human 
solving strategy synthetic activities 
- reasoning & application - Mathematical 
proof considerations 

-~ communication in society 

- connections 

- reptesentation 

- number & - number - number - number& - number& - number& - number& -number - number& -number& ~ -number& -number & number & 

operation (become algebra quantity number quantity * algebra computation calculation algebraic operation 
number & system expressions 

- algebra algebra - algebra - pattem & - pattern, - algebra -algebra 
starting algebra algebra & 
from function 
KS4) 

- geometry - shape, - space - shapes & - shape & - shape, space - shapes & - shapes & - measure, - shape & Letters & 
space, & space space & geometry space space shape & Space expression 
measures space geometric 

figures 

- measurement (see above) - measurement - - - measure - quantity & measurements 

& data measurement 
- data analysis & - handling - chance and - statistics & - data & - data, -statistics& - data - data - statistical = ~ elementary Probability & 
probability data data probability statistics statistics & probability handling handling charts Statistics statistics 

(starting probability 
from 

KS2) 

(see above) (see above) 
- fundamentals of 
mathematics 


Note. Though the mathematics curricula of Macau and South Korea 
analyzed and are included in this table 


were not described in the text, their learning dimensions were 


TE 
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In the new curriculum, the format of the standards was more or less 
the same. The Number & Operations Standard states that: 


Instructional programs from pre-kindergarten through grade 12 
should enable all students to 

(a) understand numbers, 

(b) ways of representing numbers, 

(c) relationships among numbers, and number system; 

(d) understand meanings of operations and how they 

relate to one another; and 
(e) compute fluently and make reasonable estimates. 
(NCTM, 2000, p. 32; numbering added) 


In line with the Curriculum and Evaluation Standards for School 
Mathematics published in 1989, California developed its own curriculum 
framework in 1992, in which “mathematical power” was stressed 
(California State Board of Education, 1992). The notion of “mathematical 
power” was elaborated in the beginning of the framework. It was 
conceptualized to include the dimensions of mathematical thinking, 
mathematical communication, mathematical ideas as well as 
mathematical tools and techniques. The issue of individual differences 
(including gender, race, class, and culture; California State Board of 
Education, 1992, pp. 44—46), tracking and grouping area were addressed 
(pp. 62-65). The standards could be seen as elaborations of the NCTM 
standards. For K-8, the strands of functions, algebra, geometry, statistics 
and probability, discrete mathematics, measurement, number, logic and 
language were found with the “underlying ideas” of “how many?”, “how 
much?”, “finding, making, and describing patterns,” and “representing 
quantities and shapes.” We can see that the process abilities were 
incorporated into the strands of contents. For 9-12, we have the strands of 
functions, algebra, geometry, statistics and probability, discrete 
mathematics, measurement, number, logic and language with the 
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“underlying ideas” of “mathematical modeling”, “variation”, “algorithmic 
thinking”, “mathematical argumentation”, and “multiple representations”. 
Teaching ideas (in the form of suggested units) were provided at different 
levels. The framework initiated the “California Math War” (Jackson, 


1997a, 1997b) and finally California published its mathematics content 
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standards (California State Board of Education, 1999). 

Though some described the new California mathematics content 
standards as relatively conservative, the goals stated there still reflect an 
expanding goal of school mathematics (like the inclusion of interest and 
appreciation). 

We can have a look at specific standards. For example, the standards 
of Number Sense in Grade 5 were: “interpret percents as a part of a number; 
find decimal and percent equivalent for common fractions and explain 
why they represent the same value; compare a given percent of a whole 
number” (California State Board of Education, 1999, p. 52). From this 
specific standard, we see that basically they are also descriptions of 
students’ behaviors. When we compare them with the NCTM standards, 
they are more specific. The descriptions in NCTM standards were only put 
down in broad stroke. 


2.2 The United Kingdom 


The famous Cockcroft report (Cockcroft, 1982), which was meant to go 
for a holistic review of mathematical education in the United Kingdom, 
devoted an entire chapter on “why teach mathematics.” The usefulness of 
mathematics was particularly stressed: “... This suggests that mathematics 
is in some way thought to be of especial importance. If we ask why this 
should be so, one of the reasons which is frequently given is that 
mathematics is ‘useful’; it is clear, too, that this usefulness is in some way 
seen to be of a different kind from that of many other subjects in the 
curriculum” (Cockcroft, 1982, p. 1). 

In the first National Curriculum in the United Kingdom published 
shortly afterwards (Department of Education and Sciences and the Welsh 
Office, 1989), learning targets (or “attainment targets” as originally called) 
were put into five dimensions laid out in four key stages. These 
dimensions included: Using & Applying Mathematics, Number, Algebra, 
Shape & Space, and Data Handling (see Table 1). In the 2000 revised 
National Curricula (Department for Education and Employment and 
Qualifications and Curriculum Authority, 2000), some “generic skills” 
were listed as general (non-mathematical) goals that one should aim to 
obtain through the learning of mathematics. They included spiritual, moral, 
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social and cultural developments among the students. The key skills of 
communication, application of number, information technology, working 
with others, improving own learning and performance, problem solving, 
as well as other skills like thinking skills, financial capability, enterprise 
and entrepreneurial skills, and work-related learning were also elaborated 
(Department for Education and Employment and Qualifications and 
Curriculum Authority, 2000, pp. 8-9). 

A brief comparison of the National Curricula issued in 1989, 1991, 
1995, and 2000 to depict the trend of development is presented as follows. 

The 1989 National Mathematics Curriculum was arranged in four key 
stages (corresponding to years 1-3, 2-6, 3-8, 4-10; the overlapping of 
years indicates the flexibility of arrangement) with 14 attainment targets: 
Using & Applying Mathematics (1), Number (I), Number (II), Number (III), 
Number/Algebra, Algebra (1), Algebra (II), Measures, Using & Applying 
Mathematics (11), Shape & Space (I), Shape & Space (II), Handling Data 
(I), Handling Data (II), Handling Data (IIT) (numbering added). There are 
10 levels of performance within each attainment target. So, they are 
presented in the form of 14 charts (with one attainment target each), each 
presented in the three columns of “level”, “statements of attainment” and 
“example”. 

Programs of study were also provided which move along the 10 levels 
but the dimensions were condensed into six, namely: Using & Applying 
Mathematics, Number, Algebra, Measures, Shapes & Space, and 
Handling Data. Obviously, the attainment targets are more or less 
description of students’ expected performance and the programs of study 
are recommended teaching strategies, so to speak. 

In the 1991 edition (Department for Education and the Welsh Office, 
1991), attainment targets were then organized into 5 dimensions: Using & 
Applying Mathematics, Number, Algebra, Shape & Space, and Handling 
Data. Among them, all are content-related except possibly “using and 
applying mathematics,” which was deemed so important in the Cockcroft 
report. The 10 levels of performance were maintained and the programs of 
study were merged into the statements of attainment, coming up with five 
charts, again with three columns. However, the “statements of attainment” 
came last, preceded with “level” and “programs of study”. One may be 
aware of the shift from assessment to emphasizing the program of study. 
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Although learning targets in the mathematics curricula in the United 
States and the United Kingdom are more or less the same, those in the 
United Kingdom seems to be put down in more details and are more 
concrete and specific. 

In the 1995 version, the division of the four key stages was changed to 
Year 1-2, 3—6, 7—9, and 10-11. In other words, the key stages correspond 
more closely, or rigidly, to school years, and overlapping of the years no 
longer exists. Programs of study include statements that are more or less 
teachers’ action. 

What follows are statements that begin with “Pupils should be taught 
to ...” and these statements fall into the categories of “understanding place 
value and extending the number system,” “understanding and using 
relationship between numbers and developing methods of computation,” 
and “solving numerical problems” (Department for Education and the 
Welsh Office, 1995, pp. 13—14). We see that, differing from the NCTM 
standards, process abilities were incorporated into content-based 
standards. In this version, attainment targets were separated from 
programs of study, and it seems that the “assessment component” is 
downplayed. More attention is paid on the program of learning, especially 
when one compare with earlier versions of the curriculum. Programs of 
study were presented first, with the following dimension in various key 
stages: 


Key stage 1: Number, Shape, Space & Measures 

Key stage 2: Number; Shape, Space & Measures; 
Handling Data 

Key stage 3/4: Number & Algebra; Shape, Space & 
Measures; Handling Data. 


There were descriptions of further materials for Key Stage 4 too. The 
number of attainment levels was reduced to eight. 

The 2000 National Curriculum framework basically resembles that of 
the 1995 version. Only the key stages were redefined by terminal year, 
namely: Key Stage], till age 7; Key Stage2, till age 11; Key Stage3, till age 
14. The original dimension Using & Applying Mathematics was merged 
into each dimension and the first learning target of Number becomes 
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Using & Applying Number. The same is true for all other dimensions (see 
Table 2). 

The original four dimensions of Using & Applying Mathematics; 
Number & Algebra; Shape, Space & Measures; and Handling Data (with 
slight revisions) were retained in the attainment targets. The number of 
levels of attainment remained eight. 


2.3 Australia 


The first three chapters of the National Statement on Mathematics for 
Australian Schools (Australian Education Council, 1990) were devoted to 
the “importance of mathematics,” “goals for school mathematics”, and 
“enhancing mathematics learning.” They are the philosophical position, 
curriculum goal, and teaching/learning approaches. In Chapter Two, the 
goals for school mathematics were spelt out as follows: 


(a) Students should develop confidence and competence in 
dealing with commonly occurring situations. 

(b) Students should develop positive attitudes towards their 
involvement in mathematics. 

(c) Students should develop their capacity to use mathematics in 
solving problems individually and collaboratively. 

(d) Students should learn to communicate mathematically. 

(e) Students should learn techniques and tools which reflect 
modern mathematics. 

(f) Students should experience the processes through which 
mathematics develops. 

(Australian Education Council, 1990, p. 11) 


Again, we can see clearly common features like affect, process ability, 
and information technology. In a decade later, Victoria revised its 
curriculum and standards framework (Board of Studies, 2000), which was 
originally published in 1988. 

The learning outcome was arranged in six “levels” (or key stages if 
borrowing the jargon of the U.K. National Curriculum) and eight Key 
Learning Areas (The six levels are: end of preparatory year, end of Year 2, 
end of year 4, end of Year 6, end of Year 8, and end of Year 10. The eight 
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Key Learning Areas include: the arts, English, health and physical 
education, languages other than English, mathematics, science, studies of 
society and environment, and technology). The learning outcomes in 
mathematics were expressed by strands and sub-strands. The strands in the 
curriculum are Space, Number, Measurement & data (level 2), 
Measurement (from level 3), Chance & Data (from level 3), Algebra 
(from level 5), and Reasoning & Strategies. 

The other component of the framework is a set of standards, with the 
pathways to VCE (Victorian Certificate Education), which serves as a 
bridge between learning and public examination. Obviously, the learning 
outcomes and the description of the expected student performances are 
very specific. 


2.4 Germany 


After the reunion of East and West Germany in 1991, each state of 
Germany had to reorganize its school system and to develop new curricula 
(Universitat Würzburg, 2001). There are three types of schools in 
Germany: (1) Hauptschule, which provides a basis for subsequent 
vocational training; (2) Realschule, which equips young people for 
subsequent careers in positions located between the purely theoretical and 
the purely practical; and (3) Gymnasium, which equips students for 
intellectual activity and prepares them for higher/academic education 
(Schumann, 2002). The goals of mathematics teaching in the new 
curricula were stated below: 


@ mathematics as a theory and as a tool for solving problems in 
natural and social sciences, including modeling; 

è experiences with fundamental ideas in mathematics like the 
idea of generalization, the need for proving, structural aspects, 
algorithms, the idea of infinity, and deterministic versus 
stochastic thinking; 

è methods of getting insight like inductive and deductive 
reasoning, methods for proving, axiomatics, formalization, 
generalization/ specification, heuristic work; 

è variation of argumentation levels and representation levels in 
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all fields and aspects of mathematics teaching; and 


© historical aspects of mathematics. 
(Schumann, 2002) 


New orientations of the curriculum were also identified, including 
mathematization and modeling, cooperation between teachers of 
mathematics and other subjects, and mathematics as a history of ideas 
(Universität Würzburg, 2001). 

The curriculum for mathematics in Germany is laid down in the form 
of syllabi for each state and for different types of schools. These syllabi 
advise teachers on aims, content, teaching approaches, and methods of 
assessment. The German Association for promoting mathematical & 
scientific studies (Deutscher Vereinzur Förderung des mathematischen 
und naturwisschnschaftliche Unterrichts) also put forth recommendations 
for erecting curricula for mathematics: 

“In general, the Syllabi state that the general aims of mathematics 
education are to: provide fundamental knowledge and skills in important 
areas of mathematics; provide security in the techniques, algorithms, and 
concepts which are necessary for mastering everyday life in society; 
develop the ability to state facts mathematically and to interpret the 
contents of mathematical formulae; it should make possible the solving of 
non-mathematical or environmental phenomenon through mathematics; 
teach pupils to think critically and to question; give examples of 
mathematics as a cultural creation in its historical development and in its 
importance in the development of civilization; and provide terms, methods, 
and ways of thinking that are useful in other subject.” (Schumann, 
2002). 


2.5 France 


Let us conclude the descriptions of “Western” mathematics curricula by 
inspecting the case of France. There are three cycles in the French primary 
schools (lEcole primaire): Cycle 1 (Kindergarten: Age 2 to 6), Cycle 2 
(Elementary school, the cycle of fundamental learning: Age 7 to 8), and 
Cycle 3 (Elementary school, the cycle of deepening learning: Age 9 to 10). 
There are also three cycles in junior secondary schools (collège), namely 
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Cycle 1 (Sixth Grade: Agel1), Cycle 2 (Fifth Grade and Fourth Grade: 
Age 12 to 13), and Cycle 3 (Third Grade: Age 14). Again, three cycles are 
present in senior secondary schools (lycée): Second Grade (Age 15), First 
Grade (Age 16), and Terminal (Age 17) that lead to the national 
examination “Baccalauréat.” 

The French mathematics curriculum is revised about every ten years 
since the Modern Mathematic reform in 1974. The present secondary 
curriculum was implemented in 1996, proceeding grade by grade each 
year (Laborde, 2002). 

The objectives of mathematics learning were stated for each grade. 
We will just focus on the sixth grade of junior secondary schools. One can 
refer to Ministère de l’éducation nationale, 2002 and 1999 for the 
curricula at Primary and senior secondary levels. 

The general objectives are: 


The teaching of mathematics in the sixth grade carries two 
aspects: 
- it teaches to connect observations of real situations to 
representations: diagrams, tables, figures; 
- it teaches also to connect these representations to a 
mathematical activity and to concepts. 


This procedure makes it possible to build up mathematics from 
problems encountered in other disciplines and, in return, to utilize 
the mathematical knowledge in different fields. 


It gives room to the activity of construction, realization of 
drawing, solution of problems, organization and treatment of data, 
of calculation ... Students can thus learn the character that 
mathematics is a “tool”. 


It works toward the intellectual formation of the student, the 
formation of a citizen, and should particularly: 
- develop the ability of reasoning: observation, 
analysis, deductive thinking; 
- stimulate imagination, intuition; 
- accustom the student to express clearly, both orally 
and in writing; 
- strengthen the quality of working with order and care. 
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Thus, from the 6th grade onward, mathematics teaching develops 
the student’s abilities in his own work and in his aptitude to search, 
to communicate and to justify his assertions. 
(Translated from Ministère de I’ éducation nationale, 2000, p.27) 


Though they are only general guidelines and principles rather detailed 
descriptions of expected learning outcomes, the actual content as 
mentioned above were elaborated by the three columns of “notion”, 
“expected student abilities” and “comments” (see, e.g. Laborde, 2002). 

We see from the above that mathematics is positioned as a tool for 
students to understand the world around us and thus the connection (or 
even integration) between mathematics and other disciplines was 
emphasized. 

As pointed out by Laborde (2002), there are some general orientations 
of the current curriculum. They are experimenting, modeling and 
formulating, interdisciplinary projects, mastering of mathematical 
techniques, and use of information technology. 


3 “Far Eastern” Mathematics Curricula 


3.1 Mainland China 


China enforced its compulsory education in 1992. In the same year, the 
policy of allowing different teaching materials under a single national 
curriculum was implemented. In 1997, Shanghai and Zhejiang were 
allowed to have their own curricula (Leung, Lam, Mok, K. M. Wong, & N. 
Y. Wong, 1999; N. Y. Wong & K. M. Wong, 1997). The national 
curriculum (Basic Education Curriculum Material Development Centre 
[BECMDC], 2001) is under revision and the new national mathematics 
curriculum standard was released for consultation. Almost at the same 
time, Shanghai published the second edition of the mathematics 
curriculum in 2001. 

The high regard of basic skills has long been a tradition of 
mathematics education in Mainland China. The “2 basics” (basic 
knowledge and basic skills) and the “3 abilities” (calculation, logical 
thinking, and spatial visualization) were explicitly stated as the overall 
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goals in the 1992 curriculum, the origin of which can be dated back to the 
1960s. 

Six underlying principles in the development of mathematics 
curriculum material were stated in the new Basic Education Mathematics 
Curriculum, the focus of which were on the mathematics curriculum, 
mathematics itself, mathematics learning, mathematics activities, 
assessment, and information technology. For the first one, it was stated 
that: 


The mathematics curriculum in the free education stage puts its 
emphases on the basic, general and developmental nature of 
mathematics, to make mathematics counts for all students, in the 
hope of realizing: 

- everybody learn valuable mathematics; 

- everybody can acquire necessary mathematics; 

- different person can have different development in 

mathematics.” 
(Translated from BECMDC, 2001, p.1) 


Several principles of designing the curriculum were also stated. As for 
the principle about standards, it was mentioned that there were two types 
of learning targets. For those concerning “knowledge and skill,” the levels 
of “knowing,” “comprehending” and “grasping,” “flexibly applying” 
were identified. This resembled very much the 1991 Shanghai curriculum 
(see below). Clearly, its origin is Bloom’s taxonomy. And for those 
concerning “process,” the levels of “acquaintance,” “experience,” and 
“exploration” were identified (BECMDC, 2001, pp. 3-4). 

As for the principle about contents, the dimensions Number Sense, 
Symbol Sense, Spatial Sense, Statistical Idea, Awareness of Application, 
and Deductive Ability were further explained (BECMDC, 2001, pp. 4-5). 
Obviously, these principles are targeted to curriculum and textbook 
developers rather than frontline teachers. The overall objectives of the 
mathematics curriculums were also stated. These were spelt out in the 
dimensions of knowledge and skill, mathematical thinking, problem 
solving, and affect & attitude (BECMDC, 2001, pp. 6-7). 

Like the mathematics curricula in many “Western” regions, the 
contents were arranged in several dimensions, key stages, and categories 


> 
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of mathematics abilities. There were four dimensions: Number & Algebra, 
Shape & Space, Statistics & Probability, and Practical & Synthetic 
Application (including the use of projects). These dimensions were 
allocated in three key stages (Year 1-3, Year 4—6, and Year 7-9), each 
with a specific objectives. The four categories of mathematics abilities 
included “knowledge and skill”, “mathematics thinking”, “problem 
solving”, and “affect & attitude” (BECMDC, 2001, pp. 8-11). 

The standards depict basically the expected student performance. For 
example, we have “able to use paper and pencil to multiple a 3-digit 
number with a two-digit number; divide a 3-digit number with a two-digit 
number” for Number & Algebra in the second key stage (Translated from 
BECMDC, 2001, p. 21). 

The senior secondary mathematics curriculum, now under preparation, 
will basically go for a modular approach (Standards 2002 Writing Group, 
2002). 

Shanghai was selected in 1997 as the only city in China with the 
privilege of having its own curriculum as well as examination. In fact, the 
Shanghai mathematics curriculum had already been proposed earlier in 
1991. The “requirements on teaching” (which were in fact sort of 
attainment levels) include cognitive, affective, and psychomotor domains. 
There are the levels of “knowing,” “understanding,” “comprehending,” 
and “applying,” which were then reconstructed as Levels 1—4 in the 2001 
edition. Let us take the standard “Apprehensions of counting numbers less 
than 10 and addition & subtractions with them” in Primary 1 as an 
example. Curriculum requirements were laid down in the cognitive, 
affective and psychomotor domains. 

The curriculum was revised in 2001 (Curriculum Reform Committee, 
2001) though the National Curriculum was published earlier and was seen 
to be big leap forward. 

The “basic—extension” curriculum structure was adopted and the 
dimension of Number & Quantity, Pattern & Algebra; Shape & Space; 
and Data & Statistics were found at the primary level, whereas Pattern, 
Algebra & Function, Number & Number System, Shape, Space & 
Geometry; and Data, Statistics & Probability were found at the secondary 
level. 


39 66 
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3.2 Taiwan 


After the martial law was lifted in Taiwan in 1987 and the “Period of 
Mobilization and Pacification” was ended in 1991, the mathematics 
curriculum was revised in the mid-1990s (N. Y. Wong & K. M. Wong, 
1997). The general direction for change are “heading for the future, 
moving along with international trend, going for integration, seeking 
relevance in real life, going for humanization, and allowing flexibility”. 
The mathematics curriculum has gone through another change to go for 
the policy of “1 — 9" Grades Curriculum Alignment.” Previously, as in 
many other regions, primary and secondary curricula were designed and 
reviewed separately. 
In the domain of mathematics, the educational goals are: 


1. Acquisition of the concepts and relationships among number, 
quantities and shapes 

2. Development of the mathematics caliber needed in daily life 

3. Development of the abilities in formulating and solving 
mathematics problems 

4, Development of the abilities in using mathematics as a tool 
for precise expression and communication 

5. Development of the abilities in critical analysis in 
mathematics 

6. Development of the abilities in mathematics appreciation. 

(Translated from Ministry of Education, Taiwan, 2001, p. 20) 


The standards were then arranged in four key stages (Years 1-3, 4-5, 
6-7, 8-9) and the learning dimensions of Number & Quantity, Shape & 
Space, Statistics & Probability, Algebra, and Connections. We can see 
that besides the last dimension, all others involve “content” rather than 
“process abilities.” The standards are basically the expected student 
performances, as seen in the example of Standard “N-2-2” key stage 2: 
“[students are] able to extend addition, subtraction, multiplication and 
division to make sense in different tasks so as to apply to more real life 
situations and solve the problems involved; and [are] able to use 
calculating devices to do manipulations with large numbers” (Translated 
from Ministry of Education, Taiwan, 2001, p. 21). The “constructivist 
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curriculum”, which was introduced in 1994, initiated heated debate and 
after several revisions, the new mathematics curriculum was finally 
published towards the end of 2003, which can be regarded as another 
“back to basic” movement. 


3.3 Hong Kong 


Hong Kong has its first mathematics curriculum for primary schools in 
1967, replacing its previous arithmetic curriculum. Innovations that 
originated from the Modern Mathematics reform were introduced into 
secondary school mathematics in 1964 and Nuffield mathematics was 
incorporated into the primary mathematics curriculum, which was later 
revised in 1973. With all the controversies that sprung out from Modern 
Mathematics, the primary and secondary school mathematics curricula 
were restructured in 1983 and 1985 respectively under the Curriculum 
Development Committee, which was established in 1973 (and later 
restructured into the Curriculum Development Council in 1988). To 
address the various problems that aroused in the universal education 
period, the Target Oriented Curriculum was advocated in the early 1990s 
under the recommendation of the 1990 Education Commission Report No. 
4. The Target Oriented Curriculum brought about heated debates within 
the education circle in general and the mathematics education community 
in particular. The Ad hoc Committee on Holistic Review of the 
Mathematics Curriculum, directly under the Curriculum Development 
Council, was set up in 1997. The Committee released its final report 
toward the end of 1999. The new secondary and primary mathematics 
curricula were published in 1999 and 2000 respectively. 

The Curriculum Development Council (2000) stated the aims of the 
primary mathematics curriculum as follows: 


1. stimulate the interest of pupils in the learning of mathematics; 

2. develop pupils’ understanding and acquisition of basic 
mathematical concepts and computational skills; 

3. develop pupils’ creativity, and their ability to think, 
communicate and solve problems; 

4. develop pupils’ number sense and spatial sense, and their 
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ability to appreciate patterns and structures of number and 
shapes; 
5. enhance pupils’ lifelong learning abilities through basic 
mathematical knowledge. 
(Curriculum Development Council, 2000, p. 4) 


The objectives for the three domains of Knowledge, Skills, and 
Attitudes were further laid out. We see similar formats in secondary 
mathematics, on top of the general aim, objective for the three domains of 
“knowledge”, “skill” and “attitude” were also given. 

We see that not only the goals were widen to include various domains, 
vast difference of the entire approach can also be drawn from earlier 
curricula. For example, in the foreword of the 1985 secondary school 
mathematics syllabus, it was clearly stated that “These objectives reflect 
an emphasis which treats mathematics more as a tool than a way of 
thought” (Curriculum Development Committee, 1985, p. 5). It was said 
that this position was a result of a bounce-back from the Modern 
Mathematics reform. 

Similar to many other regions, the two curricula were arranged in 
various dimensions (Number; Algebra; Measures; Shape & Space; and 
Data Handling for primary schools; and Number & Algebra; Measures, 
Shape & Space; and Data Handling for secondary schools). Another 
feature is the identification of the “foundation part” as a means to cater for 
individual difference and school-based curriculum tailoring. Less able 
students can focus their attention on the “formulation part”. It was said 
that the “‘foundation part’ of the syllabus represents the topic that ALL 
students should strive to master” (Curriculum Development Council, 1999, 
p. 1; see also Curriculum Development Council, 2002, p. 29). At the 
moment, the Basic Competency Descriptors and the Basic Competency 
Assessment have been under development to assist students to proceed 
along the foundation part of the syllabus. Furthermore, the foundation part 
does not involve a rigid arrangement of tracking or streaming since the 
teacher and students can judge (without pre-registration or labeling) which 
portion one should focus one’s learning. In other words, one can tailor a 
subset T with “Foundation Part c T c whole syllabus” for one’s study 
scheme, as long as T constitutes a coherent part of the curriculum. 
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Enrichment topics were also suggested for abler students. 
Furthermore, “spare periods” were created. During the periods, teaches 
could teach freely. This measure is to counteract the rigid allocation of 
teaching time for each topic in previous curricula. This 10-15% of 
“buffer” allows teachers to conduct remedial teaching for the average 
students and/or further investigations (e.g., enrichment topics). It was 
further elaborated in the 2002 curriculum guide that “[t]he suggested time 
allocations are not mandatory” (Curriculum Development Council, 2002, 
p. 36). It is seen that more and more discretion are given to schools for 
curriculum tailoring. 

With the launching of educational reform in 1999 — two years after 
the reunification of Hong Kong with China, the Basic Education 
Curriculum Guideline was published in 2002. Under the umbrella of the 
document Learning to Learn (Curriculum Development Council, 2001) 
The nine generic skills — collaboration skill, communication skill, 
creativity, critical thinking skill, information technology, numerous skill, 
problem solving skill, self management skill, and study skill — were 
advocated. Positive values and attitudes were also emphasized. 


3.4 Japan 


The Japanese mathematics curriculum is regularly revised every ten years. 
Modern mathematics was introduced in the 1970s, then we have “back to 
basics” in 1980s, individualization in 1990s and emphasis of mathematical 
activities in 2000s (see Japan Society of Mathematical Education [JSME], 
2000). 

In 1996, Japan Central Council for Education published its first report, 
The Model for Japanese Education in the Perspective of the 21° Century. 
It was stated that “helping children develop their zest for living is of the 
most importance and one should let them make use of most of their time in 
independent free trails and discoveries” (see N. Y. Wong & Tanaka, 2000). 
Accordingly, in 1998, the Ministry of Education started to revise the 
school curriculum. In the new curriculum, students of the 3“ the 6" grade 
are required to take a new subject “Integrated Learning.” To accommodate 
with this, the time allocated to arithmetic has to be reduced by 30%, which 
aroused some heated debates (Sawada, 2002; N. Y. Wong & Tanaka, 
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2000). In the new mathematics curriculum, Topics concerning basic 
knowledge and skills were carefully selected. The emphases were put on 
independent activities, enjoyment of doing mathematics, and connection 
between mathematics and daily life (Okubo, 2000). 

Here, we list the overall objectives of mathematics for elementary 
school and lower secondary school for reference: 


Through mathematical activities concerning numbers, quantities 
and geometrical figures, children should get basic knowledge and 
skills, should get abilities to think logically and to think with good 
perspectives, should notice the pleasure of doing activities and 
appreciate the value of mathematical methods, and should get 
attitude to make use of mathematics in daily life situations. 
(Elementary school; see JSME, 2000, p. 7) 


For students to understand deeply the fundamental concepts, 
principles, and rules relating to numbers, quantities, figures and so 
forth. For students to acquire methods of mathematical 
expressions and strategies, and to improve their ability to relate 
phenomena mathematically. For students to enjoy mathematical 
activities, to appreciate the importance of mathematical 
approaches and ways of thinking, and to inculcate in them the 
right attitudes necessary to make use of mathematics. 
(Lower secondary school; see JSME, 2000, p. 21) 


At upper secondary level, “at least one of ‘Fundamentals of 
Mathematics’ or ‘Mathematics I’ is required to be taken by all students. 
Mathematics I, H and III are regarded as core subjects and Mathematics A, 
B and C are regarded as optional subjects” (JSME, 2000, p. 5). 

The contents of mathematics in elementary school were put into the 
categories of Number & Calculations, Quantities & Measurements, and 
Geometrical Figures. For Grades 4-6, an additional category 
Mathematical Relations was found. 

In lower secondary level, the categories were Numbers & Algebraic 
Expressions, Geometrical Figures, and Mathematical Relations. In upper 
secondary level, one have Fundamentals of Mathematics, Mathematics & 
Human Activities, Mathematical Considerations in Society, and 
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Elementary Statistics. 

The standards were basically descriptions of students’ learning 
behavior such as “Compare the numbers of objects by manipulation such 
as correspondence” (under Number & Calculations, Grade 1, see N. Y. 
Wong & Tanaka, 2000, p. 50). 


3.5 Singapore 


Different mathematics syllabi were developed in Singapore. The 
“Syllabus B” was implemented before the Modern Mathematics reform in 
the 1960s. Afterwards, Singapore had its “Syllabus C” at the secondary 
level. “Syllabus D” was introduced in the early 1980s and since 1997 a 
series of new initiatives have been introduced, including the idea of 
national education. Information technology and the notion of “thinking 
schools and a learning nation” were also advocated. Twenty percent of the 
contents were also reduced to give way to information technology and 
higher-order thinking (Lee & Fan, 2002; see also http://www.moe.edu.sg, 
http://www.sgnews.gov.sg) 

The aims of mathematics education were stated in the Singapore 
curriculum as follows: 


Mathematics education aims to enable pupils to 

© acquire and apply skills and knowledge relating to 
number, measure and space in mathematical 
situations that they will meet in life 

è acquire mathematical concepts and skills necessary 
for a further study in Mathematics and other 
disciplines 

è develop the ability to make logical deduction and 
induction as well as to explicate their mathematical 
thinking and reasoning skills through solving of 
mathematical problems 

© use mathematical language to communicate 
mathematical ideas and arguments precisely, 
concisely and logically 

e develop positive attitudes towards mathematics 
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including confidence, enjoyment and perseverance 
© appreciate the power and structure of mathematics, 
including patterns and relationships, and to enhance 
their intellectual curiosity 
(Curriculum Planning and Development Division, 2000a, 2000b, p. 9) 


The framework of the curriculum comprised the five sections of 
concepts, skills, processes, attitudes, and metacognition. 

It was also mentioned that “This framework encompasses the whole 
mathematics curriculum from primary to secondary school. At the primary 
level, concepts, skills and processes will be taught at a level appropriate to 
the cognitive development of the pupils. Attitudes and metacognition, 
though not given the same emphasis, should form part of the teaching 
methodology” (Curriculum Planning and Development Division, 2000a, p. 
11). The Singapore mathematics curriculum is now under major revision 
and interested readers are referred to their official website for update 
developments. 


4 Discussion and Conclusion 


4.1 “The world has changed”: The rationale for change and the 
dilemmas of change 


With the above expositions of the mathematics curriculum documents in 
various regions, we get an overall picture of the mathematics curricula for 
the 21* century. Besides the “magic number” 2000 that governments all 
around the world see the need of changing the mathematics curriculum (in 
fact some regions revise their mathematics curricula regularly once every 
ten years), society is seen to have been changing rapidly and so there is 
pressing need for such changes (see e.g., N. Y. Wong, 1997). The change 
of job natures is one of them. As stated in Mathematical Sciences 
Education Board (1989), “The changing nature of work will make 
continuing education a lifelong reality for adults. Schools, therefore, will 
have to provide all students with a strong foundation for lifelong learning” 
(p.11). Thus, the notions of “lifelong learning” and “learning to learn” are 
once again advocated (see e.g., Curriculum Development Council, 2001). 
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One immediate cause for change is the lowering of academic standard, 
which is often seen as a consequence of universal education. The 
curriculum being too conventional, too packed, and still targeting at those 
who have potential to receive higher education in the field of science, are 
also some of the problems. Mathematics learning too boring, students’ 
lack of confidence, assessment relying too much on paper and pencil, and 
curriculum too rigid to cater for individual differences are some more 
reasons for change (Gu, 2002; Okubo, 2000; N. Y. Wong, Lam, Leung, 
Mok, & K. M. Wong, 1999). 

However, curriculum change is not an endeavor that follows a linear 
fashion. Obviously it faces confrontations and dilemmas. For instance, 
when one wants to upgrade the quality of education, there is a possibility 
of tightening educational control; and in many places in the world 
(“Eastern” regions in particular), when one tries to pay more emphasis on 
a certain facet of learning (e.g., higher-order thinking), the examination 
orientation would generate high stake in the related assessment exercises 
(Biggs, 1996; Pong & Chow, 2002; Zang & Ren, 1998). 

In comparing the recent changes in mathematics curricula in Hong 
Kong and Shanghai, Gu (2002) identified the following key issues 
underlying the motive for changes: “academic and exam orientation, 
boring and difficult, not cater for individual differences and relying on 
conventional paper & pencil and high-stake assessments” (Gu, 2002, pp. 
2-3). The dilemmas that the two places are facing include 
“internationalization/globalization vs. localization, discipline vs. student 
orientation, unification vs. school-based curriculum development, 
curriculum integration vs. differentiation, common core vs. individual 
differences, general vs. elite, cooperation vs. competition, transmission vs. 
creativity, assessment for selection vs. assessment for development, and 
anticipation for an idealistic curriculum vs. respect of current situation” 
(Gu, 2002, p. 3). 

In the following sections, we will further analyze the challenges these 
curriculum changes have to meet. 


4.2 The components of change 


Let us look at some of the “magic words” we often found in the 
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higher-order thinking 

generic skill 

value 

real life mathematics 

interest 

relevance 

confidence and attitude 

individual differences 

information technology 

holistic consideration/“through train” 


As said in Mathematical Sciences Education Board (1990), the goal of 
mathematics education is expanding. We will start our discussion in the 
figure that was conceptualized by the authors (Figure 1). 

Indeed, universal education (which originates from the notion of 
“mathematics for all”) is an educational policy that has never been 
implemented in human history. The implication of such a move is far more 
than providing enough school places for all children. It has to meet a lot of 
challenges, individual differences being a prominent one among other 
things. The issues of individual differences include learners’ differences in 
ability, learning styles, and motivations to learn. The education system 
also has to prepare students for different “walks of life,” not just for the 
academic sector. On the one hand, there is pressing need for differentiation 
on the curriculum, including tracking, streaming, ability grouping, 
remedial teaching, enrichment topics, and possible acceleration. On the 
other hand, besides the possibility of reinforcing labeling effect and 
high-stake assessments, in anticipation of diversity, the call for the 
identification of a common core is equally loud. In order to help 
learners — “slow learners” in particular — to proceed along the 
curriculum, to maintain a minimum standard of the curriculum, and to 
“rescue” as many as possible those lagging behind, the idea of 
standardization of the curriculum is put forth. A basket of accompanying 
concepts like attainment targets, minimal competency, basic competency, 
progress map and hypothetical learning trajectory have sprung out (see, 
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e.g., Masters & Forcester, 1996; Simon, 1995). 
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Figure 1. Background, components and pitfalls of educational change 


Cultivation of learning interest among students is another key issue. 
This partially explains the emphasis on daily life or real life application of 
mathematics. However, many have alerted us the possible gap between 
“realistic mathematics” and “esoteric mathematics” (Cooper & Dunne, 
1998). If the gap was not handled appropriately, it is likely that the 
mathematics content of learning will be watered down. Leung (2001) 
mentioned the dilemma between “working hard” and “pleasurable 
learning” as one of the characteristic features between “Western” and 
“Eastern” mathematics learning. Though in some regions like China, too 
much pressure is exerted on students, there have been criticism in some 
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other regions like Hong Kong and Japan that caring too much about the 
pleasure of student learning could lead to the lowering of academic 
standard and shift students’ motivation from intrinsic to extrinsic. 

The standardization of curriculum can also be seen as a form of 
educational control. When the control is made too tight, there is a 
tendency of having an over-detailed prescription of student learning, 
student learning outcomes, teaching activities, and a broad scope of 
student activities. When the whole thing is distorted, there is a possibility 
of making teaching and learning too rigid, the curriculum too centralized, 
students receiving too much control, and deskilling of teachers. We will 
have more discussions on the issue in later sections. 

In the rapidly changing society (including the workplace), 
governments in general and education policy makers in particular are 
aware of the need for making corresponding changes in curriculum 
structure, or even redefining what should be learned in school. One of the 
problems which was seen to be rather serious is having two many subjects 
in school. For instance, in Hong Kong, there are over one hundred subjects 
at secondary schoo! level. Though students usually take eight to ten, there 
is a tendency of pushing new areas like moral education, civic education, 
sex education, environmental education, drug education, and life skills as 
mandatory courses in schools. To tackle this, the trimming down of 
curriculum was initiated in many regions. There are at least two facets of 
this policy. First, reducing the number of subjects or integrating some 
subjects — this brought about the notion of “key learning areas” though 
some criticized that sometimes irrelevant subjects were being “pooled 
together.” (see Curriculum Development Council, 2001, pp. I1-I4). This 
may lead to the possibility of losing subject identities. 

Second, the identification of core parts of the curriculum to leave 
room for cross-subject learning, higher-order thinking, generic skills, and 
developments for “leaning to learn.” This is in accordance with the change 
to an “information-rich” society and the call for de-emphasis of skill with 
the advancement of ICT. Life-long and life-wide learning (including 
inquiry, projects and out of school experiences) are advocated. Low cost 
of ICT allows it to enter the classroom environment. The urge for 
“paradigm shift” of teachers from “transmitters” to “facilitators” — which 
is again in line with all of the above — has never been so strong (N. Y. 
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Wong, 2003). 

Examination orientation in many regions (Confucian Heritage Culture 
[CHC] regions in particular) ruins most of the good wills. There is a strong 
tendency of turning everything into assessment items in the form of 
high-stake competitive tests. The expansion of the goal of education 
(which has the need in its own right), when blended with the “examination 
culture,” is putting attitude, confidences, conduct, morality, and 
high-order thinking into different kinds of measurable scales. Performance 
in extra-curricular activities and participation in community service 
become criteria for university entrance, thus making students conforming 
to a “personality package” (Choi, 2001). 

Socio-economic inequity due to the wide use of information 
technology and project learning could be another pitfall. The case is more 
serious when it is linked with high-stake tests leading to various kinds of 
selection. 


4.3 Implications on mathematics education: Pitfalls and bridges 


From the above discussion, we get a picture of the various components of 
the current educational reform, many of which were reflected in the 
mathematics curriculum. 


4.3.1 The “product-process” dichotomy 


Leung (2001) identified some characteristic distinctions between Western 
and Eastern mathematics curricula: product (content) versus process, rote 
learning versus meaningful learning, studying hard versus pleasurable 
learning, and extrinsic versus intrinsic motivation. Such dichotomies can 
be dated back earlier to the 1970s and they are still one of the central 
points of argument in “mathematics wars” in many regions. In the 
NACOME (National Advisory Committee on Mathematics Education, 
1975) report, the dichotomies of “old or new, skills or concepts, concrete 
or abstract, intuitive or formal, inductive or deductive” (Hill, 1976, p. 442) 
were formally raised. Howson and Wilson (1986) queried the 
“process-based” curriculum (pp. 25-26) and concluded that one should 
strike a balance between content and process (pp. 35, 51). The issue was 
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raised again in Senk and Thompson (2003): 


In particular, critics of the Standards worry about what they 
perceive to be an overemphasis on the process of obtaining an 
answer, rather than on the answer itself. They are encouraging 
students to invent solutions and algorithms, rather than 
emphasizing use of traditional algorithms, will lead to a decline in 
basic skills. ... The use of co-operative learning and discovery 
approaches instead of direct instruction has raised concerns that 
either teachers are not teaching or only some children are learning 
mathematics ... In contrast, people who generally support 
mathematics education reform often object to the drill and kill that 
characterizes many traditional programs. (p. 16) 


However, we suppose that more discussions and investigations should 
be made on how mathematics should be learned (see e.g., Sfard, 1991, 
1998). Putting it in simple terms, the questions are: how much true is 
knowledge acquired or self-constructed within individuals? Are these two 
paths of mathematization leading to different kinds mathematics 
“knowledge/understanding”? How is higher-order thinking and process 
abilities acquired/developed and could there be a path bridging basic skills 
and higher-order thinking? (N. Y. Wong, 2002) 

The emphasis of (non-mathematical) generic skills (including 
creativity, values, and beliefs) added new elements to the 
“process-product” debate. Should general abilities like being carefulness, 
perseverance be regarded as “additional teaching duties” put on the 
teaching of mathematics (and other specific subjects)? Editorial Group 
from Thirteen Institutions (1980) listed five general abilities: being 
observant, memorization, imagination, thinking, and attentiveness. It was 
suggested that mathematics teachers should also take note of the 
developments of these abilities in their teaching. It is apparent in the above 
analyses of mathematics curricula in various regions of the world that 
process abilities are once again stressed. In some regions, we have specific 
standards on such abilities. Look at some of the points as advocated by the 
NCTM standard, Simon and Blume (1996) stated, “The standards 
documents promote a vision of classroom mathematics in which students 
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engage in exploration of mathematical situations, ... Thus, students 
actively participate, taking on a role that is analogous to the role of 
mathematician, creating mathematics, evaluating mathematics that has 
been created by members of the classroom mathematics community, and 
negotiating shared approaches to and standards for these activities” (p. 3), 
we see a striking resemblance with the Modern Mathematics reform. It 
seems that history is repeating itself and swing between the two ends of 
“content” and “process” abilities like a pendulum (Sawada, 2002). 
“Nation at risk — sense of crisis among stakeholders — revolutionary 
reform — resistance from school — bounce-back — standard keeping 
declining — blaming the school/teacher — next round of ‘Nation at risk’” 
seems to be the basic formula (N. Y. Wong, 2000). 

The warning of dichotomisation (National Advisory Committee on 
Mathematics Education, 1975) is also overlooked. We think that the heart 
of the issue is not just the concern about striking a balance, but also about 
how to fully use “basic skills” as a foundation for the development of 
various process abilities, including construction which is a path of 
“mathematization” between realistic concrete objects to mathematics 
objects (N. Y. Wong, 2002). 

In many regions, separating between “process-oriented dimension” 
and “product-oriented dimensions” appears in the curriculum whereas in 
others, requirements on process abilities were merged into the 
“product-oriented dimensions” (e.g., the U.K. National Mathematics 
Curriculum in 1995: Department for Education and the Welsh Office, 
1995). The latter was the position of the Hong Kong curriculum, which 
was clearly stated in the final report of the Ad hoc Committee on Holistic 
Review of the Mathematics Curriculum (2000): “Since HOTs [Higher 
Order Thinking Skill] can only be developed through the learning of 
various mathematical knowledge in the content areas, they should be 
incorporated into the content-based learning dimensions to form a 
reference grid in designing the future mathematics curriculum”. (p. 29) 
This could be one way out in handling the “product-process” dichotomy in 
the mathematics curriculum. 
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4.3.2 Cross-subject learning: Lost of subject self-esteem? 


As pointed out in the Cockcroft Report that, “It is often suggested that 
mathematics should be studied in order to develop powers of logical 
thinking, accuracy and spatial awareness. The study of mathematics can 
certainly contribute to these ends but the extent to which it does so 
depends on the way in which mathematics is taught. Nor is its contribution 
unique; many other activities and the study of a number of other subjects 
can develop these powers as well. We therefore believe that the need to 
develop these powers does not in itself constitute a sufficient reason for 
studying mathematics rather than other things. (Cockcroft, 1982, p. 1) 

We have a similar case in “ICT in education.” Are we saying that the 
use of ICT would necessarily improve mathematics learning, or 
mathematics education should also shoulder the responsibility of bringing 
up our students in an “ICT environment’? (N. Y. Wong, 2003). There is a 
worry that the inclusion of more and more non-subject- specific 
educational goals in recent years could “dilute” the mathematical 
orientation of the curriculum. Such non-subject-specific goals include 
higher-order thinking skills, generic skills, development of personalities, 
and process abilities like “conceptualization, inquiry, reasoning, 
communication, application and problem solving” which were advocated 
in the Target Oriented Curriculum put forth in Hong Kong in the early 
1990s (Curriculum Development Council, 1992, p. 12). There is a 
tendency to think that subject learning is “just” a means for developing 
these abilities. 

When this is put to the extreme, mathematics learning can well be 
replaced by chess since both do equally well in the acquisition of 
problem-solving strategies (N. Y. Wong, 1992) (after all, D. Hilbert said 
that “Math is a game played according to certain simple rules with 
meaningless marks on paper”! — see, e.g. Rose, 1988). We think that it is 
time for us to reflect on the nature of mathematics, how mathematics took 
shape as a discipline in the long course of history, and the very aim of 
learning mathematics. For instance, seven areas of knowledge (logic and 
mathematics, physical science, mind, ethics and moral, esthetic 
experience, religion, and philosophy) were proposed by Hirst and Peters 
(1970, pp. 63-64) as starting points of designing the school curriculum. 
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Another similar issue is that of real-life application of mathematics or 
the notion of realistic mathematics. The notion of real-life mathematics 
was put forth to let students see how mathematics connects with other 
disciplines and different professions. It also lets them realize that 
“mathematics is everywhere” — we can find mathematics around us in 
daily life. As seen above, such an idea is found in the goals of mathematics 
curricula in many regions. However, on the one hand, there are criticisms 
that many so-called realistic situations (especially those provided in 
textbooks) are not realistic in students’ experience. Most of these 
situations are designed by (middle-class) adults and generate another kind 
of social inequity. On the other hand, real-life situation may not be that 
mathematical. It is precisely the role of teachers to lead students to go 
through the path of mathematization, and of “turning” real-life objects into 
mathematical objects in order to bridge realistic mathematics with 
“esoteric mathematics.” Some even considered it as an “ontological shift” 
(see e.g., Cooper & Dunne, 1998; K. M. Wong, 1997). 

The Ad hoc Committee on Holistic Review of the Mathematics 
Curriculum (2000) gave a clear position of the issue: “The mathematics 
curriculum should be designed in such a way that mathematics learning 
progresses from concrete to abstract. The content in the mathematics 
curriculum should be arranged to let students get adequate prior 
experience with concrete objects before the formal treatment of 
mathematical concepts. Abstract concepts should also be backed up by an 
abundance of mathematical and non-mathematical (daily-life) examples” 
(p. 29). 

In fact, before the holistic review, the Task Group on Review of 
Mathematics Syllabuses was already aware of the “dual nature of 
mathematics”, that “mathematics [seen] as an exact science as well as an 
imaginative endeavor, as an abstract intellectual pursuit as well as a 
concrete subject with real-life applications; appreciate the beauty, the 
import, the power as well as the limitation of mathematics”. (see N.Y. 
Wong, 1997; also, Sfard, 1991) 

When mathematics is treated as a discipline that originates from 
various human activities, we can then see the real meaning of learning 
mathematics beyond just solving daily life “quasi-mathematical” problem. 
In such a way, students could begin to “develop an awareness of 
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mathematics ... and they can gradually be able to conceptualize 
mathematically phenomena and problems met in daily life or in other 
disciplines. Furthermore, they can frame and formulate these problems in 
the mathematical language, to solve them with mathematical tools and 
then to make sense out of it in the mathematical way” (Ad hoc Committee 
on Holistic Review of the Mathematics Curriculum, 2000, p. 28). 


4.3.3 The expanding goal: An expanding control? 


Standardization is another curriculum trend in many regions, and is 
something more than just setting a minimum standard in some of the 
regions. As mentioned above, there is a tendency of prescribing all the 
details that are to be happening in the classroom. If we take the case in 
Hong Kong as an example, the primary mathematics curriculum has been 
evolving from a list of contents in the 1960s to the addition of teaching 
sequence in the 1970s. In the 1980s, teaching recommendations were 
inserted into the curriculum. Ironically, it is often the teachers who 
requested such a detailed disposition. In the standardization movement in 
Hong Kong in the early 1990s, at first, the TTRA ([Learning]} Targets and 
Target Related Assessments) was set up (Curriculum Development 
Council, 1992). Then, it was the teaching community who pressed the 
government to publish guidelines for teachers to teach in order to meet 
these standards. The TTRA was then turned into the Target Oriented 
Curriculum. In a sense, the teachers were surrendering their professional 
autonomy. Similar phenomenon was seen in the U.K. National Curriculum 
in which the programs of study downplayed attainment targets. 

With the goal being expanded, different aspects of learning became 
standardized. Affect, morality, and involvements in community activities 
were “checked.” The description is extending from what is happening in 
the classroom to, to some extent, every corner of the children’s life inside 
and outside school, making the “curriculum” all encompassing. We can 
get such an impression in the life-wide learning framework as proposed by 
the Hong Kong Curriculum Development Institute (Figure 2). 
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Figure 2. Life-wide learning contextual matrix. 


Source. Life Wide Learning Section, Curriculum Development Institute, 2003 


So, besides the criticism that standardization could fragment the 
curriculum (Kohn, 2000; Sacks, 1999), there is yet another issue of 
stripping away teachers’ duty of teaching. Morrow and Torres (2000) 
pointed out that “... standardization of teaching and curriculum is closely 
linked to de-skilling of teachers and the logic of technical control on 
education” (p. 47). Blackmore (2000) also noted that “... increased 
standardization and universalization of curriculum and assessment as 
nation-states exert greater control through national curriculum 
frameworks” (p. 148) (see also Apple, 2000). This is, in fact, contrary to 
the call for “paradigm shift” of teachers in which teachers should make 
themselves thinkers, curriculum designers, researchers and educational 
decision makers (B. Clarke et al., 1996; Crawford & Adler, 1996). 

Having everything centrally designed and prescribed should be the 
fatal cause of the phenomena of teacher de-skilling and 
anti-professionalism. Letting teachers thoroughly understand the principal 
rationale behind through professional discourse when there are new 
initiatives in learning could be a much better way than just asking them to 
implement the initiatives (Stigler & Hiebert, 1999; see also Ball, 1998). 
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4.4 Globalization: Lost of local identity? 


Another phenomenon worth noticing is the cross-referencing of 
curriculum of other countries. Take the case of the holistic review of the 
mathematics curriculum in Hong Kong as an example, the ad hoc 
committee concerned paid great attention on whether the Hong Kong 
mathematics curriculum was in line with the world trend (Ad hoc 
Committee on Holistic Review of the Mathematics Curriculum, 2000, pp. 
15 & 22). A comparative study was conducted to investigate the issue too 
(Leung et al., 1999). To some extent, this has its own need since we want 
our graduates to be recognized by other countries both for further studies 
and future employments. The Curriculum and Textbook Workgroup (2002) 
at the ICMI Comparative Study also observed that there is a diminishing 
difference between countries. In fact, when we compared the mathematics 
curricula in ten regions in 1997, a by-and-large distinction between 
“Western” and “Eastern” mathematics curricula was found. In brief, 
Eastern curricula were more centralized and focused more on “content”. 
From the analyses in this chapter, such an “East-West” distinction has 
become blurred in this round of curriculum revision. In fact, key learning 
areas, standardization ... seem to become common terminologies around 
the world (as we look at Tables 1 and 2, for instance). It simplistic terms, 
the Far eastern curricula started from highly centralized systems to the 
development of regional ones and go for curriculum differentiation. The 
Western ones seem to go in the reverse order. In addition, both content and 
process, both basic skills and higher order abilities are emphasized in both 
sides of the globe. 

Though one can say that they are meeting in the “middle zone”, 
cross-cultural comparisons repeatedly alerted us (see e.g. Watkins & 
Biggs, 2001) that good practices in the East may not necessarily work for 
the West. The Curriculum and Textbook Workgroup (2002) at the ICMI 
Comparative Study alerted us that “This is a danger of adopting a 
curriculum by shopping around.... The adoption of foreign ideas without 
critical evaluation can be detrimental to an education system” (p. 6). 
Hirabayashi also reminded us that “having a high achievement in 
international mathematics studies is not the only criterion” for a good 
curriculum (as quoted in Curriculum and Textbook Workgroup, 2002, 
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p.6). 

Ironically, some Eastern curricula are often being criticized of being 
too “Westernized” or even “Americanized” (Some even used the term 
“McDonalised”, see Yang, 2002; see also Amos, Keiner, Proske, & Radtke, 
2002; Burbules & Torres, 2000; Capella, 2000; Rizvi, 2000; Stromquist & 
Monkman, 2000). On the other hand, with the CHC learning phenomenon 
reinforced by the Third International Mathematics and Science Study 
(TIMSS) result that the four Little Dragons in Asia got superior scores; 
Western mathematics education began to “learn from the East”. We also 
see mathematics textbooks in Eastern regions were also being transplanted 
to the West without careful consideration. What needs to be answered is: 
when we try to learn a lesson from others, did we consider their particular 
cultural context and values? More importantly, did we at the same time 
investigate the limitations and drawbacks of initiatives that were 
implemented elsewhere? How can we converge with a difference, taking 
into consideration curriculum initiatives in other places yet riding on the 
strengths of one’s own cultural tradition could be one of the major 
challenges of curriculum development around the world. 


4.5 Concluding remark: Who is the “End User”? 


Curriculum reform could be an endeavor that is full of dilemmas. On the 
one hand, we need to meet the demands and expectation of stake-holders; 
on the other hand, we cannot simply make a compromise by “casting of 
votes.” Dilemmas in curriculum reform in the age of “economic 
globalization” and “educational urbanization” is ever more intense. 
Mathematics for all carries the heavy duty of bringing up the whole 
younger generation who has diversified interest and who will enter 
different walks of life. When we over-emphasize the pragmatic value of 
education, aiming at producing a cohort of globally competitive human 
resource and a competitive workforce for the enterprise so as to make the 
society competitive, obviously the humanistic nature of education like 
caring, love, and individual growth could be overlooked. Along such a 
line of thought, we tend to worship testings, indicators, and international 
comparisons. Teaching (and the curriculum) is driven by testing objectives, 
testing items, and testing format. Backwash effect of assessment is intense 
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(see e.g., Biggs, 1996). Value-addedness becomes just a tool of 
educational control and the “value” in the value-addedness formula is 
defined by those in power (potential employers, etc.). And fluctuation of 
results in international comparison brings about unnecessary accusation 
(see e.g., Hill, 1976). This blind belief on testing is the main cause of 
over-unification and conformity, squeezing the room of both student 
individualization and teachers’ professional autonomy. 

Though it seems that different parts of the world is settling down with 
the current wave of educational and curriculum reform, we believe that 
curriculum development is an ever on-going process. Appreciation and 
respect of students’ individual differences, making it a divining force for 
learning, and the empowerment of the teacher could be the keys to reverse 
the above scenario. How curriculum change enhances but not manipulates 
teaching could be the major mission of educational policy makers and 
curriculum reformers (B. Clarke et al., 1996; Stigler & Heibert, 1999). 
Teachers’ professional growth should proceed with curriculum 
development. Eventually, new notions like higher-order thinking, progress 
map, values ... are internalized among the teachers and exemplified 
naturally in day-to-day teaching. All these notions should not just be 
translated into steps in curriculum documents for teachers to follow. 
Curriculum should also be developed in full awareness of local context 
and local needs (N. Y. Wong et al., 1999). Let us conclude the chapter by a 
little Chan (Zen) story: 


Huang Bo was a great Chan master in the Tang dynasty (618-917) 
of China. One day when he was making a sermon in the assembly 
hall, he acclaimed, “Do you people know that there is no Chan 
master in the entire Tang Empire?” At that time a monk came out 
from the audience and said, “There are so many masters teaching 
in so many monasteries, why you said there is no Chan master?” 
Huang replied, “I did not say there is no Chan, I only said that 
there is no masters!” — Records of Green Cliff [24473¢] (Chinese 
Buddhist Electronic Text Association, 2001, Vol. 48, p. 1051b) 
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Chapter 3 


Thinking Mathematically by Chinese 
Learners: A Cross-National 
Comparative Perspective’ 


CAI Jinfa CIFARELLI Victor 


Based on the findings from a number of cross-national comparative 
studies of US and Chinese students, we provided a retrospective review 
of these studies and presented a profile of Chinese learners’ 
mathematical thinking in problem solving and problem posing. In 
particular, we identified several characteristics of Chinese learners’ 
mathematical thinking in problem solving as well as pointed out some 
future directions to refine and extend this list of characteristics of 
Chinese learners. This chapter not only helps us understand the nature 
of Chinese students’ mathematical thinking from a cross-national 
comparative perspective, but also provides information to refine 
instructional programs so that Chinese students’ mathematical thinking 
can be better nurtured and developed. 


Key words: mathematical thinking, characteristics of Chinese learners, 
cross-national comparisons, problem solving, problem posing 


1 Introduction 


Comparing is one of the most basic intellectual activities. We 
consciously make comparisons in order to understand where we stand, 
both in relation to others as well as to our own past experiences. There 
has been a long history of international comparative studies in education 
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(Alexander, 2000). Cross-national comparative studies in education not 
only provide information on students’ achievement examined in the 
context of the world’s varied educational institutions, but also help 
identify effective aspects of education practice. In the past decade, we 
have ccnducted a series of cross-national studies to assess and 
understand US and Chinese students’ thinking in mathematical problem 
solving and problem posing (Cai, 1995, 1998, 2000a, 2000b; Cai & 
Hwang, 2002). The purposes of these studies are to reveal the similarities 
and differences between US and Chinese students’ mathematical 
thinking, and then to provide information about how we can improve 
students’ learning in mathematics. 

In this chapter, we provide a retrospective review of these studies 
and present a profile of Chinese learners’ mathematical thinking in 
problem solving and problem posing. In particular, we try to characterize 
the nature of Chinese learners’ mathematical thinking from a cross- 
national comparative perspective. We draw on findings from a series of 
cross-national studies of US and Chinese students to describe and 
understand Chinese learners’ mathematical thinking. While these studies 
are interrelated and sequential, they also serve as an assessment of US 
and Chinese students’ mathematical thinking within a multi-dimensional 
framework (Cai, 1995, 2000a; Cai & Silver, 1995) that addresses 
cognitive processes of solving problems (Cai, 1995, 1998, 2000a, 2000b) 
as well as processes that underlie problem posing (Cai, 1998; Cai & 
Hwang, 2002). The first part of the chapter provides a brief overview 
about aspects of mathematical thinking and thus serves as a rationale for 
the various analyses that were undertaken in studies reviewed. We then 
suggest a profile of Chinese learners’ mathematical thinking in problem 
solving and problem posing. 


2 A Retrospective Review 


While there is no consensus on what mathematical thinking is, it is 
widely accepted that there are many aspects of mathematical thinking 
that warrant examination (Ginsburg, 1983; Schoenfeld, 1997; Sternberg 
& Ben-Zeev, 1996). Studies of mathematics learning over the years have 
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included a focus on identifying those ways that students demonstrate a 
propensity to “think mathematically” in their actions. For example, Pólya 
found that capable problem solvers employ heuristic reasoning strategies 
to solve problems (Pólya, 1945). Being able to self-generate useful 
analogies while solving a problem is an example of a heuristic that 
capable solvers demonstrate as they solve problems. In addition, 
Krutetskii (1976) found that able students are more likely than less able 
students to use generalizations in their mathematical problem solving. 
Other researchers have described and explained what it means to “think 
mathematically” (Burton, 1984). More recently, mathematical thinking 
has been characterized in terms of the learner being able to develop 
strong understandings in mathematical situations (Kieran & Pirie, 1991). 

All of these studies suggest that we need to be very broad in 
assessing the mathematical thinking of students. For example, while we 
know that it is important for students to have algorithmic knowledge to 
solve many kinds of problems, this does not ensure that they have the 
conceptual knowledge to solve non-routine or novel problems (Hatano, 
1988; Steen, 1999; Sternberg, 1999). In order to understand the 
differences in students’ learning and mathematical thinking, we must use 
a variety of assessment tasks, thereby addressing the different facets of 
mathematical thinking. Hence, it is crucial that studies of mathematical 
thinking include tasks that measure both students’ high-level thinking 
skills as well as their routine problem-solving skills that involve 
procedural knowledge. 

In addition, studies of mathematical thinking need to focus more on 
the ways that students conceptualize a problem and develop appropriate 
solution strategies rather than whether or not they can carry out a formal 
algorithm to reach a solution. Furthermore, it is important to examine 
cognitive aspects of problem solving, such as the students’ solution 
strategies, their mathematical misconceptions/errors, mathematical 
justifications, and representations. In fact, the examination of solution 
strategies can reveal qualitative aspects of students’ mathematical 
thinking and reasoning such as how they go about formulating goals and 
purposes in their problem solving (Sternberg, 1991). Similarly, the 
examination of solution justifications and representations reveals the 
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ways that students process a problem and express their mathematical 
ideas and thinking processes. 

Therefore, in order to understand the international differences in 
students' mathematical thinking, it is desirable to use various types of 
assessment tasks to measure different facets of mathematical thinking. 
The use of both quantitative and qualitative assessment methods enables 
the researcher to broaden somewhat the scope of the analysis. Our 
studies incorporate such a comprehensive focus on the mathematical 
thinking of students. 


2.1 Examining students’ multi-facets of mathematical thinking 


As an example of multi-dimensional assessment, Cai (1995) used three 
types of problem tasks to examine US and Chinese students’ 
mathematical performance. These consisted of: (1) 20 multiple-choice 
tasks measuring computation skills; (2) 18 multiple-choice tasks 
measuring simple problem-solving skills; and (3) seven open-ended tasks 
measuring complex problem-solving skills. It was found that Chinese 
students outperformed US students on computation and simple problem- 
solving tasks but not on open-ended tasks that assessed complex problem 
solving. When differences for each of the open-ended tasks were 
examined, the performance patterns were not consistent across these 
tasks. For some of the open-ended assessment tasks, US students had 
higher mean scores than Chinese students. For other tasks, Chinese 
students had higher mean scores than US students. 

In a later study, Cai (2000a) elaborated his ideas about the processes 
involved in complex problem solving. Specifically, in addition to 
assessing the computational and simple problem solving skills of 
students, Cai incorporated some new tasks to assess complex problem 
solving skills, tasks focused on the degree of novelty that must be used in 
order to find solutions. Process-constrained tasks refer to problems that 
can be solved by executing a “standard algorithm”. In contrast, 
process-open tasks are problems that usually cannot be solved by an 
algorithm, and more typically require novel exploration of the problem 
situation. Furthermore, a process-open task usually lends itself to a 
variety of acceptable solutions. The study used six process-constrained 
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and six process-open tasks to measure the students’ complex problem- 
solving skills. 

Table 1 shows the mean percent scores of the US and Chinese 
students on the computation tasks, simple problem solving tasks, the 
process-constrained and the process-open performance assessment tasks. 
The Chinese sample had significantly higher mean scores than the US 
sample on the computation tasks, simple problem solving tasks, and the 
process-constrained tasks. However, the US sample had significantly 
higher mean scores than the Chinese students on the process-open tasks. 
For the US sample, the mean score on the process-open tasks is the 
highest score that they achieved, while the mean score on the 
computation tasks is the lowest. For the Chinese sample, however, the 
mean score on the process-open tasks is the lowest score that they 
achieved, while the mean score on the computation tasks is the highest. 


Table 1 
Mean Percentage Scores of US and Chinese Students on Four Types of Tasks 
Process- 
Simple Constrained Process-Open 
Nations Computation Problem Complex Complex 

Solving Problem Solving Problem Solving 
US (n = 232) 48% 57% 54% 61% 
China (n = 310) 88% 77™% 75% 57% 


From these findings, we see some of the challenges involved in 
cross-cultural assessments of mathematical thinking. The Chinese 
students did significantly better than the US students in 3 of the 4 types 
tasks; however, we found it surprising that the US students performed 
better in the process-open task, which we assumed to be the most novel 
task. Hence, even these multi-dimensional analyses sometimes can yield 
puzzling information and may require more probing to explain the 
differences. In addition to the quantitative analysis of performance, the 
study included a qualitative phase, whereupon the student responses for 
each assessment task were examined for cognitive aspects of 
performance such as students’ preferred solution strategies, mathematical 
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errors, and mathematical representations. This analysis identified several 
aspects of solution performance that helped to clarify and explain the 
quantitative performance measures and also suggested some hypotheses, 
which served to motivate the later studies. The next section discusses the 
qualitative aspects of the analysis to examine cognitive processes of 
solving problems. 


2.2 Examining cognitive processes of solving problems 


Given the fact that simple comparisons of status using international 
ranking provide little guidance for understanding and improving students’ 
mathematics learning, it would be important to understand the 
international performance differences in other terms. Certainly, 
information about how students approach the solution of a given problem 
is more important than whether or not they are able to recognize the 
correct solution from among several candidates. While it is useful to 
know the performance differences in terms of mean scores or average 
correctness, we also need to describe student performance in qualitative 
terms to understand the nature of the international differences in students' 
mathematical thinking and reasoning. In a number of studies, we have 
used both quantitative and qualitative analysis methods to describe US 
and Chinese students’ mathematical thinking and reasoning. For example, 
in the quantitative analysis of the earlier study (Cai, 1995), each student 
response was assigned a numerical score from 0 to 4. In contrast, the 
qualitative analysis focused on four critical cognitive aspects: solution 
strategies, mathematical misconceptions/errors, mathematical 
justifications, and representations (Cai, 1995). 

The examination of solution strategies can provide qualitative 
aspects of information regarding students’ mathematical thinking and 
reasoning (Sternberg, 1991). Learning can be viewed as a qualitative 
change in a student’s way of experiencing and understanding of 
mathematics (Marton & Ramsden, 1988). The study of misconceptions 
provides information with respect to the characteristics and treatment of 
misconceptions and the extent to which students modify their 
misconceptions. The examination of solution justifications and 
representations reveals the ways that students process problems and also 
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sheds light on the ways that students communicate their mathematical 
ideas and thinking processes. 

Quantitative and qualitative analysis methods are not only 
interrelated but also complementary. In the quantitative analysis, each 
student response to a task is assigned a score based on a set of well- 
specified criteria of mathematical problem solving and reasoning. 
However, this procedure may conceal some aspects of students’ 
performance. For example, different students can use different strategies 
to obtain a particular score level, and thus, individual student differences 
in solution strategies will not be evident using the quantitative analysis. 
Similarly, students may exhibit different mathematical misconceptions at 
a particular score level. 

To complement the quantitative analysis, the qualitative analysis 
provided a more detailed description of the kinds of strategies associated 
with high-level scores and the kinds of errors associated with lower-level 
responses. For example, while the quantitative analysis found that the US 
and Chinese students had similar overall performance on novel tasks of 
complex problem solving (Cai, 1995), a detailed cognitive analysis of 
students' written responses revealed both similarities as well as subtle 
differences among the students’ solutions. The Number Theory Problem, 
shown in Appendix, is one of the open-ended problems used in Cai 
(1995). 

In this problem, students must solve for an unknown number that 
satisfies several problem conditions set in a story context. Specifically, 
the student must find the total number of blocks in a set given that 1 
block is remaining when the whole set is partitioned into either groups of 
size 2, 3, or 4. Thus, a correct numerical answer should have a remainder 
of 1 when divided by 2, 3, or 4. An implicit condition of the problem is 
that the same set of blocks is partitioned each time. The Number Theory 
Problem has more than one correct answer. In fact, if we add 1 to any 
multiple of 12, we get a correct answers for the problem (i.e., 1 + 127, n 
= 0, 1, 2, ......, are all correct answers for the Number Theory Problem). 
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2.2.1 Correctness of answers 


The results from this study showed that over one half of the US and 
Chinese students got correct answers. In particular, 56% of the US 
sample had correct answers to the Number Theory Problem; this success 
rate is almost the same as that of the Chinese sample (54%). However, 
the frequency distributions were significantly different for US and 
Chinese students who provided the correct answer of 13 and those who 
gave correct answers other than 13. A larger percentage of Chinese than 
US students tended to provide correct answers other than 13. Correct 
answers other than 13 included 1, 25, 49, etc. For those US and Chinese 
students who provided correct answers other than 13, the majority of 
them had 25 as the correct answer. It is interesting to note that only two 
US students and seven Chinese students provided more than one correct 
answer in their response. 


2.2.2 Representations 


Students used various representations in their solutions of solving the 
Number Theory Problem. The frequencies in which US and Chinese 
students used various representations were also significantly different. 
Three categories were used to classify the representations: verbal, 
symbolic, and visual. The student response was coded as a verbal 
representation if he/she used mainly written words to explain how they 
found the answer. The response was coded as a visual representation if 
the student used mainly a picture or drawing to explain how he/she found 
the answer. The response was coded as a symbolic representation if the 
student used mainly mathematical expressions to explain how he/she 
found the answer. Figure 1 shows the percentage distributions of US and 
Chinese students’ representations for solving the Number Theory 
Problem. A larger percentage of Chinese than US students used symbolic 
representations; while a larger percentage of US than Chinese students 
used verbal representations and visual representations. 
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Figure1. Percentage distribution of US and 
Chinese students’ use of various representations 


2.2.3 Solution strategies 


The Number Theory Problem evoked a variety of solution strategies. 
Table 2 describes each of the solution strategies and shows the 
percentages of US and Chinese students using each strategy. Only a 
slightly larger percentage of US students (52%) than Chinese students 
(45%) had used apparent strategies, with the difference not statistically 
significant. However, for those US and Chinese students with apparent 
strategies, the frequency distributions of strategies used were 
significantly different. Strategy 1 through strategy 6 involved common- 
multiple approaches and strategies 7 and 8 used variations of a "trial and 
error" approach. For those US and Chinese students with apparent 
strategies, a larger percentage of Chinese than US students used common 
multiple approaches (strategy 1 through 6) to obtain solutions. A larger 
proportion of US students than Chinese students used "trial and error" 
approaches (strategies 7 and 8). 

Moreover, US and Chinese students tended to use different 
variations of the common multiple approaches. For example, two 
common multiple approaches that were most frequently used by Chinese 
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students were strategies 2 and 5; those by US students were strategies 1 
and 3. Strategies 1 and 2 are literally the same except for the final result 
of the computation. Specifically, the use of strategy 1 yields a correct 
answer of 13, and the use of strategy 2 yields a correct answer of 25. 
This may explain why a larger percentage of US than Chinese students 
provided the answer of 13 and why a larger percentage of Chinese than 
US students provided the answer of 25. Twenty-eight US students used 
strategy 3, but only two Chinese students used it. In strategy 3, visual 
representations were used to find a common multiple of 2, 3, and 4. As 
we see above, overall, US students tended to use visual representations 
more frequently than did Chinese students. A considerable number of 
Chinese students used strategy 5 in which a "short division” was used to 
find the common multiple. 

In later studies, this cognitive analysis of mathematical thinking was 
extended by considering both the problem solving and problem posing 
actions of students. By including problem posing in the analysis of 
mathematical thinking, we were able to get a more extensive picture of 
the mathematical thinking processes of Chinese and US students. The 
following section includes discussion of the critical role that problem 
posing plays in mathematical thinking as well as findings from recent 
studies that examined the problem solving and problem posing processes 
of US and Chinese students. 
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Table 2 


Description of ‘Solution Strategies and Percentages of US and Chinese Students 


Percentage of 


Students 
Description z 
US China 
(n=129) (n= 193) 
Strategy 1: The student found 12 as a common multiple of 2, 3, 19 2 
and 4 by direct computation (2 x 6 = 12,3 x 4 = 12, 
4 x 3 = 12), and then added one to the common 
multiple. 
Strategy 2: The student found 24 as a common multiple of 2, 3, 1 42 


and 4 by direct computation (2 x 3 x 4 = 24), and 
then added one to the common multiple. 
Strategy 3: The student constructed three separate diagrams 22 l 
showing sets of blocks, each divisible into groups 
of 2, 3, or 4; attempted to make the sets all the same 
size, and then added 1 block to each of the sets. For 
example, the first set of blocks had 12 blocks which 
were grouped in groups of 2; the second set of 
blocks had 12 blocks which were grouped in groups 
of 3; and the third set of blocks had 12 blocks 
which were grouped in groups of 4. Then, 1 block 
was added to each set to obtain a total of 13. 
Strategy 4: The student listed the multiples of 2, of 3, and of 4; 2 l 
identified the common multiple; and then added 
one. For example, the student did as follows: 
2, 4, 6, 8, 10, 12, 14, 16, ... 
3, 6, 9, 12, 15, 18, ... 
4, 8, 12, 16, 20, 24, ... 
12 + 1 = 13, so the answer was 13. 


Strategy 5: The student used "short division" to find the 2 32 
common multiple of 2, 3, and 4, then added 1 to the 
common multiple to obtain a solution. 


Strategy 6: Other common multiple approaches. 12 5 


Strategy 7: The student showed a number (e.g., 13) divided by 29 13 
2, by 3, and by 4 in three separate long divisions, 
indicating that all the divisions had a remainder of 
1. In this way, the student verified a correct answer 
by the divisions without showing how he or she 
obtained the dividend. 
Strategy 8: The student systematically or randomly guessed 13 4 
numbers of blocks and checked if the guesses 
satisfied the conditions of the problem. 
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2.3 Examining both mathematical problem solving and problem 
posing 


Mathematical problem posing is one of the key components of 
mathematical exploration. In scientific inquiry, formulating a well- 
defined problem is often the key to finding solutions to the problem. It is 
important to include a focus on both problem solving and problem 
posing in examinations of students’ mathematical thinking because such 
analyses inform us when the students shift their thinking among different 
perspectives. For example, examining US and Chinese students' problem 
solving can help us understand the solution strategies and representations 
students used to solve problems. In contrast, the examination of US and 
Chinese students' mathematical problem posing can help us understand 
how US and Chinese students self-generate the problems they see fit to 
solve. Since US students are much more likely than Chinese students to 
use visual-based strategies and representations in problem solving, is it 
possible that US students would be more likely than Chinese students to 
use visual representations to generate problems to solve? Assessments 
beyond problem solving allow us to determine those similarities and 
differences that exist between students in the two nations in the areas of 
problem posing. In addition, such assessments also allow us to examine 
the generality of the relatedness of students’ performance in problem 
solving and problem posing from a cross-national perspective. 

In a recent study, we examined the nature of US and Chinese 
students’ generalized and generative thinking in mathematical problem 
solving and problem posing (Cai & Hwang, 2002). This study addressed 
three key sets of questions. First, given the existing evidence that 
Chinese students use more abstract strategies in problem solving than do 
their US counterparts, is it reasonable to expect that they would also be 
more successful solving problems that are most efficiently and accurately 
solved using abstract strategies? Second, might US students outperform 
Chinese students on problem posing tasks by producing a larger variety 
of problems? Related to this, should US students be expected to produce 
more problems involving pictures? Finally, from a cross-national 
perspective, can any general statements be made regarding the link 
between students' problem posing and problem solving? 
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Using three pairs of problem solving and problem posing tasks, the 
study focused on the students’ mathematical performance on tasks of 
varying levels of difficulty. For each of the problem-posing tasks, 
students were asked to pose one easy problem, one moderately difficult 
problem, and one difficult problem. For each of the problem-solving 
tasks, students were asked to answer several questions based on the given 
pattern. In particular, students needed to employ their generalization 
skills in order to answer the last question in each problem-solving task 
efficiently. Appendix shows one-pair of the Door Bell problem-solving 
and Door Bell problem-posing tasks. 

By designing the problem-posing task to have a mathematical 
structure similar to that of the problem-solving task, the data was then 
made possible to examine the relatedness of student solution processes in 
solving the pattern problem and the problems the students posed in the 
problem-posing task. The following sections summarize the results from 
the pair of the Doorbell situation. 


2.3.1 Door bell posing task 


Given the existing evidence from prior studies that US students use more 
concrete and pictorial strategies in problem solving than do their Chinese 
counterparts, is it reasonable to expect that they would also be likely to 
pose more problems involving pictures? This study provided no evidence 
showing that US students were more likely than Chinese students to pose 
picture related problems. The US students did pose more drawing 
problems than did their Chinese counterparts (9% of all US problems vs. 
7% of all Chinese problems). However, the magnitude of the difference 
did not reflect the much wider gap in US students’ preferred visual 
solution strategies. In fact, the US students were much more likely than 
their Chinese counterparts to generate extension problems across the 
posing tasks. Moreover, the percentage distributions of the various posed 
problem types were quite different between the two samples. Table 3 
shows the percentages of US and Chinese students’ various posed 
problem types. 

Regarding the kinds of Doorbell problems generated, students in 
both samples tended to move away from generating problems solely 
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based on the given information, instead they generated problems of 
greater difficulty. The most frequently generated problems for US 
students involved finding the number of guests at a particular ring for the 
easy and moderate problems, and computing the total number of guests 
after a specific ring for the difficult problem. In contrast, the most 
frequently generated problems among Chinese students were non- 
extension problems for the easy problem (e.g., How many guests entered 
on the fourth ring?), and problems asking for the number of guests 
entering on a non-given ring (e.g., 10" ring or 100" ring) for moderate 
and difficult problems. 


Table 3 
Types of Problems Posed for the Doorbell Situation 
98 US Students 155 CH Students 

PI p2 P3 Pl p2 P3 
Extension Problems 
# of Guests on a Ring 33 27 17 21 30 27 
Ring # for Some Guests 0 2 1 1 3 1 
Total # of Guests for Several 7 19 26 4 7 1] 
Rings 
Total # of Rings for Some Guests 0 0 6 0 3 6 
Rule-Based Problems 13 7 0 6 3 3 
Total % of Extension Problems 53 55 50 32 46 48 
Non-Extension Problems 20 5 2 4] 20 9 
No/Irrelevant Problems 27 40 48 27 34 43 


Looking at the variety of problems posed by individual students, we 
see some similarity between the US and Chinese samples for each of the 
problem situations. The percentages of US and Chinese students who 
generated at least two distinctive problems for the Doorbell task were 
almost identical (51% for US and 50% for China). A slightly larger 
percentage of US students (16%) than Chinese students (9%) generated 
three distinctive problems, though the difference is not statistically 
significant. Hence, in answer to question two, there is no evidence that 
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the US students tended to generate a larger variety of problems than the 
Chinese sample. In fact, the percentages of US and Chinese students who 
generated multiple distinctive problems are almost identical. 


2.3.2 Door bell solving task 


Given the existing evidence from prior studies that Chinese students use 
more abstract strategies in problem solving than do their US 
counterparts, is it reasonable to expect that they would also be more 
successful solving problems that are most efficiently and accurately 
solved using abstract strategies? In solving the Doorbell Problem, the US 
and Chinese students had almost identical success rates (70%) when they 
were asked to find the number of guests who entered on the 10" ring. 
However, the success rate for Chinese students (43%) was significantly 
higher than that of the US students (24%) when they were asked to find 
the ring number at which 99 guests would enter the room. 

The strategies that students used to solve the Doorbell problem were 
classified into three categories: concrete, semi-abstract and abstract. 
Students who chose an abstract strategy to solve the Doorbell Problem 
generally followed one of two paths. Some noticed that the number of 
guests who entered on a particular ring of the doorbell was equal to twice 
the ring number minus one (i.e., y = 2” — l, where y represents the 
number of guests and n represents the ring number). Others recognized 
that the number of guests who entered on a particular ring equaled the 
ring number plus the ring number minus one (i.e., y =n + (n — 1)). Those 
students who used a semi-abstract strategy showed a number of steps of 
computation to yield a correct answer. Below are two examples of semi- 
abstract strategies for finding the ring number at which 99 guests 
entered: 


Example 1: 99 —9 = 90. 90 + 2 = 45. 45 + 5 = 50. 
Example 2: 99 — 7 = 92.92 +2 = 46. 46+ 4 = 50. 


Finally, those who used a concrete strategy made a table or a list or 
noticed that each time the doorbell rang, two more guests entered than on 
the previous ring and so added 2's sequentially to find an answer. 


86 How Chinese Learn Mathematics: Perspectives from Insiders 


In general, the findings confirmed the previously reported tendency 
for Chinese students to use abstract strategies and symbolic 
representations and for US students to use concrete strategies and 
drawing-based representations. Figure 2 shows the percentages of US 
and Chinese students’ choosing appropriate concrete, semi-abstract and 
abstract solution strategies to answer Questions 1 and 3. Forty-four 
percent of the Chinese students with appropriate strategies used abstract 
strategies to find the number of guests who entered on the 10" ring 
(Question 1), while only 1% of the US students with appropriate 
strategies used abstract strategies. In the US sample, the vast majority 
used concrete strategies to answer Question 1. Although a larger 
percentage of US than Chinese students (48% vs. 42%) used appropriate 
strategies to find the ring number at which 99 guests entered, the Chinese 
students were much more likely to use abstract strategies. Indeed, 65% of 
Chinese students choosing an appropriate strategy for Question 3 used an 
abstract strategy as compared to only 11% of the US sample. Instead, the 
majority (75%) of US students chose concrete strategies, compared to 
29% of the Chinese students. 

Table 4 shows the success rates of US and Chinese students who 
used various solution strategies to answer Question 3. The Chinese 
students’ use of an abstract strategy in the last question is clearly 
associated with their higher success rates for answering Questions 1 and 
3. In fact, with one exception, every Chinese student who used an 
abstract strategy for Question 3 answered both Question 1 and 3 
correctly. In contrast, the US sample does not display such a strong 
relationship between students’ problem-solving strategies and their 
problem-solving performance. This finding may well be related to the 
fact that only a few of the US students used abstract strategies to answer 
Question 3. However, one thing that was clear across both samples, and 
which might be expected by intuition, was that students who used 
strategies that were inappropriate or gave no explanation were least 
likely to answer Question 3 correctly. 

The disparities in the US and Chinese students’ problem-solving 
success rates may be related to their use of different strategies. Within 
the Chinese sample, those who used abstract strategies had much higher 
success rates for all questions than those who used concrete strategies. If 
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we limit our analysis to those US and Chinese students who used 
concrete strategies, the success rates between the two samples become 
very similar. Therefore, the results from both problem-solving tasks 
provide evidence that the Chinese students’ preference for abstract 
strategies seems to help them outperform the US students on problems 
amenable to abstract strategies. 


Strategies for Finding the Number of Guests that Entered on the 10" Ring (Question 1) 
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Figure 2. Percentages of US and Chinese students 
using concrete, semi-abstract, and abstract strategies 
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Table 4 
Association of US and Chinese Students’ Success Rates for Questions | and 3 and Their 


Use of Strategies for the Doorbell Problem 


% of Students 


Question 1 Question 3 
(Guests on the 10" ring) (Ring # for 99 guests) 


CHINESE SAMPLE 


Concrete Strategies (n=19) 74 37 
Semi-Abstract Strategies (n=4) 50 75 
Abstract Strategies (n=42) 98 98 
Inappropriate or No Strategies 57 18 
(n=90) 
US SAMPLE 

Concrete Strategies (n=35) 83 46 
Semi-Abstract Strategies (n=7) 71 43 
Abstract Strategies (n=5) 60 60 
Inappropriate or No Strategies 63 2 


(n=51) 


The curious results regarding appropriate strategy choice in both 
problems point to one possible reason for this advantage. In answering 
the last question of the Door Bell problem, the US students actually 
chose an appropriate strategy more often than the Chinese students. Yet, 
the Chinese students still had a higher rate of success in obtaining correct 
answers. This phenomenon could be related to the fact that the US 
students’ appropriate strategies tended to be concrete, while the Chinese 
students’ strategies were abstract. Given the nature of the problems, 
concrete strategies were more prone to errors of execution, and thus were 
less likely to succeed. A considerable number of US students chose 
appropriate strategies, but presumably executed them incorrectly. When 
the Chinese students answered incorrectly, it was most often because 
they chose an inappropriate strategy. 


2.3.3 Relatedness between problem posing and problem solving 


The study (Cai & Hwang, 2002) showed a stronger link between problem 
solving and problem posing for the Chinese sample, while the link is 
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weaker for the US sample. We compared the performance of students 
who posed at least two extension problems and students who posed 
fewer than two. For both samples, students with at least two extension 
problems consistently outperformed those with fewer than two extension 
problems across the four questions of the problem. In the Chinese 
sample, 81% and 56% of those who posed at least two extension 
problems gave correct responses to Questions | and 3, respectively, 
while only 60% and 33% of the others did so. The US sample exhibited 
the same pattern. 

There was also a link between the variety of problems students posed 
and their success with problem solving, though the relationship was more 
apparent in the Chinese sample. In both samples, students who had posed 
type-0 problems (meaning that the problems they posed were either 
nonsense, irrelevant, or non-responses), on average, had the lowest 
percentage of correct answers in problem solving, particularly when 
compared to their peers with at least 2 types of problems posed. The 
difference was much larger in the Chinese sample than in the US sample. 
For example, nearly 75% of the Chinese students who posed at least two 
types of problems correctly found the number of guests on the 10" ring 
or the ring number when 99 guests entered. Only 40% of the students 
who posed type-0 problems had a correct answer for either of these 
questions. For the US sample, over 50% of the students who posed at 
least two types of problems correctly found the number of guests on the 
10" ring or the ring number when 99 guests entered. Only 40% of the 
students who posed type-0 problems had a correct answer for either 
question. 

For the Chinese students, 42% of those posing fewer than two 
extension problems used abstract strategies to answer the last Doorbell 
question. However, 79% who posed at least two extension problems 
chose abstract strategies for that question. A relationship between the 
variety of problems posed and the kind of strategy used in problem 
solving was also evident in the Chinese sample, but not in the US 
sample. Chinese students who had generated at least two distinct types of 
problems tended to use abstract strategies to solve problems, whereas 
their peers who posed fewer than two types of problems tended to use 
wrong or unidentified strategies, or gave no explanation in problem 
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solving. In particular, nearly 55% of the Chinese students who had 
generated at least two distinct types of problems used abstract strategies 
in their problem solving; only about 10% of those who had generated 
fewer than two distinct types of problems used abstract strategies. 

In summary, there was a stronger link between problem solving and 
problem posing for the Chinese sample, while the link is much weaker 
for the US sample. However, the differential nature of the relationships 
for US and Chinese students does not imply a lack of generality in the 
links between problem solving and problem posing. Instead, the stronger 
link between variety of posed problems and problem-solving success for 
the Chinese sample might be attributable to the fact that the US students 
almost never used abstract strategies. Posing a variety of problem types 
seems to be strongly associated with abstract strategy use in the Chinese 
sample. In the US sample, only a few students used abstract strategies for 
Question 3 of the Doorbell Problem. At most, the data from that question 
suggest that the variety of problem types posed is weakly associated with 
abstract strategy use. The findings of this study are limited due to the fact 
that only a few US sixth grade students used abstract strategies. Since 
older students (e.g., seventh, eighth or ninth graders) are more likely than 
sixth graders to use abstract strategies, future studies are needed to use 
older students as subjects. Their responses could be useful in clarifying 
the relationships between the use of strategies and problem-solving 
success, as well as further exploring and illuminating the links between 
problem solving and problem posing. 


3 An Initial Profile 


In the previous section of this chapter, we reviewed the results from 
several studies of the mathematical thinking processes of Chinese and 
US students. The focus was on the ways that these studies enabled us to 
capture the quantitative and qualitative aspects of mathematical 
performance. It is clear that there are remarkable differences between US 
and Chinese students’ mathematical thinking involved in problem 
solving and problem posing. In this section, we will attempt to identify 
several characteristics of Chinese learners’ mathematical thinking based 
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on the available evidence. In the process of discussing these 
characteristics, we will speculate possible contextual reasons that 
nurtured Chinese learners. 


3.1 Performing unevenly on various tasks 


As was shown above, Chinese students performed unevenly on various 
tasks. The success rates for Chinese students on the computation tasks 
and simple problem-solving tasks are much higher than those on the 
complex problem solving tasks. For example, the mean percentage for 
computation tasks is 88% to 77% for simple problem solving, 75% for 
the process-constraint complex problem solving, and 57% for the 
process-open complex problem solving (see Table 1). Such a 
performance pattern of the Chinese students was also shown in the 
following Division Problem: Students and teachers at Gunming 
elementary school will go by bus for Spring sightseeing. There is a total 
of 1128 students and teachers. Each bus holds 36 people. How many 
buses are needed? In solving the Division Problem, one not only needs 
to correctly apply and execute division computation (computation 
phase), but also to interpret correctly the computational results with 
respect to the given situation (sense-making phase). Chinese students 
outperformed US students on the computation phase, but not on the 
sense-making phase. Moreover, Chinese students’ success rate in the 
computation phase was much higher than that in the sense-making phase. 

A number of researchers have found that having expertise in routine 
application does not imply expertise in complex and novel problem 
solving. Routine applications can often be solved using procedural 
knowledge; in contrast, complex and novel problem solving usually 
requires that the solver use conceptual knowledge in order to find a 
solution. Chinese students’ varied performance on different tasks 
provides further evidence to support the assertion. In addition, Chinese 
students’ differential performance on various tasks may reflect the 
different emphasis in curriculum and instruction. As was indicated in 
Zhang, Li, and Tang (this volume), basic knowledge and skills are two of 
the important emphases in Chinese curriculum and instruction. 
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Do Chinese students really outperform US students in mathematics? 
Since a number of cross-national studies consistently showed that 
Chinese students outperformed US students on tasks requiring the 
applications of mathematical knowledge and skills routinely learned in 
school, many people might answer “yes” to the question. However, the 
Chinese students’ differential performance patterns on various tasks 
show the complexity of the issues that must be addressed in order to 
answer this question. In fact, the performance differences between US 
and Chinese students appear to be related to the nature of the assessment 
tasks. For example, on mathematical problem-posing tasks, there were 
essentially no differences between US and Chinese students. 


3.2 Using generalized strategies and symbolic representations 


Across the studies and tasks, we consistently found that Chinese students 
demonstrated a strong preference for using abstract strategies in their 
problem-solving actions, while the US students were more likely to 
employ the use of concrete drawing strategies while they solved 
problems. Even US eighth graders are more likely than Chinese fourth 
graders to use concrete drawing strategies (Cai, 2004). In one of our 
studies (Cai, 2000b), we examined the solution strategies and 
representations used by US and Chinese students’ to solve two problems 
related to arithmetic average. We also examined the relationship between 
the students’ solution representations and their problem-solving 
performance. Among the findings was that the students’ use of abstract 
strategies and symbolic representations greatly aided their mathematical 
performance. In particular, for the US sample, students who used 
arithmetic representations performed significantly better than those who 
used verbal and pictorial representations on a problem-solving measure. 
For the Chinese sample, students using algebraic representations 
performed slightly better than those using arithmetic, verbal, and 
pictorial representations. Overall, Chinese students performed better than 
US students on each of the averaging problems and on the problem- 
solving measure. However, if the analysis is limited to US students using 
symbolic (algebraic or arithmetic) representations, there is no mean 
difference between US and Chinese students’ performance. These 
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findings not only support the argument that the representations students 
use can serve as an index of how well they might solve particular 
problems (Dreyfus, & Eisenberg, 1996; Janvier, 1987), they also suggest 
that Chinese students’ superior performance on the averaging problems 
may be due, in part, to their use of more sophisticated representations 
(e.g., algebraic). 

In another study (Cai & Hwang, 2002), we identified the advantages 
of students’ using abstract strategies. Within the Chinese sample, those 
who used abstract strategies had much higher success rates for all 
problems than those who used concrete strategies. Since we did not 
found the US students used abstract strategies, it is impossible in the 
study to provide a reliable picture of how US students choosing abstract 
strategies compare to those choosing concrete strategies. However, if we 
limit our analysis to those US and Chinese students who used concrete 
Strategies, the success rates between the two samples become very 
similar for each of the problems. Therefore, the Chinese students’ 
preference for abstract strategies seems to help them outperform the US 
students on problems amenable to abstract strategies. Indeed, across 
problem-solving tasks, the performance gap between US and Chinese 
students widens as the questions become more abstract. For example, in 
solving the Door Bell Problem (see Appendix), the US and Chinese 
students had almost identical success rates when they were asked to find 
the number of guests who entered on the 10" ring. However, the success 
rate for Chinese students (43%) was significantly higher than that of the 
US students (24%) when they were asked to find the ring number at 
which 99 guests would enter the room. 

We are still in the beginning stage of understanding the possible 
reasons why US and Chinese students have different preferences for 
using strategies and representations. However, it seems apparent that 
teachers’ mathematical beliefs greatly influence their teaching practice 
and thus influence the US and Chinese students’ choices of strategy use 
and representations. We recently interviewed a group of experienced 
teachers including 11 US teachers and a group of 9 Chinese teachers 
(Cai, in press-a). In the interview, we asked each teacher to score a set of 
28 student responses using a five-point scale from 0-4, with a rating of 0 
to describe a low level of mathematical sophistication demonstrated by 
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the student’s reasoning and a rating of 4 to indicate highly sophisticated 
reasoning on the part of the student. Each student response had a correct 
answer (or a reasonable estimate for the answer) and an appropriate 
strategy that yielded the correct answer (or estimate); however, the 
representations and solution strategies used by students in these 
responses indicated the different strategies and approaches taken by 
students in their reasoning. Each teacher was asked to explain the reasons 
for their scoring. Both US and Chinese teachers scored extremely high 
for the student responses involving abstract strategies; for those 
responses involving concrete drawing strategies, Chinese teachers scored 
them significantly lower than the US teachers. According to the Chinese 
teachers, being able to solve a problem is good, but it is just the first step 
of the learning. Chinese teachers want students to learn generalized 
problem-solving methods that transfer to other problem situations. 
However, there is no evidence from the interviews that US teachers have 
such a goal. Instead, US teachers’ goal is to have students solve a 
problem no matter what strategies they use. 


3.3 Using more conventional strategies 


While students’ solution strategies can be examined in terms of 
abstractness vs. concreteness, they can also be examined in terms of 
mathematical conventionality. A conventional strategy is one that is 
usually taught in the classroom; in contrast, a non-conventional strategy 
may not necessarily be taught in the classroom and may evolve from the 
students’ novel explorations. For some tasks, students’ solution strategies 
are better examined in terms of their abstractness while for others, the 
degree of conventionality exhibited by a student’s strategies better 
captures their underlying reasoning. The results from a number of studies 
showed that Chinese students are more likely than US students to use 
conventional strategies. For example, when US and Chinese sixth-grade 
students were asked to solve a Pizza Ratio Problem (see Appendix), in 
which they needed to determine if each girl or each boy gets more pizza 
when seven girls share two pizzas and three boys share one pizza 
equally, they used eight different ways to justify that each boy gets more 
than each girl (Cai, 2000a). For those who used appropriate strategies, 
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over 90% of the Chinese students used the following conventional 
strategy: Each boy will get 1/3 of a pizza and each girl will get 2/7 of a 
pizza. If you compared 1/3 with 2/7, you would know that 1/3 is bigger 
than 2/7 by transforming them into common fractions (1/3 = 7/21 and 
2/7 = 6/21. 7/21 — 6/21 = 1/21) or decimals (1/3 = .33 and 2/7 = .29. 
.33 — .29 = .04). However, only about 20% of the US students used such 
a conventional strategy. In contrast, the vast majority of the US students 
used one of the following non-conventional strategies. 


Solution 1: Three girls share one pizza, and another three girls share 
another pizza. Each of these six girls will get the same 
amount of the pizza as each of the three boys. But one of the 
girls has no pizza. So, each boy will get more. 


GS ° S 


Solution 2: Three girls share one pizza and the remaining four share one 
pizza. Each piece that each of the remaining four girls get is 
smaller than the boys get. So the boys get more. 


E D 
o] 
Girls' Boys' 


Solution 3: 7 Girls get two pizzas, and 3 boys get one pizza. The girls 
have twice as many pizza as boys. But the number of girls is 
more than twice as many than boys. So the boys get more. 


Solution 4: Each pizza was cut into 4 pieces. Each girl gets 1 piece with 
1 piece left over. Each boy gets 1 piece with 1 piece left 
over. The one piece left over must be shared by the 7 girls, 
but the 1 piece left over will be shared by three boys. So the 
boys get more. 


DE D 


Girls’ Boys' 
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This example shows a dilemma we face. While the conventional 
strategy is apparently quite efficient and can be easily applied to solve 
other similar problems, this conventional strategy shows little originality. 
In contrast, while non-conventional strategies show the originality of 
students’ thinking, they also are task specific and less applicable for 
solving other similar problems, especially those that involve bigger 
numbers. The results from this particular example may suggest the 
effectiveness of Chinese classroom instruction on developing students’ 
efficient strategies and the effectiveness of US classroom instruction on 
developing original mathematical thinking. Ideally, we would hope that 
instruction can foster students’ learning of efficient problem solving- 
strategies and develop their mathematical thinking with originality. If 
that is one of the goals for school mathematics, we have to seriously 
investigate the classroom instruction in both nations so that one can 
benefit from the other. 


3.4 Generating more solutions if they are asked to 


Collectively, US student are likely to give more variety of solutions than 
Chinese students. However, when each student is asked to provide 
multiple solutions, Chinese students tended to generate more solutions 
than US students. For example, when US 7" and 8” graders and Chinese 
6" graders were asked to generate three different solutions to the Pizza 
Ratio Problem mentioned before, about 40% of Chinese students 
generated two or three different solutions, but only about 20% of the US 
students generated two or three different solutions. Interestingly, in 
Chinese students’ second or third solutions, they rarely used one of the 
four solutions mentioned above. Instead, the second or third solution 
provided by Chinese students is one of the following two: (1) 7/2 = 3.5 
and 3/1 = 3. Therefore 3.5 girls will share one pizza and 3 boys will 
share one pizza. Thus, each boy gets more; or (2) If there were six girls, 
each girl and each boy would have the same. But you have 7 girls, so 
each girl gets less than each boy. 

In another task, US and Chinese sixth graders were asked to come up 
with two solutions to the following problem: Margarita and Sam worked 
at the local park. Margarita earned $15 a day selling food. Sam earned 
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$10 a day cleaning tables. Margarita worked a different number of days 
than Sam. Margarita and Sam earned the same total amount of money. 
How many days could each person have worked? Nearly 70% of the 
Chinese students came up with two different solutions, as compared to 
about 50% of the US students. While none of the US students came up 
with more than two solutions, some of the Chinese students came up 
with more than two different solutions. On the other hand, while only 5% 
of the Chinese students provided two repeated solutions, about 20% of 
the US students did so. 

Even though Chinese students are more likely to generate multiple 
solutions to the Pizza Ratio Problem if they are asked to, their solutions 
are still quite conventional. The finding that Chinese students generate 
more solutions may be explained by the Chinese curriculum emphasis. 
The Chinese mathematics curriculum emphasizes a diversity of 
approaches to solve mathematics problems. Textbooks serve to support 
this approach by demonstrating both arithmetic and algebraic solutions to 
problems. In contrast, the US mathematics curriculum places greater 
emphasis on teaching particular methods and heuristics to solve 
mathematics problems. 


3.5 Committing errors involving unjustified symbol manipulations 


While there are remarkable differences between US and Chinese 
students’ solution strategies and representations in problem solving, the 
types of errors both US and Chinese students committed are very similar. 
One of the errors committed is related to the unjustified symbol 
manipulation. Students just picked some numbers from a problem and 
worked with them in ways irrelevant to the problem context. An example 
of the unjustified symbol manipulation error for the Number Theory 
Problem is to add all numerals in the problem unreasonably in trying to 
solve the problem (2 + 3 + 4+ 1+ 1+ 1 = 12). For both US and Chinese 
students, this unjustified symbol manipulation is the most frequently 
committed errors in solving this particular problem. 

Similarly, a considerable number of US and Chinese students 
committed the unjustified symbol manipulation errors to solve the Hats 
Average Problem (see Appendix). For example, a student simply added 
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up all numerals given in the Hats Average Problem and recorded the sum 
in the answer space. The student counted the number of hats sold in week 
1 (9), week 2 (3), and week 3 (6). Then the student wrote down all 
numerals in the problem, such as 1 in "Week 1", 2 in "Week 2", 3 in 
"Week 3", 4 in "Week 4", and 4 and 7 in "How many hats must Angela 
sell in Week 4 so that the average number of hats sold is 7?" Finally, the 
student added all the numbers that appeared in the problem (9+ 3+6+1 
+2+3+4+4+ 7=39) and put 39 as the answer. 

Another common error for both US and Chinese students was their 
"incorrect use of the computational algorithm". For example, there are 
six incorrect ways US and Chinese students applied the averaging 
algorithm in an attempt to solve the Hats Average Problem. 


1. The student added the number of hats sold in week 1 (9), week 2 (3), 
and week 3 (6), then divided the sum by 3, to get an answer of 6. 
However, the average was 7. Therefore, the student added 3 to the 
sum of the numbers of hats sold in the first three weeks, then divided 
it by 3, to get 7, and then gave the answer 3. 

2. The student added the number of hats sold in week 1 (9), week 2 (3), 
and week 3 (6), then divided the sum by 3, and got 6, 6 + 1 = 7. So the 
student gave the answer 1. 

3.. The student added the number of hats sold in week 1 (9), week 2 (3), 
and week 3 (6), then divided the sum by 3. The student then gave the 
quotient (6) as the answer. 

4. The student added the number of hats sold in week | (9), week 2 (3), 
week 3 (6), and the average (7), then divided the sum by 4. The 
student then gave the whole number quotient (6) as the answer. 

5. The student added the number of hats sold in week 1 (9), week 2 (3), 
and week 3 (6), then divided the sum by 4. The student then gave the 
quotient (4.5) as the answer. 

6. The student added the number of hats sold in week 1 (9), week 2 (3), 
and week 3 (6), then divided the sum by 7. The student then gave the 
whole number quotient (2) as the answer. 


In the last four incorrect applications, students attempted to directly 
apply the averaging algorithm to find the answer (add-then-divide). 
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These students seemed to have neglected either problem condition that 
the average of the hats sold in four weeks should be 7 or the question that 
they were asked to answer (i.e., How many hats must Angela sell in 
Week 4 so that the average number of hats sold is 7?). In the first two 
incorrect applications, however, students did more than directly applying 
the averaging algorithm. These students manipulated the numbers to 
produce an answer of seven. It appears that they realized that the average 
of the hats sold in four weeks should be 7 and so they tried to do 
something more than directly applying the averaging algorithm. 
Regardless of whether or not these students tried to make the average 
seven, all seem to have lacked the necessary conceptual understanding of 
the averaging algorithm. It appears, though, that they knew the 
computational procedure for calculating an average if they are given the 
information in a standard "add-then-divide" algorithm. Thus, it is likely 
that the difficulties for US and Chinese students are not due to their 
lacking of procedural knowledge but rather that they possessed an 
incomplete conceptual understanding of the averaging algorithm. 

Similar errors were documented by Lee, Zhang, and Zheng (1997) 
when a group of Chinese fourth graders, seventh graders, eighth graders, 
and twelfth graders were asked to solve an absurd problem: There are 26 
sheep and 10 goats in a ship. How old is the captain? About 90% of the 
Chinese fourth graders, 82% of the seventh and eighth graders, and 34% 
of the twelfth graders “solved” this problem by combining numbers in it 
without realizing the absurd nature of the problem (Lee et al., 1997). 
When these Chinese students were asked why they did not recognize that 
the problem was meaningless, many students responded that “any 
problem assigned by a teacher always has a solution.” 

More research is needed to help students overcome difficulties 
described above, but one thing might be clear, though, that mathematical 
instruction cannot simply focus on teaching students to manipulate 
numbers or symbols without meaningful connections. Instead, we have 
to strive for developing both students’ procedural knowledge and 
conceptual understanding behinds the procedures. 
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3.6 Less willing to take risks in problem solving 


Analyses of students’ responses gave a strong impression that US 
students are much more willing to take risks than Chinese students in 
problem solving. For those who did not have a clue to solve a problem, 
Chinese students were likely to skip the problem and leave it a blank, but 
US students usually put something down even though the things they 
wrote might be meaningless. For example, although a larger percentage 
of the Chinese students (43%) than US students (24%) correctly found 
the ring number when 99 guests entered for the Door Bell Solving 
Problem (Cai, 2000a), a considerable number of US and Chinese 
students did not answer the question correctly. For those Chinese 
students who did not answer the question correctly, nearly half of them 
left it blank. However, for those US students who did not answer the 
question correctly, only about 10% of them left it blank. That means that 
about 90% of the US students who did not answer the question correctly 
included written work on their papers. Although we did not have first 
hand knowledge why so many Chinese students left the problem blank, 
our conversation with some Chinese teachers suggest that if students are 
unable to solve a problem, they rather leave it in blank than take a risk to 
guess a solution. 

The response to the following problem provided further evidence 
that Chinese students are less willing to take risks in problem solving: 5 
+ (— 4) =? Four possible answers were provided. This is one of the 20 
computation tasks in an earlier study (Cai, 1995). This is the only task in 
which US sixth-grade students performed better than Chinese sixth-grade 
students. For both nations, addition involving negative numbers was not 
covered in the regular curriculum. Teachers’ questionnaires indicated 
that the tested sixth grades in both nations have not learned the operation 
of addition when negative numbers are involved. Therefore, both US and 
Chinese sixth graders did not know how to solve this problem. What 
really interesting is that about 15% of the Chinese students did not guess 
possible answers by simply choosing one of the four provided answers. 
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4 Conclusions 


Based on a number of cross-national comparative studies of US and 
Chinese students, we tried to characterize Chinese learners’ 
mathematica! thinking. In particular, we identified six characteristics of 
Chinese learners’ mathematical thinking. Chinese students performed 
unevenly on various tasks — better on tasks assessing computation skills 
and basic knowledge than on tasks assessing open-ended complex 
problem solving. Chinese students are more likely to use generalized 
strategies and symbolic representations. Chinese students usually provide 
more conventional solutions. Chinese students can generate more 
solutions if they are asked for. Like US students, a considerable number 
of Chinese students committed errors involving unjustified symbol 
manipulations. Chinese students are less willing to take risks in problem 
solving. 

The "golden ring" of educational research is to improve the learning 
opportunities for all students. The purpose, then, of international studies 
is to provide information about how we can improve students’ learning in 
mathematics (Cai, 2001). There is no doubt that the more information 
that we obtain about what students know and think, the more 
opportunities we are able to provide meaningful learning opportunities 
for students. It is an initial attempt to characterize Chinese learners’ 
mathematical thinking. Future studies are needed to refine and extend 
this list of characteristics of Chinese learners. And also, it should be 
indicated that in this chapter our focus is not to examine possible reasons 
why US and Chinese students think differently. Although some studies 
have been conducted to understand why US and Chinese students think 
differently (e.g., Cai, 2004, in press-a, in press-b), continuous effort is 
needed to systematically examine the impact of teaching and curriculum 
variables on students’ thinking. Nevertheless, this chapter not only helps 
us understand the nature of Chinese students’ mathematical thinking 
from a cross-national comparative perspective, but also provides 
information to refine instructional program so that Chinese students’ 
mathematical thinking can be better nurtured and developed. 
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Appendix 


Tasks 


The Number Theory Task 


Yolanda was telling her brother Damian about what she did in math 
class. 


Yolanda said, "Damian, I used blocks in my math class today. 
When I grouped the blocks in groups of 2, I had I block left over. 
When I grouped the blocks in groups of 3, I had 1 block left over. 
And when I grouped the blocks in groups of 4, I had 1 block left 
over. 


Damian asked, "How many blocks did you have?" 
What was Yolanda’s answer to her brother's question? 


Show how you found your answer. 


Doorbeil Problem-Solving Task 


Sally is having a party, the first time the doorbell rings, 1 guest enters. 

The second time the doorbell rings, 3 guests enter. 

The third time the doorbell rings, 5 guests enter. 

The fourth time the doorbell rings, 7 guests enter. 

Keep on going in the same way. On the next ring a group enters that has 

2 more persons than the group that entered on the previous ring. 

1. How many guests will enter on the 10th ring? Explain how you found 
your answer. 

2. In the space below, write a rule or describe in words how to find the 
number of guests that entered on each ring. 

3. 99 guests entered on one of the rings. What ring was it? Explain or 
show how you found your answer. 
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Doorbell Problem-Posing Task 


Sally is having a party, the first time the doorbell rings, 1 guest enters. 
The second time the doorbell rings, 3 guests enter. 

The third time the doorbell rings, 5 guests enter. 

The fourth time the doorbell rings, 7 guests enter. 


Keep on going in the same way. On the next ring a group enters that has 
2 more persons than the group that entered on the previous ring. 

For his student’s homework, Mr. Johnson wanted to make up three 
problems BASED ON THE ABOVE SITUATION: an easy problem, a 
moderate problem, and a difficult problem. These problems can be 
solved using the information in the situation. 


Help Mr. Miller make up three problems and write these problems in the 
space below. 


The easy problem 
The moderately difficult problem 
The difficult problem 


The Pizza Ratio Problem 


Here are some children and pizzas. 7 girls share 2 pizzas equally and 3 
boys share | pizza equally. 


O © O 
3322222 2RR 


AA 


A. Does each girl get the same amount as each boy? 
Explain or show how you found your answer. 

B. If each girl does not get the same amount as each boy, who gets more? 
Explain or show how you found your answer. 
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The Hats Averaging Problem 


Angela is selling hats for the Mathematics Club. This picture shows the 
number of hats Angela sold during the first three weeks. 


wert @ 26 606,028 


How many hats must Angela sell in Week 4 so that the average number 
of hats sold is 7? 


Show how you found your answer. 


Chapter 4 


An Examination of Coherence in 
a Chinese Mathematics Classroom 


WANG Tao: MURPHY John 


Analyzing discourse in a model Chinese mathematics classroom, we 
develop the concept of coherence to describe the classroom’s most 
salient features. Coherence refers to the role of unity or connectedness 
of speech and behavior in the creation of meaningful discourse. 
Drawing on cross-cultural studies of classroom practices, we examine 
the instructional, psychological, and social dimensions of coherence in 
the classroom. We find that, unlike American classrooms, the Chinese 
classroom is characterized by coherence in each of the three 
dimensions. The positive pedagogic effects of coherence are discussed 
and possible negative effects are mentioned. 


Key words: cross-cultural discourse analysis, teaching mathematics, 
coherence 


Coherence refers to the role of unity or connectedness of speech and 
behavior in the creation of meaningful discourse. In classroom discourse, 
coherence can describe the structure of instructional topics as well as 
classroom behavior and social values. For example, when a teacher 
points to thematic or logical connections between a new topic and earlier 
material, the teacher hopes to enhance student understanding through 
developing a coherent presentation. When a teacher works to establish 
daily routines as the school year begins, she is building a coherent set of 
behavioral expectations for the students. And when the classroom culture 
is supported by the values and expectations of the broader culture, the 
teacher has a strong instructional platform from which to work. Because 
coherence has these instructional, social/psychological, and cultural 
dimensions, it is a fundamental unit for the analysis of classroom 
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environments. In this chapter we explore these features of coherence in 
the Chinese mathematics classroom through an examination of classroom 
discourse. The data we use are from comparative studies of teaching 
mathematics; discourse examples are usually drawn from a model lesson 
given in a Shanghai elementary school.’ 


1 Instructional Coherence 


Discourse is not a sequence of arbitrary utterances, each with its own 
topic. Rather, the topics are related to each other, making discourses 
meaningful (van Dijk, 1997). Discourse coherence reflects the degree of 
relatedness of topics which affects listeners’ understanding (Dore, 1985). 
A coherent story, for example, with thematically related events is easier 
for the reader or listener to comprehend. Similarly, students can 
understand a lesson with highly interrelated events in a coherent way 
(Fernandez, Yoshida, & Stigler, 1992; Stevenson & Stigler, 1992). 
Compared to most American lessons, Chinese mathematics lessons often 
develop in a more coherent way (Stevenson & Stigler, 1992). In this 
section, we analyze how mathematics is taught in Chinese classrooms in 
a coherent way. 

The thematic coherence can be analyzed on two different levels: 
within lessons and across lessons. Within lessons, we analyze how 
mathematic topics or activities within a lesson relate to each other. 
Across lessons, we analyze how mathematic topics in a series of lessons 
relate to each other. Given that most current studies of mathematics 
classroom discourse are limited to analyzing individual lessons, the 
across lesson coherence is not yet clear (Wang, 2003). In the sections 
that follow, we analyze the coherence within a lesson. 

Researchers (Fernandez et al., 1992; Stevenson & Stigler, 1992) 
have investigated coherence of activities from two aspects: the coherence 
of the content in lesson plan activities and the discourse transitions 
explicating the relationship between activities. 


' The videotape of the class, Area of triangle with equal base and equal height, is from 
the Institute of General Education, Shanghai Academy of Educational Sciences [_Li##1i 


BUR ELE Be BAA MA] (1999). 
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To make the class instruction coherent, the activities in the lesson 
should be related to each other, focusing on one or two main topics. 
Given that a lesson with fewer mathematical topics might be more 
coherent than one with multiple topics, Stigler and Perry (1990) 
compared the number of topics included in American (in Chicago) and 
Chinese (in Taipei) fifth-grade classroom activities. They segmented 
classroom flow into 5-minute segments (the median length of segments 
with on-going instruction) and counted the number of topics included in 
each segment. They found that 55% of all segments in Taipei classrooms 
focused on only one topic compared to only 17% of the segments in 
Chicago. On the macro level, researchers (Grow-Maienza, Hahn, & Joo, 
2001; Ma, 1999; Stevenson & Stigler, 1992; Stigler & Hiebert, 1999) 
found that Chinese teachers tended to devote an entire 40-minute class to 
the solution of only one mathematics problem. In such a lesson, a single 
mathematic topic was discussed from multiple perspectives. For 
example, Ma (1999) reported that in Chinese primary classrooms, 
students are often encouraged to solve one mathematics problem several 
ways (— 1% fi#). The one-topic design in Chinese classrooms helps 
teachers organize the activities around this one clear mathematic topic. In 
our model class video, the teacher conducted the following activities to 
introduce the new subject matter concerned with the area of equal-base- 
equal-height (EBEH) triangles. Six activities were conducted in the 
following sequence (see Table 1). 


Table 1 
The Activities of the Instructional Phase in the Open-Class 


Review Practice to Observe 3 Rearrange Finding Drawing 

formula of | calculate triangles and and out EBEH | two EBEH 

triangle areas of discuss the discussion | triangles triangles in 
triangles with | relationship of | (see Figure | among 5 different 
given base their areas (see | 2) triangles shapes 


and height Figure 1) 
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Figure 1. The presentation of three triangles before the rearrangement 


Figure 2. The presentation of three triangles after the rearrangement 


The relationships among these activities are significant. First, all six 
activities relate to the new knowledge, namely ‘the areas of EBEH 
triangles are equal’. The first two activities in the review phase highlight 
the formula for calculating the triangle’s area, which is the theoretical 
tool for understanding the new knowledge. Based on this formula, 
Activities 3 and 4 help the students understand that the areas of the three 
different EBEH triangles are equal because they have equal base length 
and equal height. With this new knowledge, Activities 5 and 6 encourage 
the learner to apply the knowledge in solving new problems. 

In general, the activities in the lesson are well organized to serve the 
main theme. The well-related topics in the six activities facilitate student 
understanding of the new knowledge. Given that inferring the 
relationships among topics of different activities depends on individual 
abilities (G. Brown & Yule, 1983), some times even the well-organized 
nature of activities does not insure that students will grasp the 
relationships between activities, especially when the relatedness of 
activities is not explicit enough for young learners. In these occasions, 
the coherence of activities should be explicitly developed in classroom 
discourse. One way that teachers can use language to enhance the 
coherence of a lesson is to use transitional discourse to talk explicitly 
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about the main goal(s) of the lesson and the interrelationship of the 
activities and the main goal(s). Without this dimension of coherence 
created through transitiona! discourse, students might experience some 
unnecessary difficulties in comprehending the lesson. Stevenson and 
Stigler (1992) gave the following example of an American first grade 
lesson to illustrate the importance of the using transitional discourse. 


Ok, open your workbooks to page 12. I want you to measure 
your desk in pencils, find out how many pencils it takes to go 
across you desk, and write the answer on the line in your 
workbooks. [Children carry out instructions.] Ok, the next line 
says to use green crayons, but we don’t have green crayons so 
we are going to use blue crayons. Raise your hand if you don’t 
have a blue crayon. [Teacher takes approximately 10 minutes to 
pass out blue crayons to students who raise their hands...] Now 
write the number of blue crayons next to the line that says green 
crayons. [Teacher then moves on to the third segment.] Ok, now 
take out your centimeter ruler and measure the number of 
centimeters across you desk and write the number on the line in 
your workbooks. (p. 349) 


Sitting in such a classroom, even an advanced first-grade child might 
find it difficult to make sense of the relationship of the three activities— 
measuring the desk with a pencil, crayon, and centimeter ruler. There 
was no discussion of how each exercise helps students understand why 
standard units are important. A transition between the three activities 
would make the relationship between the activities more coherent. For 
example, before the activity of measuring the desk with centimeter 
rulers, the teacher could discuss with the whole class the difficulty of 
comparing the lengths of desks with different units (pencils and crayons). 
She could then organize the class to use a tool with a standard unit to 
overcome this difficulty. Through these kinds of transitions, the students 
could be helped to understand the implicit connections between the 
activities and the meaning of mathematical knowledge being introduced. 

In the model class, the teacher used the following transitional 
statements. 
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Activity 1—Activity 2: (after a student recited the formula 
correctly) 

Teacher: Very good. Can you use this formula to get the area of 
a triangle? 

Students (in chorus): Yes. 

Teacher: Open your exercise book, look at the 
pictures...calculate the area of the triangles. Start. 

Activity 2—Activity 3: (after checking the answers one by one 
in whole class) 

Teacher: This is the knowledge we learned in the pervious 
lessons [how to calculate the area of a triangle]. From now on, 
today, we will continue to study the area of triangles. Please take 
out the three triangles in your exercise book. 

Activity 5—Activity 6: (after students correctly pair up all the 
equal-base-equal-height triangles) 

Teacher: Just now we learned that the areas of equal-base-equal- 
height triangles are equal. Then, now, it is time (for you) to draw 
two equal-base-equal-height triangles in different shapes on your 
dotted paper. 


The teacher uses language to connect the well-structured activities 
explicitly. In this way, the student can easily organize the knowledge 
coherently. Interestingly, the teacher does not use explicit language to 
connect Activities 3 and 4, and Activities 4 and 5. Unlike the situation in 
the above American lesson example, the lack of language to connect 
these activities might not necessarily affect the discourse coherence. This 
is because these activities are themselves well connected. In Activity 3, 
the students observe 3 triangles (see Figure 1) and discuss the 
relationship of their areas. After the whole class reaches the consensus 
that the areas of the three triangles are not equal, the teacher asks 
students to rearrange the triangles (see Figure 2). Given that Activities 4 
and 5 are also discussions of the areas of the three triangles, the 
connection of the two activities to the earlier ones is clear. It seems likely 
that the teacher does not explicitly help students connect the two 
activities because the teacher wants to leave space for students to explore 
on their own the relationship of the three triangles in the new context 
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(after rearrangement). In the real class, the teacher gives a very short 
sentence to direct student attention. 


T: Look at this (pointing to Figure 2), what will you find? 


The lack of explicit transitions from Activity 4 to Activity 5 has a 
similar pedagogic explanation. Right after discussing with the students 
the main new content (Activity 4), the relationship between EBEH 
triangles, the teacher asks students to pair up EBEH triangles in a new 
task. The new knowledge of EBEH triangles is the common theme of the 
two activities. The lack of connecting language in this episode makes the 
task mathematically more challenging because the students have to make 
use of the mathematical knowledge (what are EBEH triangles?) just 
learned in the new task by themselves. 

In the model class, sometimes the explicit discussion was extended 
to connect knowledge obtained in adjacent lessons as, for example, in the 
following discourse. 


T: In the previous lesson, when we calculate the area of a 
triangle, we must know tts... 

Students (in chorus): Base and height. 

T: But in today’s lesson, as we have known that for the equal- 
base-equal-height triangles their areas are equal, we can get the 
area of a triangle without knowing its base and height. Right? 
Students (in chorus): Right. 


In this excerpt, the teacher highlights the connection between the old 
knowledge and new knowledge by explaining the difference of the two 
approaches used in this class and the previous class; that is, “we can get 
the area of a triangle without knowing its base and height.” This 
transitional discourse is necessary because the relationship between the 
new knowledge and the old knowledge might be not explicit for a fifth 
grade student. 

Various cultural explanations might explain why Asian and 
American teachers prepare the lesson plan and teach the class in such 
different ways in terms of the coherence of the lesson. Three related 
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factors of the culture of mathematics pedagogy provide insights into the 
instructional coherence in Chinese classroom. The three factors are 
teacher beliefs about the nature of mathematical knowledge and teaching 
mathematical knowledge, teacher’s mathematical preparation, and 
availability of a supportive environment. 

A teacher’s teaching behavior is largely underpinned by his or her 
belief about knowledge and how it is taught (Clarke, 1996). Stigler and 
Hiebert (1999) call these implicit belief “scripts.” They believe that the 
scripts explain why the lessons within a country followed distinctive 
patterns because the lessons were designed and taught by teachers who 
share the same scripts. Chinese teachers, therefore, teach mathematics in 
a coherent way because they share the implicit belief that mathematics is 
a set of relationships between concepts, facts, and procedures. 

If teachers want to teach mathematics in a coherent way, their 
mathematical knowledge should be coherently organized. Ma’s (1999) 
remarkable work provides a clear picture of how Chinese primary school 
teachers are equipped with coherent mathematics knowledge. Using a 
questionnaire developed by Teacher Education and Learning to Teach 
Study’, Ma interviewed 23 American primary school teachers who were 
considered “better than average” and 72 Chinese teachers from 5 schools 
ranged from very high to very low quality. Ma found that unlike 
American teachers who tend to view mathematics knowledge in a “piece- 
by-piece” way, Chinese teachers often view a piece of knowledge as part 
of a larger context of knowledge. Some of the pieces are key to the target 
knowledge. Ma called this kind of knowledge a knowledge package. 
Correspondingly Chinese teachers see mathematical topics “group-by- 
group.” For example, Ma (1999, p. 19) used the following diagram to 
illustrate a knowledge package shared by Chinese teachers in teaching 
subtraction with regrouping of large numbers. 

Ma argued that the Chinese teachers organized their mathematics 
knowledge in this coherent way because it reflects their understanding of 
the mathematics topics. This mathematics knowledge of teachers is 


? The study uses questions of this form: Look at these problems (52 - 25 = , 91 - 79 =, 
etc.). How would you approach these problems if you were teaching second grade? (Ma, 
1999, p. 1) 
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pedagogical content knowledge, which is defined by Shulman (1986) as 
“the way of representing and formulating the subject that makes it 
comprehensible to others.” (p. 9) 


Subtraction with 
regrouping of large 
numbers 


Subtraction with regouping of 
5 number between 20 and 100 ug 
Addition and 
subtraction withiry 20 


Addition and £ 
subtraction within 10 


The composing of 


number within 100 


Subtraction without 
régrouping 
Addition without 
carrying 
10 


The rate of 
composing a higher 
value unit 


Composing and 
decomposing 3 
higher value unit 


Fddtion and 
subtraction as inverse 
operations 


Figure 3. A knowledge package for subtraction with regrouping 


In this example, Ma shows that the target knowledge (subtraction, 
with regrouping, of large numbers) is directly connected with one piece 
of old knowledge (subtraction with regrouping of numbers between 20 
and 100), which is further underpinned by other knowledge pieces. 
Therefore, Ma argues, for a Chinese teacher, teaching the connections 
between different pieces of knowledge is important. 

In the model lesson, although the teacher does not show a complex 
knowledge system in teaching the new content (The areas of EBEH 
triangles are equal), she does put an emphasis on the connection between 
the new content and what they have learned in the previous lessons (the 
formula of the area of triangles). The class begins with reviewing and 
practicing the formula (Activities | and 2). After regrouping the three 
triangles (Activity 4), the teacher guides the students to explore the 
relationship between the heights and base lines of the three triangles. It is 
clear that she was trying to help students infer the targeting content from 
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old knowledge. The emphasis is on the process of connecting different 
pieces of knowledge. 

Ma’s work not only provides convincing data that Chinese teachers 
have a more coherent mathematics knowledge than American teachers, 
but more importantly, it provides insight into the relationship between a 
teacher’s belief, subject knowledge, and the pedagogy she adopts. 

In order to obtain coherent knowledge, a teacher also needs a 
supportive teaching environment. Indeed, in China, teachers are 
encouraged to prepare lessons in a coherent way. Their environment is 
full of various supporting resources which help teachers plan and 
conduct coherent lessons. For example, a detailed teachers’ guideline 
book, a lesson plan by an experienced teacher, and discussions with 
colleagues in a ‘teaching group’ (FHL) on a specific activity design 
are always accessible to teachers for preparing their lessons. Model 
lessons in China provided by experienced teachers demonstrate how a 
coherent lesson plan is realized in classroom settings. 

In contrast, American teachers do not always enjoy such rich 
resources in their environment. Their teaching is quite isolated. They 
rarely have the opportunity to observe other teachers because teaching in 
U.S. is considered a private, not a public, activity (Stigler & Hiebert, 
1999, p. 123). The isolation makes it more difficult for U.S. teachers to 
plan and conduct a coherent lesson. 

Another logistic factor that aids a Chinese teacher in the preparation 
of the mathematics lesson in a coherent way is that Chinese mathematics 
teachers usually teach only mathematics. American elementary school 
teachers teach all subjects. According to Stevenson and Stigler (1992), 
teachers in Beijing and Taipei spent an average of 9.7 and 9.1 hours per 
day, respectively in their schools. However, a Chinese teacher teaches 
less than three hours per day. The rest of the six hours in school are 
mainly used to read students’ homework and to prepare lessons with 
other colleagues. Therefore, they have enough time and energy to 
prepare coherent mathematics lessons in the school with colleagues. 
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2 Social and Psychological Coherence in the Classroom 


On entering a Chinese mathematics classroom, a teacher can assume that 
two important cultural scripts are in play. First, the student respects the 
authority of the teacher. And secondly, the student tends to have an inter- 
dependent self-construal. The Chinese teacher often establishes 
acceptable classroom behavior patterns that build on and reinforce these 
two scripts. As a result of this match, or coherence, between the culture 
of the classroom and that of the larger society, teaching in general is 
more effective.” An analysis of classroom discourse can reveal this 
coherence between the classroom structure and these cultural scripts. 

The relationship between teacher and student, the teacher’s authority 
and students’ responsibility in the in the education process, is made clear 
in the opening ritual. Classroom rituals create a comfortable set of 
expectations of what is to come; they build coherence from day to day. 
Here, for example, is how the model class begins: 

The teacher enters, stands behind the podium looking at the whole 
class for a couple of seconds and, as the noise drops off, says, 


Teacher: Class begins. (Ei) 

Student monitor: Stand at attention. (#232). 

Teacher: Good morning, students. (FNI) 
Students (in chorus): Good morning, teacher. (Z Pii ) 
Teacher: Sit down please. (W48) 

(Students sit down). 


In terms of classroom management, this formal beginning serves to 
focus the attention of the large class, encouraging each student to be 
ready for the lesson. But this small ritual is also the cue for participants 
to assume their roles of teacher and student with their respective 
responsibilities in the classroom discourse. Both the teacher’s imperative 
tone as she announces that class begins and the use of a student monitor 
to direct the students, signal the natural hierarchy in the classroom. The 


? For problems resulting from a mismatch of classroom and student’s culture, see Suina 
and Smolkin, 1994. 
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teacher’s authority is also evident in the nature of the opening statement. 
The authority expressed by Ei (class begins) is formidable because the 
statement is abstract. It is abstract because there is no personal agent 
expressed. This relationship between authority and its abstract expression 
may also be seen in the familiar scene of a parent admonishing a child. 
The parent who says to the child, ‘I don’t want you to do that!’, is 
expressing his personal authority primarily because he uses the pronoun 
“T”. The parent who uses the abstract statement ‘Stop that!’, with no 
pronoun, assumes a larger authority as the transmitter of society’s 
sanctions. Similarly, ‘class begins’ is abstract; there is no actor or agent, 
as there is, for example, in the sentence ‘let’s begin, class’. Instead, 
‘class begins’ is an uncaused act, an event which the teacher does not 
initiate so much as announce as happening (Christie, 2002, p.166). This 
opening exchange and a similar closing sequence frame the instructional 
space. They function to create a ritualized classroom environment in 
which there is daily recognition of the respect due the teacher and the 
teacher’s authority. 

Rituals that reinforce the authority of the teacher and the 
subservience of the student have a long tradition in China. Similar 
relationships are described in ‘Duties of the student’, Chapter 59 of Kuan 
Tzu, 645 B.C.E., one of the earliest texts on education (Mair, 1994). This 
ancient text describes in some detail how a student shows respect for the 
teacher as he performs his academic and household duties. For example, 


After the students sweep the floor in front of the teaching mat 
and wash their hands, they conduct themselves in a respectful 
manner.... The teacher then seats himself, and the students in 
going out or coming in are as respectful as if they were greeting 
guests. They sit in a dignified manner facing the master, their 
features composed and never changing. (pp. 27-28) 


Although details of teacher and student responsibilities have changed 
over the centuries, there remains a connection between the tradition 
exemplified by this ancient text, and the social and educational 
assumptions that form the modern Chinese circumstances of learning. 
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The second cultural script that shapes the classroom dynamic is the 
dominance of the inter-dependent self-construal. The growing literature 
on culture and self-concepts explores the idea that while some cultures 
are predominantly collectivist, others are more individualistic. Self- 
concepts common to a culture will reflect this social variation and will 
vary between inter-dependent and independent selves. ‘Inter-dependent 
self construal’ is a term used by Markus and Kitayama (1991) in a series 
of articles on cultural variation of self-concepts. They find that the 
independent self is autonomous and self-contained, focused on his own 
individualizing traits, such as intelligence and self esteem. In social 
situations the independent self will seek to change others in order to meet 
her own needs (Weisz & Blackburn, 1984). The interdependent self, on 
the other hand, is ‘socio-centric’ (Shweder, 1991); the elements of the 
self—thoughts, feelings, social actions, are meaningful primarily in 
connection to others. In social situations the interdependent self makes 
adjustments in order to fit harmoniously within relationships. 

In the Chinese classroom, a variety of discourse patterns contribute 
to or reinforce the students’ interdependent self-construal. Characteristic 
features of Chinese classroom discourse, which relate to interdependent 
learning, are: infrequent use of personal names, choral responses, and the 
public correction of mistakes. 

It is not uncommon for mathematics teachers to correct student 
mistakes. The Chinese teacher not only makes the correction, but often 
dwells on the mistake, exploring the reasoning that resulted in the error. 
For example, in the model class, 


T: Tell me why are the areas of the two triangles are equal? 

S1: Because AD is their common height... 

T: Wait a second. AD is their height? (facing to the whole class) 
Do you agree? 

Ss (in choral): No. 

T: Why? 

(several students raise their hands) 

T: (pointing to one student) You. 

S2: Because there is no vertical mark there. 
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T: Yes. (To S1) Be careful, AD looks like a height. But we can 
not rely on our instinct sense. If it is the height, it must have a 
vertica] mark. (To the whole class) Are you all clear about this 
point? 

Ss (in choral): Yes. 


Stevenson and Stigler (1992) pointed that “for Americans, errors 
tend to be interpreted as an indication of failure in learning the lesson. 
For Chinese and Japanese, they are an index of what still needs to be 
learned (p. 192).” In Chinese culture, failure has value; it is recognized 
as a necessary element in achievement. The inseparable relationship is 
well reflected in a popular Chinese idiom, shi bai shi cheng gong zhi mu 
(KKE DZ EE, Failure is the mother of success). Therefore, the 
Chinese teacher tends to believe that students should learn from their 
failures. Chinese teachers view the errors from individual students as so 
valuable that they often discuss them publicly to benefit all the students 
in the classroom. 

American teachers, by contrast, were rarely found to treat students’ 
errors in this way. For an independent self construal, errors can reflect 
not a lack of knowledge but a lack of ability; public discussion can cause 
embarrassment and loss of self-esteem. Therefore, Stevenson and Stigler 
(1992) argued, the American teachers feel uncomfortable with such 
situations and strive to avoid them. 

In cross-cultural classroom observations, Stevenson and Stigler 
(1992) found that, compared with American children, Asian children 
showed a “relatively calm acceptance of a negative feedback on their 
errors in public” (p. 192). Why does this apparent “face-threatening act” 
(FTA) (P. Brown & Levinson, 1987, p. 60) not affect Chinese children as 
severely as it does American students? From a cultural perspective, 
Chinese students share with their teachers the same cultural value of 
learning from failure, and interpret the so-called “FTA” as not face- 
threatening. Thus, they accept it without embarrassment. From a 
sociological perspective, the students accept the FTA because of their 
teachers’ high authority. Indeed, Chinese teachers are found to be more 
authoritarian than American teachers (Ho, 2001). And from a 
psychological perspective, the need of the independent self for self- 
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enhancement is challenged by the public discussion, whereas the need of 
the interdependent self to seek harmonious relationships through self- 
effacement is not (Kitayama & Markus, 1995). 

Seemingly inconsequential discourse features, such as the infrequent 
use of personal names in the classroom, and choral response gain 
significance in the context of the interdependent self-construal. In a 
Chinese classroom, the interdependent learner remains anonymous and 
self-effacing (Tang, 1996). For example, in the model class, the teacher 
on twelve occasions requested individuals to answer questions. In no 
case was the students’ name used. The typical discourse example is: 


T: In the previous lessons, we have learned about the area of 
triangles, who can try to say if we want to get the area of a 
triangle, we must know which two conditions? 

(Most of the students raise their hands) 

T: (pointing to one student) You. 


In the model class more than half of the student responses are choral 
responses. In these choral responses, the group voice is favored over the 
individual voice. The frequent use of choral response reinforces the 
student’s identification with the group, a group of interdependent 
learners. 


3 Conclusion 


Coherence is a basic feature of successful communication in the 
classroom. We have shown the strength of the Chinese mathematics 
classroom in each of the dimensions of coherence: instructional, social 
and psychological. Further study is needed to determine what all the 
effects of coherence are and how they work. We have discussed positive 
pedagogic effects of coherence. Strong coherence in the lesson plan 
enhances learning. Social coherence (a match between school culture and 
the culture the child brings to school) provides a strong platform for 
teaching. 
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Coherence may also have negative effects. Two effects of coherence 
are the increased clarity of exposition and the reduction of ambiguity. 
This has long been a goal of teachers. Han Yu (768-824), for example, 
wrote, “A teacher is the one who passes on correct principles, teaches 
skills, and explains uncertainties” (as cited in Cleverley, 1991). One 
effect of the profound coherence in the Chinese mathematics classroom 
is that the consequent reduction of ambiguity becomes a style of 
thinking. And as coherence forms a style of thinking, it reduces 
ambiguity tolerance, a condition for creativity (Lubart, 1999; Mills, 
1959). If the reform of mathematics teaching is concerned with issues of 
creativity, perhaps the complex issues surrounding coherence should be 
re-examined first. 
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Chapter 5 


A Chinese Cultural Model of Learning 


LI Jin 


Cultural beliefs about learning are an integral part of learners’ learning 
beliefs that guide their learning behavior. Based on recent research, this 
chapter discusses four key dimensions of Chinese beliefs: (1) purposes, 
which emphasizes lifelong moral self-perfection; (2) processes, which 
focus on learning virtues of resolve, diligence, enduring hardship, 
perseverance, and concentration; (3) achievement standards, which aim 
at breadth and depth of knowledge, application, and the integration of 
knowledge and moral character; and (4) affect, which involves 
commitment, passion, respect, humility, and shame/guilt. Chinese 
beliefs are also presented in reference to US beliefs in order to 
highlight cultural variation. It is argued that cultural beliefs about 
learning are important to consider in research on human learning. 


Key words: Chinese learning beliefs, cultural differences, moral self- 
perfection, learning virtues 


1 Introduction 


Ever since Kevin was a toddler, he has had what ordinary people would 
call a “gift” in math. He would spend all day playing with plastic 
numbers and looking at picture books with numbers in them. At two and 
half, his grandmother showed him that 1 + 1 = 2. That day he figured out 
the rest of the pluses within ten numbers. Kevin knew and enjoyed this 
level of math at an age when most human children are just beginning to 
count objects. He moved on to be on every year’s math honor roll in all 
the schools he has attended. Last year, as one of the four highest 
achieving math students, he represented his state to participate in the 
most celebrated middle school math competition of the United States. 
Whenever people marvel at Kevin’s math skills, his European-American 
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father would gratefully accept his talent by saying “Thank you, he is 
great, and I am proud of him”. However, whenever his Chinese mother 
encounters such praises, she will reliably reply that “his talent means 
nothing if he doesn’t work hard”. 

These rather casual remarks frequently heard in parents’ responses to 
praises of their children turned out to be far from being casual. They 
reflect fundamental orientations of what I term “cultural beliefs about 
learning”. Even though much of learning must be carried out by the 
individual learner, involving his or her mind, motivation, general or 
subject-specific strategies, learning viewed from a sociocultural 
perspective is far more than an individual process. To the extent to which 
all children are born into and raised in at least one culture (with an 
increasing number of children living in more than one culture in today’s 
world), they are bound to be influenced by their culture’s value system 
regarding learning. The views children construct about learning may 
crucially shape how they approach, engage in, and ultimately achieve 
learning. 

In recent decades, an increasing number of researchers have 
recognized the significant role contextual factors play in children’s 
learning, even in arguably the most abstract, rule-governed domain of 
math learning (Burton & Morgan, 2000; N. Y. Wong, Marton, K. M. 
Wong, & Lam, 2002). In support of this new line of research, I present in 
this chapter an argument that cultural beliefs about learning are an 
essential part of the general make-up of any learner’s beliefs about 
learning, and they therefore apply to math learning as well. However, 
there is insufficient research on this important topic. To proceed with this 
argument, I begin by reviewing relevant research first. I then discuss in 
some detail Chinese beliefs about learning in general and my own work 
in particular. In order to clarify Chinese beliefs, I also refer to Western 
beliefs from a comparative perspective. In addition, I present some 
developmental evidence to show that children begin to develop culturally 
based beliefs about learning early on, and these beliefs guide their 
learning and achievement. I conclude by addressing relevant deficiencies 
in traditional research and how alternative approaches may be needed to 
broaden our understanding of learning across cultures. 
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2 Review of Relevant Research 


2.1 Western and Asian learning 


Since the 1980s, much cross-cultural research has focused on comparing 
Western and Asian children’s school learning and achievement. Asian 
children have often been documented to achieve higher than their 
Western peers, particularly in math and science (Harmon et al., 1997; 
Kwok & Lytton, 1996; Stevenson & Stigler, 1992; Watkins & Biggs, 
1996), although they do not show superior performance on some math 
tasks (see Cai & Cifarelli, this volume). In presenting their summary 
empirical findings, Stevenson and Stigler (1992) introduced the term 
“learning gap” to capture these achievement differences. To explain this 
“learning gap”, researchers have identified a number of key contributing 
factors. It has been shown that Asian children attend school for a longer 
period and do more school work (C. Chen & Stevenson, 1989). Their 
pedagogical practice is more effective (Hess & Azuma, 1991; Lewis, 
1995; Matsushita, 1994; Stigler & Hiebert, 1999). Asian parents hold 
higher expectations and are more involved in their children’s education 
(Au & Harackiewicz, 1986; Shon & Ja, 1982; Yao, 1985). Asian 
children’s motivation for socioeconomic advancement through education 
leads them to study harder (Salili, Chiu, & S. Lai, 2001; Sue & Okazaki, 
1990). Finally, Asian belief in effort (vs. Western belief in ability) has 
been argued to be the most significant explanation for their achievement 
(Hau & Salili, 1991; Holloway, 1988; Stevenson & Stigler, 1992). 
Despite this extensive knowledge, some gaps in research remain, 
preventing us from achieving a better understanding of learners from 
different cultures. Four deficiencies loom particularly large. First, 
research as a whole tends to focus on the end results of learning, that is, 
achievement and then to attribute it to a single, but frequently 
dichotomous, concept such as ability versus effort, success versus failure, 
intrinsic versus extrinsic motivation, and individualist versus collectivist 
goals (Dweck, 1999; Lepper, 1981; Triandis, 1995; Yu & Yang, 1994). 
Research conducted within these frameworks seldom moves beyond 
these set notions of learning and achievement. Yet, as will be shown, 
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these frames, despite their usefulness, are limited and limiting when 
learners across cultures are under study. 

Second, research tends to privilege cognitive processes in learning 
over other human capacities and functioning (Dai & Sternberg, 2004) 
such as the purposive, the social/moral, the affective, and self/identity 
factors. For example, if a child does not like math, does not regard math 
as important, or as Steele (1997) showed, does not identify him/herself 
with the domain of math learning, his or her cognitive ability may not 
suffice in motivating and helping him/her to learn the subject. These non- 
cognitive (referred to as “extra-cognitive” by Shavinina and Ferrari 
[2004]) processes may prove to be indispensable in theorizing and 
empirical research on learning across cultures. 

Third, much research is devoted to the structure of school and 
organizational factors. These sociological dimensions are certainly 
important, but they do not explain people’s beliefs and behavior fully. In 
fact, the overt structural elements may not reveal much of the internal 
psychological workings of the learner. After all, modern Chinese 
educational system was adopted from the West around the turn of the 
20th century. The present-day school structure and curriculum, especially 
in math and science, resemble each other more than they differ from each 
other (J. Chen, 1979; National Center for Education Development 
Research [NCEDR], 2001). In increasingly more regions of China, 
children now begin learning English in elementary school. What is more 
puzzling, according to observations by both outsiders and Chinese 
educators themselves, is that the Chinese educational system largely 
consists of old fashioned teaching and learning. On the one hand, 
pedagogy is teacher-centered, authoritarian with a centralized curriculum 
(implying inflexibility and lack of attention to individual children’s 
learning needs). On the other hand, students are docile, obedient, and 
uncritical who learn by rote, lack intrinsic motivation, and aim only for 
exams (Gardner, 1989; Ginsberg, 1992; Ouyang, 2000). In other words, 
every thing known about good educational practice is violated in the 
Chinese educational system. Yet, time and again, Chinese learners 
achieve well (and continue to do so when they come to the West for 
advanced studies) no matter how they are assessed (Harmon et al., 1997); 
they frequently outperform their peers from Western progressive and 
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creative educational systems. This stark contrast has led keen observers 
of Chinese learning such as Watkins and Biggs (1996) to regard the 
whole phenomenon a paradox begging for a better explanation. Indeed, 
how could such an educational system with such learners produce any 
meaningful achievement? The full answer is unlikely to lie in the 
educational system itself. People’s beliefs and associated behavior as 
well as the development of these beliefs and behaviors need also to be 
studied. 

Fourth, the greatest impediment of all is the field’s persistent reliance 
on Western concepts without attending to indigenous or emic cultural 
meanings and their psychological manifestation in learning (Gao & 
Watkins, 2001; Watkins, 2000). The concepts mentioned in my 
discussion of the first deficiency are some examples that are often 
applied to Chinese learners. This kind of blind application of Western 
concepts to children in a very different culture could pose serious 
validity problems. The aforementioned paradox may well be a result of 
this uncritical importation of Western concepts and theories. 

To illustrate the severity of the problem, I review two particular sets 
of Western concepts that have recently been investigated empirically. 
The first is a study by Iyengar and Lepper (1999) examining Asian- and 
Euro-American schoo] children’s intrinsic versus extrinsic motivation for 
learning and achievement. Their specific focus was on the notion of 
personal autonomy and choice as a core component of intrinsic 
motivation and choice made by others as a form of extrinsic motivation. 
It has long been assumed that personal autonomy and choice are 
conducive to learning and performance whereas lack of such personal 
freedom is detrimental (Conti, Amabile, & Pollack, 1995; de Charms, 
1968; Deci & Ryan, 1985; Hennessey & Amabile, 1998; Lepper, 1981). 
However, these researchers demonstrated that whereas this assumption 
held true for Euro-American children, it did not hold true for their Asian- 
American counterparts. The former enjoyed learning and performed 
better when given personal choices (of what to learn and how to learn it), 
but the latter enjoyed the learning just as much and did better when their 
task was chosen by significant others (e.g., mothers or trusted peers). 

The second study is an investigation by Kim (2002) on the belief in 
and effect of speaking versus not speaking on thinking and task 
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performance among Euro- and Asian-American college students. It has 
also been a long-standing Western assumption that speaking promotes 
thinking and learning whereas not speaking impedes them. Asian 
learners are generally observed to be quiet in classrooms and are 
reluctant to speak in any public forum (Duncan & Paulhus, 1998; Kim & 
Markus, 2002; Tweed & Lehman, 2002; Watkins, 2000; Winner, 1989). 
Kim found that whereas Euro-American students were much more likely 
to believe in the causal effect of speaking on thinking and task 
performance, their Asian-American peers were much less likely. 
Moreover, objective measures of how each group functioned with 
speaking showed that speaking did not interfere with Euro-American 
students’ performance, but it did with that of Asian-American students. 

These studies illustrate how some of the long-held Western 
assumptions about processes, motivation, efficacy, and effectiveness of 
learning cannot be readily applied to studying learners in very different 
cultures. The reason is quite simple: these concepts and theories were 
developed by Western people to study Western people based on Western 
cultural norms and values. Given what we know about significant 
differences in many aspects of human psychology across cultures, it is 
perplexing why Western concepts still assume unquestionable validity 
and potency in much cross-cultural research on learning. If our purpose 
is to understand learners in different cultures, we stand to benefit more 
from heeding learners’ own thoughts, feelings, and behaviors as they are 
developed in their respective cultural contexts. 


2.2 Chinese beliefs about learning 


Recently, a number of researchers have recognized the need to go 
beyond the limitations discussed previously to investigate cultural 
meanings that may shape Chinese learners’ thoughts, feelings, and 
behaviors. Important findings in two key areas emerged: cultural beliefs 
about learning and the learning (and teaching) process itself. 

With regard to cultural beliefs, Lee (1996) presented a historical 
account of core Confucian values regarding learning and argued for their 
enduring impact on Chinese learners today. Accordingly, most essential 
is the Confucian belief in human self-perfection pursued as the highest 
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purpose of life through personal commitment to learning. This belief is 
also linked to other beliefs such as one’s social contributions in the form 
of meritorious service and practical concerns for honoring their families 
as well as enhancing their own social status and mobility. In support of 
Lee’s argument, Cheng (1996) collected data on people’s beliefs about 
learning in a comprehensive ethnographic study on one Chinese 
province’s primary education. He concluded that Chinese parents, 
whether well off or destitute, send their children to school not to learn 
literacy and numeracy skills, but to become a person who is 
knowledgeable of the world, able to function well in social relations, and 
most important of all, morally cultivated. Similarly, Ran’s (2001) recent 
qualitative research examined how Chinese parents in Britain and British 
teachers clashed on the purpose of learning. Whereas British teachers 
focused on acknowledging and expressing satisfaction with Chinese 
children’s apparent high achievement, Chinese parents were 
discontented, emphasizing more demanding learning materials and their 
children’s continuous effort to self-improve regardless of their 
accomplishments. 

Related to these studies, some scholars have examined teaching in 
Chinese culture and revealed converging beliefs about purposes of 
learning. Jin and Cortazzi (1998) found that the image of a good teacher 
as described by British students is one who is able to arouse students’ 
interest, explain clearly, use effective instructional methods, and 
organize activities. However, the image of a good teacher offered by 
their Chinese peers is one who has deep knowledge, is able to answer 
questions, and is a good moral model. Similarly, Gao and Watkins 
(2001) found, with both qualitative and quantitative methods, that 
Chinese science teachers emphasize cultivating students’ adaptive 
attitudes toward learning and moral guidance. These researchers stated 
that these beliefs are rarely emphasized by Western science teachers, a 
finding also echoed by Western scholars on moral development and 
education (Damon, 2003). 

With regard to the learning process itself, the influential volume The 
Chinese Learner by Watkins and Biggs (1996) assembled a group of 
scholars who offered intriguing research results. For example, Marton, 
Dall’Alba, and Tse (1996) investigated the topic of rote learning and 
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memorization, a Chinese style of learning that has received much 
criticism from the West as well as from Chinese educators themselves. 
However, it turned out that Chinese rote learning is not the end in itself 
but is used as a strategy for achieving deeper understanding. Pratt, Kelly, 
and K. M. Wong (1999) also came to the same conclusion in a separate 
study. In a related study comparing British and Chinese students’ use of 
memorization/repetition, Dahlin and Watkins (2000) further found 
significant cultural differences. Whereas British students used repetition 
to check if they really remembered something, Chinese students used it 
to create “deep impressions” to lay a foundation for developing 
understanding. Moreover, British students viewed understanding as a 
process of sudden insight, but Chinese students believed understanding 
to be a long process that requires extensive mental effort. 

In exploring perceptions of effective teaching by Hong Kong college 
students and faculty (both Chinese and Western expatriate), Pratt et al. 
(1999) found that Chinese students and faculty held different views of 
learning from that of Western teachers. Western teachers often 
characterized Chinese students “as not knowing how to think, having 
only short term goals..., wanting to be spoon-fed, needing too much 
structure...., taking a quiet, receptive, and deferential attitude during 
class, and lack of challenge or questioning of the authority.... ” (p. 250). 
However, Chinese students believed that learning is a gradual process 
that requires tremendous dedication and methodical steps (similar to 
Japanese learning and teaching style (Hess & Azuma, 1991]). Generally 
they engage in four distinct steps to accomplish any learning task. Upon 
encountering new materials, Chinese students initially commit the 
material to memory; next they seek to understand the intention, style, and 
meaning of the material. They then try to apply their understanding to 
situations that call for use of such knowledge, and finally they enter a 
deeper level of questioning and modification of the original material. 
Whereas the last step in their approach is verbally interactive by nature, 
the first three steps may call for more solitary learning and contemplation 
(which is an important aspect of Chinese intellectual tradition [de Bary, 
1983]). Clearly, this style is not bound by the immediate verbal exchange 
at the moment but can extend over a period of days, weeks, months, and 
in some cases even several years (as a doctoral student may publish a 
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paper to challenge his or her mentor’s ideas with which the student 
disagreed several years earlier)! Additionally, as Kim (2002) has shown, 
Asian students not only do not believe that speaking promotes thinking 
as do Western students; they believe in the opposite: speaking interferes 
with thinking. This corroborates with the observation by Pratt et al. 
(1999) that Chinese students often feel frustrated and bewildered when 
they are confronted with a Western teacher “whose expectations and 
forms of assessment thrust them immediately to the far end of this chain 
(questioning and analysis)” (p. 253). 

The research efforts by the above scholars have greatly enhanced our 
understanding of Chinese learners. Notably, all of these studies were 
conducted with qualitative methods, which were designed to uncover 
valid cultural meanings from emic views without preconceived notions 
of learning, teaching, and achievement from the West. This new line of 
inquiry has indeed provided promising directions for further research. In 
what follows, I present research that I have conducted in the area of 
Chinese learning beliefs. 


3 My Further Exploration: Chinese Cultural Model of Learning 


In joining these researchers, I explored the topic from an emic 
perspective, that is, conceptions of learning as defined, experienced, and 
pursued by Chinese learners themselves. The particular approach I 
adopted was “cultural meaning systems” or “cultural models” 
(D’Andrade, 1995; Harkness & Super, 1999; Quinn & Holland, 1987; 
Shweder, 1991) of learning. Anthropologists have long advocated for 
this approach to study belief systems in cultures. Accordingly, “cultural 
models” refer to culturally constructed and shared domains of knowledge 
that serve to structure and constrain people’s experiences, “supplying 
interpretations” of and “inferences” about those experiences and “goals 
for action” (Quinn & Holland, 1987, p. 6) in a given culture. Moreover, 
cultural models of a given domain have what D’ Andrade (1992) termed 
“directive force” that serves to motivate people to action and to guide 
their behaviors toward obtaining their goals. Learning is one such 
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cultural meaning system that can be examined as a whole instead of a 
few isolated variables at a time. 

To explore the Chinese cultural model of learning, I conducted two 
studies both of which were also replicated with US students (therefore I 
discuss them both here in order to situate the Chinese model in a larger 
research context). Prototype methods were used (D’Andrade, 1995; 
Rosch, 1975; Shaver, Schwartz, Kirson, & O’Connor, 1987). First, I (Li, 
2001, 2003a; Li & Fischer, 2004) asked 23 Chinese and 23 US middle 
class Euro-America (the term “US” is used for convenience hereafter) 
college students to free-associate the Chinese term xue xi (2% =>) and its 
English term “learn/learning” respectively. These terms were determined 
to be the closest equivalents in meaning through word frequencies and a 
cross-translation procedure (see Li, 2003a for more detail). I initially 
collected nearly 500 terms from each culture. By using a rating 
procedure (60 participants in each culture) for relevance to learning, I 
obtained 225 Chinese and 205 English terms as the core list for each 
culture, respectively. These core items were then given to 100 college 
students in their own culture to sort, based on similarity in meaning, into 
groups. With cluster analyses, the sorted groups finally resulted in each 
culture’s conceptual map of learning as shown in Figures 1 and 2. 

Although these maps contain much detailed information, it suffices 
to highlight the most relevant features to this chapter. The Chinese map 
(Figure 1) displays desirable versus undesirable approaches to learning 
with a clear statement of preference/value. The majority of terms fall on 
the desirable side, which contains two further distinctions: seeking 
knowledge (with heightened personal agency) and achievement 
categories and standards. Based on the assumption of prototype methods, 
a greater number of items indicate greater awareness/emphasis of the 
conceptions in that culture (Li, 2003a; Shaver et al., 1987). Under 
seeking knowledge, the most significant groups are (1) heart and mind 
for wanting to learn which includes, in Chinese, hao xue xin, (F -Ù) 
(a) lifelong pursuit, (b) a set of learning virtues (diligence, endurance of 
hardship, steadfast perseverance, and concentration), (c) humility, and 
(d) desire; (2) purpose of learning containing three essential idea: (a) 
learning as an end in itself, (b) status, and (c) contributions to society. 
Under achievement there is one significant dimension: kinds of 
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Source. “Chinese conceptualization of learning”, by J. Li, 2001, Ethos, 29, p. 123. Copyright 2001 by the American Anthropological 
Association. Reprinted with permission of the author. 
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achievement emphasizing breadth and depth of knowledge, abilities, 
unity of knowing and morality, and originality. 

The US map (Figure 2) focuses on learning processes (with the 
majority of terms) on one side and learning content (with fewer terms) on 
another. Compared to the Chinese map, the US map displays more 
neutral terms instead of value laden terms. Within the learning processes, 
a great many more terms fall within learner characteristics than within 
social context. The two most significant dimensions of these learner 
characteristics are as follows: (1) specific learning processes elaborating 
on (a) active learning, (b) thinking, (c) inquiry, and (c) communicating 
and (2) individual characteristics stressing (a) cognitive skills, (b) 
motivation, (c) open mind, and (d) intelligence. 

In the second study, I (Li, 2002a; Li & Fischer, 2004) asked 62 
Chinese and 65 US college students to describe their ideal learners in 
order to obtain a fuller account of cultural learning images than the 
language expressions that I analyzed in my first study. I probed four 
specific dimensions: (1) thinking on the nature of knowledge, purposes 
and processes of learning, and views of intelligence and excellence, (2) 
understanding of the relationship between learning and one’s moral 
development, (3) learning behaviors in routine situations such as facing 
high achievement, high intelligence, failure, not understanding concepts, 
inability to learn despite effort, and boredom, and (4) emotional patterns 
associated with good or poor learning. The written descriptions of each 
of these dimensions were analyzed both qualitatively quantitatively (Li, 
2002a). These procedures yielded four profiles corresponding to the four 
probed dimensions of the ideal learner for each culture. 

The basic findings from the two studies converge to two 
comprehensive models of the two cultures. Table 1 summarizes the 
components and dimensions of these two different belief systems. There 
are four large common component headings across the two cultures: 
purpose, process, achievement, and affect. The specific items within each 
component were decided on the frequency of the number of each 
culture’s respondents who referred to these ideas as well as the presence 


' The Chinese data have been fully analyzed and published, but the US data are still being 
analyzed. The presentation of the US data is based on preliminary analysis. 
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of these components on the two cultural maps of learning beliefs as 
derived from learning related terms. Purpose contains beliefs about 
personal meanings, significance, and value people attach to learning. 
Process includes conceptions regarding how learning takes place, what 
enables a person to learn, what preferred activities are, what course of 
action to take, and so forth. Achievement refers to views of what counts 
as worthy levels of achievement and the standards people strive for. 
Finally, affect encompasses emotional and attitudinal aspects that exist 
and function dynamically in the various components and their relations. 
Affect also includes both positive and negative valences that serve either 
to promote or discourage learning. Below Į discuss the components of 
the Chinese cultural model and only use the US components as a 
comparative reference. 


3.1 Purpose of learning 


Four main purposes emerged from the data: (1) Perfect oneself morally, 
(2) acquire knowledge/skills for self, (3) contribute to society, and (4) 
obtain social respect/mobility (Table 1). The first, the most significant, 
sees the purpose of learning as a need to perfect oneself morally. This 
purpose is deeply influenced by Confucian teaching of ren (12), a 
lifelong striving to become the most genuine, sincere, and humane 
person one can become (de Bary, 1983; Tu, 1979). Ren is regarded as the 
highest purpose of human lives. However, a person is not born but learns 
to become ren. Therefore, the most important purpose of learning is to 
engage in this process of one’s own moral development. Such learning is 
called the “great learning,” as opposed to narrowly defined skill learning 
(Lee, 1996; Li, 2002a). Indeed, this purpose has also been found by 
various researchers reviewed previously. 

The second purpose is acquiring knowledge and skills for oneself, 
emphasizing mastery of knowledge. For Chinese model learners, 
knowledge and skill are also needed for their survival, self-sufficiency, 
and successful careers. Similarly, these skills are seen as enabling and 
empowering them to solve problems, maintain satisfying social relations, 
and reach their personal goals. 
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Table 1 


Components and Dimensions of Chinese and US Beliefs about Learning 


Chinese 


Purpose of Learning 
Perfect oneself morally 
Acquire knowledge/skills for self 
Contribute to society 
Obtain social respect/mobility 


Process of Learning 
Resolve 
Diligence 
Endurance of hardship 
Perseverance 
Concentration 
(Virtue-oriented) 


Kinds of Achievement 
Breadth-depth/mastery of knowledge 
Application of knowledge 
Unity of knowledge and moral character 


Affect 

Positive 

Commitment (“establish one’s will”) 

Love/passion/thirst (may not favor 
intrinsic source, but cultivated affect, 
incl. personal, social, spiritual, or 
moral) 

Respect 

Humility for achievement 


Negative 
Lack of desire 
Arrogance 
Shame/guilt for failure 


US 


Cultivate the mind/understand the world 
Develop one’s ability/skill 
Reach personal goals 


Active learning 
Thinking 

Inquiry 

Task management 
Communication 
(Task-oriented) 


Understanding of essentials/expertise 

Personal insights/creative problem 
solving 

Being the best one can be 


Curiosity/interest/motivation 
Intrinsic enjoyment 


Challenging attitudes 
Pride for achievement 


Indifference/boredom 
Extrinsic motivation 
Low self-esteem for failure 


The third purpose is contributing to society, which has been a 
consistent call of the Confucian learning model that inspires Chinese 
learners. This call functions not only to validate individuals' self- 
perfection and their pursuit of knowledge, but also to bind it to a higher 
moral and social obligation. Learning, thus, is no longer delineated as an 
individual and personal matter; it is also linked to society and the 
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commonwealth of which one is a part (Cheng, 1996; Li, 2002a; Wu & C. 
Lai, 1992). 

The fourth purpose is obtaining social respect/mobility. As Lee 
(1996) stated, Chinese people pursue learning also for practical purposes. 
On the one hand, this is due to the historical influence of the Civil 
Service Examination that lasted from the 7th century to the beginning of 
the 20th century. In this system, scholars from all walks of life, 
irrespective of their social strata, were selected for their superior moral 
character and knowledge to serve the royal government. Those who 
succeeded in the examination gained respect, social mobility, and power 
not just for themselves but also for their kin. On the other hand, the 
present educational systems in Chinese regions continue to rely on 
examinations for selecting academically more able students to attend 
highly competitive higher education. High achievement is tantamount to 
better jobs and social mobility. Not unlike the Civil Service Examination, 
a better economic and social future combined with honor and respect can 
have lasting motivating impact. 

These Chinese purposes are inherently related. The first three have 
been explicitly part of Confucian beliefs about learning and are actively 
promoted by families, communities, schools, and society at large (Cheng, 
1996; Gao & Watkins, 2001; Lee, 1996; Yu & Yang, 1994). However, 
Chinese people do not view the fourth purpose as contradictory to the 
first three more “lofty” goals because a person is believed to need all of 
them in order to lead a fuller life. 

Compared to the Chinese purposes, the US model’s most important 
purpose is developing the mind and understanding the world, which is 
cognitive in nature. These references cover a wide range of mental 
functioning and inquiry, such as critical reasoning and scientific 
discovery, to which few Chinese respondents referred. Even though 
some US respondents also mentioned self-fulfillment and self- 
actualization, they more often emphasized being one’s best through 
learning academic subjects rather than cultivating themselves morally as 
defined in Confucian terms. The second US purpose is also reminiscent 
of the Chinese acquisition/mastery of skill for self. However, whereas the 
Chinese model stresses more mastery of knowledge, the US model 
elaborates more on developing one’s ability. Many US model learners 
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also harbored moral purposes such as relieving suffering and helping 
others, but this purpose was not as strongly and prevalently expressed as 
by their Chinese peers. Finally, while in the US model reaching personal 
goals may have contained practical purposes such as careers and social 
mobility, it emphasized personal excellence more than social respect and 
honor associated with achievement. 


3.2 Process of learning 


When Chinese respondents were asked to describe how their model 
learners learn (i.e., what they do, how they behaved when they 
encountered difficulties, failure, etc.), they surprisingly did not describe 
much that would be considered typical learning tasks and processes (e.g., 
reading and solving problems as mostly described by US respondents). 
Instead, they wrote extensively about what I (Li, 2003a, 2003b, in press) 
termed “learning virtues”, which were also found as central notions of 
Chinese learning beliefs in my lexicon study (see “quartet” in Figure 1). 
The term “learning virtues” was used because these aspects emphasize a 
morally good and desirable dispositional quality that underlies personal 
agency, action, even the use of learning strategies that are integral parts 
of the learning process. Five such virtues emerged. 

The first is the notion of resolve (fen, #5, or fa fen, KF). This 
concept specifies the determination the learner makes to come to a 
course of action and the high degree to which he or she is prepared to 
follow through his or her commitment. Fen is believed necessary to 
ensure one’s clarification of desire or goal; the course of action one must 
take to realize one’s desire and goal; and a way to hold oneself 
accountable for one’s own temptation to stray from the course of action, 
or simply to give up in the face of obstacles. Frequently, upon making 
the resolve, the person shares his or her fen with his or her family or 
close friends who serve as witnesses. Such witnesses are invited to 
monitor, to watch for, and even to demand consistency between one’s 
resolve and follow-up action. 

The second virtue is diligence (gin, h), which refers to frequent 
studying behavior. The emphasis falls on much learning and much time 
spent on learning. If one is required to act in a manner that requires 
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personal resolve, diligence is the immediate measure and manifestation 
of resolve. Therefore, resolve and diligence go hand in hand, thus the 
combined term in Chinese qin fen, #7. However, psychologically there 
are two steps even though behaviorally only diligence is observable. 
Diligence is also believed necessary because frequent learning ensures 
familiarity, which in turn opens opportunities for mastery (Li, 2001). 

The third virtue is endurance of hardship (ke ku, 27%), which 
focuses on facing and overcoming difficulties and obstacles one is bound 
to encounter in learning. Respondents referred to three kinds of 
difficulties: (1) physical drudgery and poverty, (2) difficult knowledge 
and learning tasks, (3) lack of natural ability. First, physical drudgery and 
poverty are considered hardships because they have been an unavoidable 
living condition throughout Chinese history. Despite recent improved 
living standards, physical labor and poverty remain the harsh reality for 
many. Difficulty in understanding particular academic concepts is a 
routine encounter for any learner. Respondents were also very clear 
about individual differences in their natural capacity and acknowledged 
the impact of such differences on people’s learning. However, there was 
also consensus that these obstacles are not reasons for not learning. 
Instead, one needs to develop the virtue of endurance of hardship, which 
is believed to enable the learner to face and combat these hardships. 

The fourth virtue is perseverance (keng xin, {H-L») that addresses a 
genera] attitude toward learning and behavioral tendency in a person’s 
life course. Perseverance is believed important because there is no 
shortcut to learning. Knowledge does not come about overnight, but 
through a bit-by-bit, accumulative process over a long period of time, a 
process fraught with obstacles and distractions. Perseverance is believed 
potent in helping a person stay on the course from the beginning to the 
very end no matter how long it takes. It is a virtue required to achieve 
any serious learning (Huang & H. J. Peng, 1992; Lee, 1996; Liu, 1973). 

The final virtue is concentration (zhuan xin, #% Ly). Concentration 
reminds one of the concept of “being engrossed in something” that can 
refer to specific tasks. However, concentration in Chinese is used more 
often to describe a general learning disposition, not necessarily linked to 
specific tasks. Concentration emphasizes studying with consistent focus 
and dedication without ever swerving from it. It also includes earnestness, 
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patience, carefulness, and thoroughness of learning. Concentration as an 
essential disposition of the learner is believed to allow the full 
engagement of one’s mind and heart in study. Without such engagement, 
there would be no true understanding, no mastery, let alone application 
of knowledge (Li, 2002b). 

These five learning virtues form a coherent whole in the learning 
process. They all presume a desire to learn because, without it, these 
learning processes and behaviors cannot be sustained. Without resolve 
and its resultant commitment, diligence, endurance of hardship, and 
persistence may be limited to sheer situational factors. Likewise, if 
concentration can be halted by “hardship” or if one lacks perseverance, 
one’s resolve may be aborted half-way. 

Compared to the Chinese virtue-oriented notions, the US notions are 
more task-oriented. They emphasize active learning activities, many 
specific processes of thinking (e.g., logic and analysis), scientific inquiry 
into the unknown world, task management skills, and communication 
(e.g., discussion, debate, and self-expression). The two cultures’ differ 
greatly in this component. Even though some Chinese respondents also 
revealed these US notions, they mentioned those categories far less often. 
Similarly, whereas US respondents also acknowledged their model 
learners’ hard work and persistence, their reference to these learning 
virtues was also less consistent. 


3.3 Kinds of achievement 


There were three general kinds of achievement for which Chinese model 
learners aimed and against which they are measured. The first one is 
depth and breadth and/or mastery of knowledge. Whereas breadth refers 
to one’s extensive knowledge of different disciplines, depth concerns 
one’s deep understanding of a subject or genuine scholarship. Moreover, 
the integration of breadth and depth is also emphasized. The notion of 
mastery may not highlight breadth and depth, it nevertheless stresses 
ownership of knowledge, and by implication the broader and deeper such 
ownership, the better. This achievement standard seems sensible 
considering that the ultimate goal is self-perfection, which is open-ended 
and lifelong in nature. Pursuing knowledge for a life’s course could make 
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breadth and depth and related mastery obtainable even though 
knowledge is boundless. 

The second standard is application of knowledge. Although this idea 
is reminiscent of the US personal problem solving, the Chinese emphasis 
falls on the use of what one has learned in real life situations. The 
conceptual distinction lies in book knowledge versus knowledge in use. 
Whether such use is personal or social in origin matters less. This 
standard thus includes application of knowledge that may not be deemed 
as creative in any sense (e.g., use math to verify a store transaction), 
personal creative problem solving and insight (similar to the US 
standard), and genuine advancement of one’s field or historical impact of 
the whole society. 

The third standard is unity of knowledge and moral character. 
Consistent with the purposes of moral self-perfection, acquisition of 
knowledge for self, and contribution to society, achieving the unity of the 
cognitive/intellectual with the moral is only natural. 

As alluded to previously, these achievement standards are inherently 
related to each other. Acquisition of depth and breadth of knowledge can 
enable the person to better apply such knowledge, which in turn can 
broaden and deepen one’s knowledge further. So long as the learner also 
continues to self-perfect morally, he or she will likely continue to seek 
breadth and depth of learning, which loops back to his or her ability to 
use his or her knowledge in life. 

Compared to the Chinese model, US achievement standards center 
around understanding essentials of the subject and acquiring expertise. 
Personal insights, creativity, achieving the best one can be are also 
emphasized. All of these standards seem to highlight the individual’s 
brilliance and achievement. 


3.4 Affect 


Chinese affect shows both positive and negative types as does the US 
model. Four most commonly mentioned positive affects were found: (1) 
commitment, (2) love, passion, and thirst for learning, and (3) respect, 
and (4) humility. Two negative affects are for purposes and learning 
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processes: (1) lack of desire and (2) arrogance. For lack of achievement, 
there is also only one general negative affect of shame and guilt. 

The notion of commitment, Ji zhi (32%, “establish one’s will”) in 
Chinese, is part of one’s learning purpose. This concept aims at helping 
the learner, often during secondary school, to start pondering his or her 
life’s purposes in order to come to a clear personal vision (zhi xiang, a 
la] or bao fu, #461). This process is deliberately designed and practiced 
to lead the learner to imagine or envision something greater than his or 
her current (temporal sense) and own (individual sense) life. It is 
orienting oneself in learning toward one’s future (parents and teachers 
frequently engage adolescent children in this discussion). In doing so, 
Chinese learners believe that they will not only find a more specific path 
to focus on (e.g., I want to be a scientist making important discoveries to 
benefit mankind) but also know to what path to attach their energy, 
dedication, emotion, and action (e.g., therefore I will study math and 
science hard). Therefore, the process of “establish one’s will” is a 
spiritually uplifting and emotionally positive process. 

Notice that “establish one’s will” is not to be confused with career 
goal setting, although it may coincide with it; it is searching for an 
inspirational purpose in the large framework of the four purposes 
discussed earlier in order to channel one’s lifelong learning. 

Some US respondents also touched on personal ambitions. However, 
such cases were not described consistently as a deliberate and socially 
orchestrated process where the learner is guided to search for a purpose 
and to establish commitment to reaching that goal for life. 

Love, passion, and thirst were described similarly as enjoyment 
among US model learners for both purposes and processes of learning. 
However, a significant difference lies in the source of such affect 
between the two cultures’ models. Whereas for the US learners, intrinsic 
enjoyment, curiosity, and motivation were described as essential, this 
intrinsic source was not emphasized by Chinese respondents. In fact, 
many of the respondents acknowledged that their model learners were 
initially not motivated to learn in young age, but they developed love and 
passion once they realized the importance of learning for their lives or 
once their parents and teachers guided them into the process. Deliberate 
cultivation of love and passion by oneself and one’s social world 
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parallels the recent work on intrinsic motivation as less essential for 
Asian-American children for school learning (Iyengar & Lepper, 1999). 

Respect is another distinct affect that Chinese model learners express 
toward knowledge and teachers in the form of humility. Because learning 
in the Confucian persuasion is not limited to academic learning but more 
importantly social and moral learning, respect toward knowledge and 
teachers, who ideally embody the self-perfecting process (Gao & 
Watkins, 2001; Jin & Cortazzi, 1998), is sensible and expected. However, 
this general attitude of respect among Asian learners has been taken as a 
sign of obedience and lack of critical thinking (Keats, 1982; Pratt et al., 
1999; Tweed & Lehman, 2002). This is a persistent misunderstanding 
(Inagaki, Hatano, & Morita, 1998; Li, 2003b). Asian learners’ deference 
toward teachers does not stem from their fear or blind acceptance of 
authority but from their deep sense of humility. Instead of treating 
humility as a personal weakness, they regard it a personal strength and 
courage because those who are humble are willing to self-examine, admit 
their inadequacies, and self-improve. Humility also leads one to want to 
learn from anyone. Therefore, respect and humility go hand in hand. In 
these processes, one’s ego or self-esteem generated by lack of 
competence is not seriously threatened and in need of protection as may 
be the case among some US learners (Brickman & Bulman, 1977; Ruble, 
Eisenberg, & Higgins, 1994). Chinese learners believe that one can 
always self-improve so long as one learns humbly and respectfully from 
others (Li & Q. Wang, in press). 

As alluded to earlier, Chinese learners’ respect and humility may be 
very different from US learners’ challenging attitude, especially in the 
form of immediate verbal exchange in the midst of a discussion. It was 
generally the case that Chinese respondents made few references to such 
challenging attitudes toward teachers and experts even though their 
model learners did engage in discussions and debates with their peers. 
However, this does not mean that Chinese learners do not challenge. In 
fact, many respondents wrote that challenging old knowledge or 
advancing new knowledge is an important goal for learners in the end. 
But one is reluctant to engage in challenges until one has thoroughly 
understood the knowledge in question or mastered one’s field. This 
finding concurs with the finding by Pratt et al. (1999). 
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For achievement, Chinese learners generally do not display pride 
although they may be happy themselves (Li, 2002a). This tendency is 
different from their US peers who usually feel proud of themselves and 
like to share their joy with others (Mascolo, Fischer, & Li, 2003). 
Chinese model learners were described as feeling a need to remain 
humble. Related to the forgoing discussion of respect and humility, the 
need to be humble stems from the same recognition that learning is a 
lifelong journey. Although others may acknowledge one’s achievement 
publicly, focusing on celebration for oneself may be perceived as a 
negative tendency that pulls one away from further self-perfection (Li & 
Q. Wang, in press). 

The two negative affects associated with purpose and processes of 
learning are lack of desire and arrogance. The former shows some 
affinity to the US indifference and boredom. Lack of desire is the 
opposite of a heart and mind for wanting to learn (Li, 2001). Many 
Chinese learning related words and phrases refer to this state as lying at 
the heart of any motivational problem. 

Arrogance is also an affect that refers to complacency and hubris, 
which is the opposite of humility. Learners who achieve highly are 
believed to be vulnerable to this inflated sense of oneself. Given the 
importance of humility in Chinese learning beliefs, there is little wonder 
why pride/arrogance is a great concern among learners (Li, 2002a). 

Similar to their US peers, Chinese model learners were described to 
feel a number of related negative emotions such as sadness and pain 
when they experience failure. The most frequently revealed emotions are 
shame and guilt both for themselves as well as their families. Shame is a 
powerful and prevalent emotion in Chinese culture (Li, 2002a; Li, L. 
Wang, & Fischer, in press). Even though shame in Chinese culture is an 
emotion of disgrace or humiliation as in most cultures, it is also a moral 
discretion and sensibility that people desire to develop (Fung, 1999; 
Fung & E. C.-H. Chen, 2001). Thus, the meanings of shame and guilt 
shade into each other. Together they function to direct people into self- 
examination in social situations in order to recognize their own wrong 
doings as well as to motivate people to improve themselves. Compared 
to the Chinese model, the US contained few references to shame/guilt but 
instead referred to low self-esteem. 
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3.5 Learners’ own beliefs and developmental evidence 


The forgoing research provides descriptions of a Chinese learning model 
at the cultural \evel, which is not to be taken as a model of individuals. 
The question remains: Do ordinary Chinese learners themselves share 
these beliefs? In order to explore this essential question, my colleagues 
and I (Li, 2004a; Li & Yue, in press) have conducted two further studies, 
and our answer is a yes, although individuals’ beliefs reflecting their 
cultural beliefs may vary in degree and configuration depending on their 
personal characteristics and socialization experiences. We asked 1800 
students in 5th though 11th grade across six regions of China to respond 
to an open-ended questionnaire in writing on how they themselves 
viewed the nature of knowledge, their purposes of learning, origin of 
intelligence and excellence of learning, their moral aspirations and 
whether learning had anything to do their own moral development, how 
they actually learned, and how they would respond to good versus poor 
learning emotionally. 

An analysis of a random set of 187 adolescents’ data revealed by and 
large similar purposes and learning virtues as those at the cultural level 
(Li & Yue, in press). Differences appeared to lie in the more fine-grained 
details of each purpose but not the basic categories. For example, within 
the purpose of moral self-perfection, adolescents referred also to finer 
distinctions of forging their moral character, finding meaning in life, and 
obtaining wisdom through learning. Regarding skill acquisition and 
mastery, they differentiated developing their ability and competence, 
expanding their horizons, and mastering knowledge. Learning virtues 
practically converged with those at the cultural level. 

To trace developmental origins of these beliefs, I (Li, 2004b, in press) 
conducted an additional study to examine Chinese and US preschool 
children’s beliefs about learning. Children were told story beginnings 
and asked to complete the stories, again by using methods of free 
narratives. One set of stories depicted a protagonist child who liked to go 
to school and one who did not. Another set of stories showed a diligent, 
bird who tried hard to learn how to fly and succeeded whereas a bear 
who tried to learn how to catch fish but gave up in the end. The first set 
of stories was designed to elicit children’s perceptions of the purposes of 
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school learning. The second set of stories focused on children’s 
construals of what is involved in the learning process. 

Results showed that consistent with their cultural model, Chinese 
children mentioned moral self-improving purposes, mastery of 
knowledge, social contribution, and social respect/economic reward 
more than US children (who mentioned smartness, literacy, friendship, 
play purposes more. With regard to their construals of the learning 
process, Chinese children again referred to learning virtues of diligence, 
persistence, and concentration more than their US peers. By contrast, US 
children named more ability, attempting the task, and creative use of 
strategies than Chinese children. Moreover, these trends became more 
consistent as children’s age increased. Thus, from both data on learners 
themselves and development, it appears that cultural models of learning 
do influence their members’ beliefs, al though caution should be 
exercised about these findings’ generalizibility to the two cultures’ 
populations because most children studied were from college educated, 
middle-class backgrounds. 


3.6 Summary of research findings 


Based on the forgoing findings and analyses, Chinese beliefs center 
around a set of purposes that focus on perfecting oneself morally, 
acquiring knowledge and skill for oneself, contributing to society, and 
obtaining social respect/mobility (unlike Western beliefs that elaborate 
on the mind, its processes, understanding of the world, and personal 
excellence). Embedded in these purposes are commitment and passion, 
which may or may not be intrinsic in origin as understood in the West. 
To pursue those purposes of learning, one needs to develop the so-called 
learning virtues of resolve, diligence, endurance of hardship, 
perseverance, and concentration. These virtues are seen as more essential 
than actual learning activities such as reading or doing research. Chinese 
learners believe that once the learning virtues are there, one can apply 
them to all learning activities and processes. These purposes and virtues 
are coalesced with four strong affects: (1) commitment, (2) love and 
passion for learning, (3) respect for teaching authority, which does not 
mean obedience and blind acceptance of what is taught, but personal 
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trust and sincerity toward teachers, and (4) humility, which does not 
mean weakness but personal courage for self-reflection and self- 
improvement. Such learning aims at breadth and depth or mastery of 
knowledge, application to real life situations, and unity of one’s 
knowledge and moral character. When learners achieve learning, they 
remain humble; they also watch out for signs of complacency and 
arrogance in order to continue self-perfecting. When encountering failure 
and setbacks, they feel shame and guilt not only themselves but also in 
reference to those who nurtured them. These emotions, surprisingly, may 
not lead them to give up, but may motivate them to self-improve further. 
So long as they still hold their ultimate purposes and believe in the power 
of their learning virtues, they may derive happiness and satisfaction from 
the process itself rather than reaching the end of their journey. 


4 Conclusion 


In this chapter I presented a Chinese cultural learning model that may 
serve as a general belief system that guides Chinese children’s learning, 
including mathematics learning. In the introduction, I addressed four 
deficiencies in traditional research on human learning across cultures. 
First is the focus on comparing the end results of learning and reliance on 
set but often also dichotomous concepts of learning from the West. Even 
though the learning model reviewed in this chapter also refers to 
achievement standards, its emphasis is not on the end results but on the 
purposes and processes of learning. 

Moreover, this Chinese learning model shows few if any 
dichotomous concepts. Individual concepts such as ability, effort, 
success, and failure did emerge. Yet, they were never expressed as 
opposites, but viewed instead in dialectical relationships (K. Peng & 
Nisbett, 1999) that function jointly and dynamically in people’s learning. 
For example, Chinese learners did not believe that superior inherent 
ability lead to good learning without the learning virtues. Likewise, 
failure and success are never ends themselves but only markers for 
orienting oneself in further learning. This belief is aptly expressed by 
many respondents as “failure is the mother of success”. Neither does the 
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concept of motivation hinge on intrinsic versus extrinsic source. Children 
who lacked intrinsic motivation were believed to be able to develop 
passion and love for learning, depending on their development, 
experience, and supporting environment. Finally, both individualist and 
collectivist goals, such as moral self-perfection, personal skills, and 
contribution to society, co-existed, informed, and fulfilled each other 
rather than standing in contradiction. 

The second deficiency in research is the privilege that cognitive 
processes in learning assume, as if cognition is all that matters in 
learning. Much recent research shows that human psychological 
functioning rarely if at all involves only cognition in any domain, let 
alone the highly complex domain of learning. As discussed earlier, the 
Chinese learning model indicates that the purposive, the social/moral, the 
affective, and selffidentity factors are intertwined and are all present, 
interacting dynamically to produce learning behavior. Thus, research on 
children’s learning must consider all of these factors. 

As a third limitation, much traditional research emphasizes the 
structural factors of school, which alone do not explain children’s 
learning processes and results fully. In fact, much misunderstanding and 
stereotyping have resulted from the assumption that educational system 
and structural factors alone can reveal and determine how children learn 
and achieve. These misunderstandings and stereotypes were born 
because the perspectives of teachers and children were neglected. As the 
data presented in this chapter showed, research has much to gain by 
studying individual learners’ beliefs and behaviors in addition to 
structural elements. 

The fourth and the greatest deficiency in research is the field’s 
persistent reliance on Western concepts without attending to indigenous 
or emic cultural meanings and their psychological manifestation in 
learning (Gao & Watkins, 2001; Watkins, 2000). The studies reviewed in 
this chapter offer alternative ways to gather data and to conduct analyses 
that retain empirical rigor and at the same time examine emic meaning 
systems of learning in Chinese and Western cultures. As a result, our 
understanding has been enriched. 

Much remains to be studied about culture and learning. Even though 
individual children have their own cognitive capacities, social and 
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affective orientations, and idiosyncratic learning styles, they are born 
into and raised in at least one culture. Invariably, they begin developing 
beliefs about learning early on. What their cultures regard as important 
purposes, processes, and outcomes will influence their beliefs profoundly. 
Children growing up in different cultures may hold different outlooks, 
attitudes, emotions, and achievement standards that may affect their 
engagement in and ultimate achievement of learning. Yet, the 
development of culturally based learning beliefs often remains so 
invisible and gradual that it often evades research attention. Considering 
how vast a topic learning is, it is surprising how few researchers have 
heeded beliefs about learning in any culture. The recent research 
reviewed in this chapter marks the beginning of an important inquiry. It 
is hoped that this inquiry can shed light not only on learning in general 
but also on learning in specific domains such as mathematics. 
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Chapter 6 


Official Curriculum in Mathematics in 
Ancient China: How Did Candidates 
Study for the Examination? 


SIU Man Keung 


This chapter starts with a brief general account of mathematics 
education in ancient China, then discusses in detail the official 
curriculum and the state examination system in mathematics in the 
Tang Dynasty. In the second part of the chapter some examples of 
examination questions are re-constructed with “circumstantial 
evidence” to offer an alternative viewpoint from a traditional one, to 
argue that study in mathematics in ancient China did not proceed in an 
examination-oriented, rote-based learning environment. This 
“animated” historical account may help to shed some light on the 
comparative study of mathematics education in the East and West. 


Key words: mathematics curriculum, state examination system, Tang 
Dynasty 


1 Introduction: The CHC Learner Paradox and the CHC Teacher 
Paradox 


Ever since the early 1990s some educators have begun to pay attention to 
cultural differences that may affect the learning and teaching of subjects 
like science and mathematics, which are usually regarded as universal in 
content (Cai, 1995; Stevenson & Stigler, 1992; Watkins & Biggs, 1996). 
Interest in this aspect is further reinforced by the results coming out of 
several international studies sponsored by organizations like the 
International Association for the Study of Educational Achievement 
(IEA) or the Organization for Economic Cooperation and Development 
(OECD). In particular, the learning process of Asian students brought up 
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in the tradition of the Confucian heritage culture (CHC) has become a 
much discussed issue in the past decade (Leung, 2001; Watkins & Biggs, 
1996; Wong, 1998). As a natural consequence, the teaching process of 
Asian teachers in CHC classrooms has come under review as well (L. 
Ma, 1999; Stigler & Hiebert, 1999; Watkins & Biggs, 2001). These two 
closely inter-related issues can be brought into focus in the form of two 
paradoxes, viz 


(1) The CHC Learner Paradox: CHC students are perceived as 
using low-level, rote-based strategies in a classroom 
environment which should not be conducive to high 
achievement, yet CHC students report a preference for high- 
level, meaning-based learning strategies and they achieve 
significantly better in international assessments! 

(2) The CHC Teacher Paradox: Teachers in CHC classrooms 
produce a positive learning outcome under substandard 
conditions that Western educators would regard as most 
unpromising! 


In this chapter we look at these issues from a historical angle by 
investigating the official curriculum in mathematics in ancient China. 
After giving a brief general account of mathematics education in ancient 
China, we will confine the discussion to the curriculum of the state 
university of the Tang Dynasty (Kf, 618 — 917), particularly to the state 
examination system in mathematics in that period. That period is chosen 
not only because the state examination system in mathematics was in its 
most established form by then, but because the system in later dynasties 
was either modeled after it or was no longer in place. A major part of this 
chapter is spent on the state examination system, because the CHC 
classroom is usually labeled as dominated by an examination-oriented 
culture and it is commonly believed that an examination-oriented culture 
hinders the learning process. But is it really so? By piecing together, 
from official records in the ancient chronicles, a “rational re- 
construction” of the state examination in mathematics in the Tang 
Dynasty — as there is no single extant document on the examination 
itself — we are prepared to ask questions such as: Is the examination 
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system really that damaging to learning? Is the examination a necessary 
evil? Or is it beneficial to the learning process to some extent? Was the 
state examination a mere test on rote learning? 

The author borrows heavily from three of his articles (Siu, 1995, 
2001; Siu & Volkov, 1999), which happen to be not very readily 
accessible to teachers and educators in mathematics, so that an edited 
summarized presentation here may prove useful to shed light on a 
comparative study of mathematics education in the East and West. The 
first article, which is the text of a talk given in 1992 on mathematics 
education in ancient China, should be regarded as a “first approximation” 
in view of the more in-depth historical study carried out later (in 
collaboration with the historian of mathematics Alexei Volkov) in the 
second article. The third article, which is the text of a talk given in 1998, 
is more inclined towards the pedagogical aspect and is closest to the 
main message to be conveyed in this chapter. The author wishes to 
acknowledge with heartfelt gratitude the permission of Madame Patricia 
Radelet-de Grave, the editor of the Proceedings of the Third European 
Summer University held at Louvain-la-Neuve and Leuven in 1998, for 
him to incorporate parts of his article (Siu, 2001) into Section 4, Section 
5 and Section 6 of this chapter. 


2 Mathematics Education in Ancient China 


Even if it is debatable what constituted a genuine beginning of 
mathematics in the history of civilization — is it drawing? or counting? 
or calculation? or argumentation? or reasoning? or proof? — it seems 
fair to say that mathematics education, at least in its narrower sense of 
transmission of mathematical skill and knowledge, came into existence 
alongside mathematics. 

In ancient China the school system in its formal setting began in 
about 2000 B.C. during the latter part of the Xia Dynasty (32, 21* 
century B.C. to 16" century B.C.). Run by the state, it was intended as a 
training ground for youths and children of the aristocracy. The official 
system became more institutionalized in the Shang Dynasty (Ri, 16" 
century B.C. to 1066 B.C.) and the Western Zhou Dynasty (74 /4], 1066 
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B.C. to 771 B.C.). The invasion of barbarian hordes in 770 B.C. forced a 
transfer of the capital, thereby starting the Eastern Zhou Dynasty (4 Jal, 
770 B.C. to 256 B.C.) during which the state power of the Zhou 
Kingdom was waning, resulting in a continual vying for political 
domination among the many feudal lords. This long period known as the 
“Spring and Autumn Period” (#4KIN 4%) followed by the “Warring 
States Period” (Hk FEY 7%) was to last for five centuries. Beset with 
conflicts and unrest, it was a stirring and eventful period as well as, 
ironically, a most stimulating and prosperous period in terms of 
intellectual development in the history of China. The decline in state-run 
institutions of learning was more than compensated for by the formation 
of private academies (not necessarily with a physical setting) around 
some scholars of fame. In later dynasties such private academics 
gradually developed into an important part of the education system (with 
physical setting) under the name of shu yuan (PR, an academy of 
classical learning). ‘An academy of classical learning’, was originally set 
up as an official organization in the Tang Dynasty to collect and compile 
books of learning. The evolvement of ‘an academy of classical learning’ 
has been a topic of intensive research. However, as there is hardly any 
trace of a mathematics curriculum found in documents about these 
private academics, we will not further dwell on them, but note that this 
dual system of learning, which comprised state-run institutions and 
private academies side by side, persisted in China for the next two 
millennia (G. Chen & Deng, 1997; G. Ding & Q. Liu, 1992; Z.-F. Zhang, 
1985; S. Zhao & Xue, 1995). 

In the Han Dynasty (XX, 206 B.C. to 220 A.D.), Confucianism was 
established as the supreme state philosophy. With the emphasis on the 
study of classics, mathematics was accorded attention after a fashion, 
because some classics made allusions to mathematical knowledge here 
and there. Indeed, for the curriculum in higher education, the “Six Arts” 
(7\Z) comprised Rituals (#L), Music (4), Archery (4), Charioteering ( 
$), History (45) and Arithmetic (#). (In the early days, the subject 
Arithmetic was intimately tied up with numerology. The latter was 
referred to as the “internal arithmetic” (34), while what we understand 
as mathematics today was referred to as “external arithmetic” (48) (D. 
Liu, 1993, p. 71) This sixth Art of Arithmetic was further divided into 
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nine topics, as recorded in the commentary by ZHENG Xuan (XÆ %) in 
the 2™ century, with their titles not too much different from the nine 
chapter titles of the very famous mathematical classics jiu zhang suan 
shu (J. 4A, Nine Chapters on the Mathematical Art), which is 
believed to have been compiled some time between 100 B.C. and 100 
A.D. In 1984, in an Han tomb in Hubei Province, a book written on 
bamboo strips bearing the title suan shu shu ($2, Book on the 
Mathematical Art) was discovered (during excavation). The book is 
dated at around 200 B.C. and its content exhibits a marked resemblance 
to that of ‘Nine Chapters on the Mathematical Art’, lending evidence to 
the belief that the content of ‘Nine Chapters on the Mathematical Art’ is 
much older than the book itself (Peng, 2001). In any case, the format of 
either book became a prototype for all Chinese mathematical classics in 
the subsequent one-and-a-half millennia. ‘Nine Chapters on the 
Mathematical Art’ is a conglomeration of 246 mathematical problems 
grouped into nine chapters: (1) Survey of land, (2) Millet and rice, (3) 
Distribution by progressions, (4) Diminishing breadth, (5) Consultation 
on engineering works, (6) Imperial taxation, (7) Excess and deficiency, 
(8) Calculating by tabulation, (9) gou-gu (4A, right triangles). In the 
text a few problems of the same type are given, along with answers, after 
which a general method (algorithm) follows. It should be noted that the 
numerical data given in the text are specific rather than special, so they 
are in fact generic, making the method (algorithm) essentially a general 
procedure. In the very early edition no further explanation was added to 
the text, that being perhaps supplied by the teachers. Later editions were 
appended with commentaries from various authors, which were an 
indication of serious and assiduous self-study on the part of the author 
and provided useful aid-to-study for future generations of readers. One of 
the most notable commentators, LIU Hui (x!) of the mid 3“ century, 
wrote in the preface, “I studied ‘Nine Chapters on the Mathematical Art’ 
at an early age and perused it when I got older. I see the separation of the 
Yin and the Yang and arrive at the root of the mathematical art. In this 
process of probing I comprehend its meaning. Despite ignorance and 
incompetence on my part, I dare expose what I understand in these 
commentaries. Things are related to each other through logical reasoning 
so that like branches of a tree, diversified as they are, they nevertheless 
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come out of a single trunk. If we elucidated by prose and illustrated by 
pictures, then we may be able to attain conciseness as well as 
comprehensiveness, clarity as well as rigor. Looking at a part we will 
understand the rest.” (Siu, 1993, p. 355). This is a clear message of the 
balanced employment of rigorous argument and heuristic reasoning with 
an aim of achieving enhanced understanding. For more illustrative 
examples, readers can consult (Siu, 1993). 

Beginning with the Sui Dynasty (M, 581 — 618), a comprehensive 
official system of education was established, further consolidated in the 
Tang Dynasty (J#f, 681 — 907) and the Song Dynasty (XK, 960 — 1279). 
There was a well-planned curriculum, including the syllabus and the 
adopted textbooks, for each of several chosen disciplines. The 
institutional setting for these chosen disciplines was documented down to 
the quota of student enrollment, the number of the teaching and 
administrative staff, and the criteria for admission. State examinations 
for these chosen disciplines were held regularly and successful 
candidates were appointed to official posts according to merit in their 
performance at examinations. As explained in Section 1 of this chapter, 
we will confine our attention only to the discipline of mathematics as 
recorded in chronicles about the official system in the Tang Dynasty. 
This will be discussed in Sections 3 and 5. 

Although the official system of education was furthered consolidated 
and expanded in the Song Dynasty, in the discipline of mathematics there 
was, however, a decline, with the exception of a strengthening of 
curriculum in calendarial reckoning and  astronomy/astrology. 
Subsequently, mathematics was even removed as a subject altogether 
from the state examinations, and was never reinstated in the next several 
dynasties. From the beginning of the 17" century onwards, mathematical 
development in China began to come under foreign influence through 
large-scale contact with Western mathematics, first during the late Ming 
Dynasty (HJ, 1368 — 1644), then during the early Qing Dynasty (ji, 
1616 — 1911) and again during the final quarter of the Qing Dynasty in 
the mid 19" century. As Chinese mathematics entered its modern era and 
gradually fused with a more universal mathematics (universal in the 
sense that it is practiced and studied along a certain trend and style in 
countries which play a dominant role in world politics and in cultural 
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influence), mathematics education in China became basically not too 
different from that of most other (Western) countries (For more 
references on mathematics education in ancient China, see F. Chen, 
2002; S. Ding & Z.-G. Zhang, 1989; Jin, 1990; H. Li, 1994; Y. Li, 1954- 
55; Lin, 1997; D. Liu, 1993; Z. Ma, H. Wang, Sun, & Y. Wang, 1991; 
Mei & S. Li, 1992; Siu, 1995; Wu, 1997; Xie & D. Tang, 1995; Yan, 
1965; L. Zhao, 1991). 

Readers should note that mathematical knowledge was also 
transmitted in ancient China through channels other than the official 
school system. In the prefaces to some mathematical classics, references 
were made to learning from a master or even from a hermit or by self- 
education. Some historians of science argue that transmission through a 
religious network might play a considerable part (Needham, 1959; 
Volkov, 1996). Although the official system did produce tens of 
thousands of capable “mathocrats” who were employed as officials or 
imperial astronomers, almost all the eminent mathematicians who left 
their footprints in the history of mathematics seem to have been nurtured 
through other channels. An historian of mathematics once listed 50 
Chinese mathematicians of fame who flourished between the 4" century 
B.C. and the end of the 19" century, with only two who can be labeled as 
educated in the official system (S. R. Guo, 1991). 

Before closing this section, let us look at an unusual treatise which 
contains perhaps the first paper on mathematics education in China. The 
treatise was cheng chu tong bian ben mo (FeRRIBAA HR, alpha and 
omega of variations on multiplication and division) written by the Song 
mathematician YANG Hui (447) in 1274. The preface to the first 
chapter of the book is titled xi suan gang mu (JAMAH, A General 
Outline of Mathematical Studies). It offers a re-organized syllabus of the 
traditional curriculum accompanied by a time-table of a comprehensive 
study programme which takes only 260 days. This is comparable to a 
modern programme of about 1500 hours in secondary school 
mathematics. (Compare with the 7-year programme in the official 
system, which will be discussed in Section 3!) It is interesting and 
instructive to look at a few passages in this book, which explain quite 
well that rote learning is not to be equated with repetitive learning, and 
that doing a large number of exercises, is not incompatible with 
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acquiring deep understanding. (The translated texts in the treatise of 
YANG Hui quoted below are taken from Lam [1977]. See also Zhou 
{1990].) 


“In the jia (JM, addition) method the number is increased, while 
in the jian (k, subtraction) method a certain number is taken 
away. Whenever there is addition there is subtraction. One who 
learns the ‘subtraction’ method should test the result by applying 
the ‘addition’ method to the answer of the problem. This will 
enable one to understand the method to its origin. Five days are 
sufficient for revision.” (Book I, Chapter 1) 


“In knowing the jiu gui (JU), tables of division) one will need 
at least five to seven days to become familiar with the recitation 
of the forty-four sentences. However if one examines carefully 
the explanatory notes of the art on ‘tables of division’ in the 
xiang jie suan fa (VERRE, a detailed analysis of the methods 
of computation — a lost treatise by YANG Hui), one can then 
understand the inner meaning of the process and a single day 
will suffice for committing the tables and their applications to 
memory. Revise the subject on ‘tables of division’ for one day.” 
(Book I, Chapter 1) 


“Learn a method a day and work on the subject for two months. 
It is essential to inquire into the origins of the applications of the 
methods so that they will not be forgotten for a long time.” 
(Book I, Chapter 1) 


“The working of a problem is selected from various methods, 
and the method should suit the problem. In order that a method is 
to be clearly understood, it should be illustrated by an example. 
If one meets a problem, its method must be carefully chosen .... 
If numerical exercises are performed daily, this establishes a 
quicker insight into analyzing a problem and hence is beneficial 
to all.” (Book I, Chapter 3) 


“It is difficult to see the logic and method behind complicated 
problems. Simple problems are hereby given and elucidated. 
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Once these are understood, problems, however difficult, will 
become clear.” (Book II) 


3 Official Curriculum in Mathematics in the Tang Dynasty 


By the time mathematics was established as one of the disciplines of 
study in the official system in the Tang Dynasty, Chinese mathematics 
already enjoyed a scholarly tradition with a long history. In the middle of 
the 7” century, the mathematician LI Chunfeng (#7 A4) collated the 
suan jing shi shu (+P, Ten Mathematical Manuals) at an Imperial 
Order, and it was adopted as the official textbook in the School of 
Mathematics in 656. The ‘Ten Mathematical Manuals’ comprised ten 
classics compiled by different authors at different times, listed below 
roughly in chronological order: (1) zhou bi suan jing (A2, The 
Arithmetical Classic of the Gnomon and the Circular Paths), 100 B.C., 
(2) ‘Nine Chapters on the Mathematical Art’ 100 B.C. to 100A.D., (3) 
hai dao suan jing ($ & HA, Sea Island Mathematical Manual), 3 
century, (4) wu cao suan jing (B.H f2, Mathematical Manual of the 
Five Government Departments), 6" century, (5) sun zi suan jing (WTA 
“%, Master Sun’s Mathematical Manual), 4" century, (6) xia hou yang 
suan jing (HIH, Xia Hou Yang’s Mathematical Manual), 5” 
century, (7) zhang qiu jian suan jing (KABA, Zhang Qiu Jian’s 
Mathematical Manual), 5" century, (8) wu jing suan shu (ABR, 
Arithmetic in the Five Classics), 6" century, (9) gi gu suan jing (44 € 
¥ , Continuation of Ancient Mathematics), 7" century, (10) zhui shu (4 
Ñ, Art of Mending), 5" century. The original text of ‘Art of Mending’ 
was lost in about the 10" century. Its role in the ‘Ten Mathematical 
Manuals’ was subsequently replaced in the Song Dynasty by shu shu ji yi 
(2LA 13H, Memoir on Some Traditions of the Mathematical Art), a 
book of doubtful 6" century authorship. (The original texts of (1) to (9) 
can be found in many references, for instance, S. C. Guo [1993].) It is 
recorded in xin tang shu (% kf +5, The New History of the Tang 
Dynasty) and tang liu dian (JX $È, The Six Codes of the Tang 
Dynasty) how these ten books were studied with specified duration. 
Students were divided into two programs, which for convenience will be 
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denoted by A and B for short in this chapter. Students in Program A 
studied (1) to (8), viz ‘Master Sun’s Mathematical Manual’ and 
‘Mathematical Manual of the Five Government Departments’ for 1 year, 
‘Nine Chapters on the Mathematical Art’ and ‘Sea Island Mathematical 
Manual’ for 3 years, ‘Zhang Qiu Jian’s Mathematical Manual’ for 1 year, 
‘Xia Hou Yang’s Mathematical Manual’ for 1 year, ‘The Arithmetical 
Classic of the Gnomon and the Circular Paths’ and ‘Arithmetic in the 
Five Classics’ for 1 year. Students in Program B studied (9) to (10), viz 
‘Art of Mending’ for 4 years, and ‘Continuation of Ancient 
Mathematics’ for 3 years. In addition to these books, students in each of 
the two programs must also study two more manuals, shu shu ji yi (BOK 
Wi, Memoir on Some Traditions of the Mathematical Art) and san 
deng shu (=*#%%, Three Hierarchies of Numbers). (The last manual was 
written not later than the mid 6" century but was lost by the Song 
Dynasty.) Regular examinations were held throughout the seven years of 
study, and at the end of each year an annual examination was held. Any 
student who failed thrice or who had spent nine years at the School of 
Mathematics would be discontinued. Judging from the age of admission 
at 14 to 19 years old, we know that a mathematics student would sit for 
the state examination at around 22 (For a more detailed discussion, see 
Siu & Volkov, 1999). 

Although mathematics was included as one discipline in the official 
system, it received rather low regard. For instance, it was recorded in 
‘The New History of the Tang Dynasty’ that 2 professors of mathematics 
and 1 teaching assistant of mathematics were appointed with 15 students 
admitted each year in each of Program A and Program B, while in the 
discipline of the classics 5 professors and 5 teaching assistants were 

appointed with 300 students admitted each year. If the number of the 
faculty and that of the student enrollment in itself do not bespeak the 
significance accorded to a discipline, the rank and salary of the faculty 
would. It was recorded in “The New History of the Tang Dynasty’ that a 
professor in mathematics was appointed as an official of the lowest rank 
(grade 30) while a teaching assistant was appointed with no official rank 
at all. But a professor in classics was appointed as an official of high 
rank (grade 11) and even a teaching assistant in classics was appointed as 
an official of only a slightly lower rank (grade 17)! 
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4 State Examination in the Tang Dynasty 


The Chinese term for state examination is keju (#}2), which means 
literally “subject-recommendation”, i.e., recommendation of suitable 
candidates (for taking up official positions) through examinations in 
different subjects. Some historians date the beginning of the keju system 
to the Sui Dynasty when the emperor convened a state examination by 
decree. But some historians maintain that it started in 622 when the first 
Tang emperor decreed that any qualified candidate could sit for the state 
examination without having to be recommended by a provincial 
magistrate. As we will soon see, initially the keju system was a rather 
lively and efficient means for searching out and selecting capable 
persons to serve the country, based on their academic merit rather than 
their social background or hereditary aristocracy. However, in the long 
span of near to thirteen centuries of the operation of this system through 
different dynasties, it degenerated in later centuries into a kind of 
straitjacket of the mind which bred rote learning and a pedantic mindset. 
The keju system was abolished in 1905 by an imperial edict towards the 
end of the last imperial dynasty in China, the Qing Dynasty (Franke, 
1968; Jin, 1990; H.-F. Liu, 1996; Wu, 1997; Xie & D. Tang, 1995; Yang, 
Zhu, & H. Zhang, 1992). 

“One of China’s most significant contributions to the world has been 
the creation of her system of civil service administration, and of the 
examinations which from 622 to 1905 served as the core of the system.” 
(Kracke, 1947, p. 103). Indeed, as early as in the beginning of the 17th 
century, the Jesuit Father, Matteo Ricci, reported with commendation in 
his journal “the progress the Chinese have made in literature and in the 
sciences, and of the nature of the academic degrees which they are 
accustomed to confer” (Ricci, 1615/1953). Voltaire (F.M. Arouet) made 
a similar observation in the mid 18th century, “The human mind 
certainly cannot imagine a government better than this one where 
everything is to be decided by the large tribunals, subordinated to each 
other, of which the members are received only after several severe 
examinations. Everything in China regulates itself by these tribunals.” 
(Voltaire, 1756/1878, p. 162). Dr. Sun Yat-Sen, founder of the Republic 
of China in 1911, said in The Five-Power Constitution, “At present, the 
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civil service examination in the (Western) nations is copied largely from 
England. But when we trace the history further, we find that the civil 
service of England was copied from China. We have very good reason to 
believe that the Chinese examination system was the earliest and the 
most elaborate system in the world.” (Teng, 1942-43, p. 267). Dr. Sun 
even instituted the division of the government structure into five-powers, 
viz the Legislative Yuan, the Executive Yuan, the Judicial Yuan, the 
Examination Yuan and the Censorate. 

Detailed official records of the keju system (in the Tang Dynasty) 
can be found in certain ancient chronicles, among which the main 
primary sources are: 


jiu tang shu (HIEP, Old History of the Tang Dynasty), 941- 
945; 

xin tang shu (ft E P, New History of the Tang Dynasty), 1044— 
1058; 

tang liu dian (FE7< #4, Six Codes of the Tang Dynasty), 738; 

tong dian (31 #2, Complete Structure of Government), 770-801; 

tang hui yao (#4, Collection of Important Documents of the 
Tang Dynasty), 961. 


One informative secondary source which contains the main excerpts 
of relevant interest in the chronicles listed above plus a lot more of 
interesting information and anecdotes is the deng ke ji kao (¥Fid%, 
Journal on the Examinations in the Tang Dynasty) compiled by the Qing 
Scholar XU Song (#8#) in 1838. (Most of the anecdotes given in this 
section can be found in this book (S. Xu, 1838/1984).) In Western 
literature one of the earliest works on the state examination system in the 
Tang Dynasty is that of the famed French sinologist Edouard Biot, who 
did not seem to have a high regard for the official curriculum. He 
claimed that “the name of School of Mathematics is too high-sounding 
for the studies in this elementary establishment” and that the adopted 
textbooks were “collections of problems which are for the most part 
elementary and whose solutions are given without proofs” (Biot, 
1847/1969, pp. 257, 262). The first comprehensive account in a Western 
language of the state examination system in the Tang Dynasty, together 
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with a reliable translation of the relevant documents, was provided by 
Robert des Rotours in 1932 (des Rotours, 1932). 

In ‘The New History of the Tang Dynasty’, a section on recruitment 
by examinations records that there were two kinds of state examinations: 
(1) regular examinations held annually in the first or second lunar month 
for graduates of colleges and universities or for provincial candidates, (2) 
special examinations held by imperial decree. The second kind depended 
on the need at the time or on the whim of the emperor, so it covered a 
wide range of expertise, but could also sound rather strange. In official 
records, one can find about a hundred of such special examinations. Just 
to cite a few, there were: examination on “vast erudition and great 
composition”, examination on “deep knowledge of the ancient books and 
great talents in the art of teaching”, examination on “having military 
plans with foresight and well qualified as a general”, examination on 
“wisdom and good nature, rectitude and righteousness, and speaking 
honestly and remonstrating insistently”, examination on “remarkable 
understanding of the art of government and suitability for administering 
people”. A most amusing item is examination on “leading an hermetic 
life at Qiuyuan, not seeking fame”, since logically speaking one should 
be awarded a degree in that if and only if one should not be! (In fact, it 
was recorded in ‘Journal on the Examinations in the Tang Dynasty’ that 
somebody was awarded the degree in absentia in 794 as he refused to 
receive it!) For the first kind there were initially seven subjects: 
examination on perfect talent, examination on classics, examination on 
distinguished man of letters, examination on accomplished man of letters, 
examination on law, examination on calligraphy and examination on 
mathematics. Examination on perfect talent was soon abolished, while 
examination on accomplished man of letters became in time the main 
focus enjoying the highest prestige. It was recorded in ‘Complete 
Structure of Government’ that by 752, of a thousand candidates who sat 
for the annual examination on accomplished man of letters only one or 
two were awarded the degree, while for instance, successful candidates 
for the examination on classics numbered in the tens. A source of the 
time said that one who passed the examination on accomplished man of 
letters at fifty (perhaps after many repeated attempts) was still regarded 
as outstanding, while one who passed the examination on classics at 
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thirty was considered too old already! No similar data or remark is found 
for examination on mathematics, which again serves to indicate that 
mathematics was accorded a lower prestige among the various subjects, 
only on a par with calligraphy. This becomes even more apparent when 
we look at the number of students enrolled at the state university. Tang 
institutions of higher education were divided into hierarchies. The 
highest institution was the School for the Sons of the State which 
accepted only sons of noblemen or officials from a certain rank upward. 
Next came the National University which accepted a similar crop with 
the official rank somewhat lowered. Then came the School of Four Gates 
which accepted, besides sons of officials, also a small number of sons of 
ordinary citizens. The three Schools of Law, Calligraphy and 
Mathematics accepted sons of officials of low rank and of ordinary 
citizens. In the early Tang Dynasty, according to the ‘New History of the 
Tang Dynasty’, there were 300 students in the School for the Sons of the 
State, 500 students in the National University, 1300 students in the 
School of Four Gates, 50 students in the Law School, 30 students in the 
Calligraphy School and 30 students in the Mathematics School. At one 
time, throughout the whole empire, including the provincial colleges, 
there were 8000 students pursuing higher education, with foreign 
students coming from nearby countries as well. The whole edifice of 
state higher education was very well-established in the Tang Dynasty. 
The culminating apex of this edifice, the annual state examination, 
was a grueling experience for many. Some authors in the Tang Dynasty 
wrote about how candidates stood in a long queue, carrying their own 
stationery, supply of food and water, candles and charcoal (for preparing 
meals and for getting warmth), waiting to be admitted to their cells, only 
to be searched and shouted at by guards who were stationed by the 
thorny hedge (an ancient analogue of barbed-wire fence) which 
encompassed the examination venue. Candidates were clad in flimsy 
clothes and shivered in the freezing weather, for they were not allowed 
thick clothing to prevent concealment of manuscripts. Throughout the 
long hours they worked on their examination scripts, the candidates were 
confined to their cells, in which they would prepare their own meals and 
take care of their own personal hygiene. In the case of failure in the 
examination, which was not uncommon, this grueling experience would 
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have to be repeated in another year, and perhaps in yet another year, .... 
WEI Chengyi (4574/8), who was awarded the degree of accomplished 
man of letters in 867, once sneaked into the office of the Ministry of 
Rites called Nangong, which was in charge of examination affairs, and 
composed a poem on the wall: “Like a thousand white lotus petals, /The 
candles lit up the hall, /Which was filled with the peaceful rhymes/Of the 
Ya and the Song./As the flame of the third candle/Flickered towards its 
end, /One realized it meant failure/To complete the scene of Nangong.” 
(AEF ASR BAA © ATP AEA o FIBRES MS AR H 
MER ° ) This poem, with its trace of resignation, depicted vividly those 
assiduous candidates racing against time with their examination scripts 
by the light of the three candles allowed them to last through the night. 

Modern examinations are definitely much less grueling than that. 
However, it would be unfair to his ancestors in the Tang Dynasty if the 
author fails to point out that even over a thousand years ago some good 
modern examination procedures were already in place. In 759 the Chief 
Examiner LI Kui (F$) said, “The empire selects its officials for their 
talent. The requisite classics are displayed here. Candidates are welcome 
to consult them at will.” This was perhaps the earliest open-book 
examination! In 742 the Chief Examiner WEI Zhi (75 BF) said, “The 
performance of a candidate in one single examination may not reflect his 
true potential, hence his previous essays should also be consulted.” This 
was perhaps the earliest instance of assessment by project work and 
portfolio! A famous example is the work presented by BAI Juyi (Hj 5) 
to the Chief Examiner GU Kuang (ili). BAI Juyi was awarded the 
degree of the accomplished man of letters in 800 at a rare early age of 27, 
and is remembered today as a renowned poet of the 9" century. The 
“project work” he presented is handed down as one of his very well- 
known and oft-quoted poems which begins (translated text taken from Y. 
Xu & Yuan, 2000): “Grass on the plain spreads higher and higher; /Year 
after year it fades and grows./ It can’t be burned up by wild fire, / But 
revives when the spring wind blows./ ...” (4 BREE o —2—#HRR e 
ERAS o RK ME °) 
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5 State Examination in Mathematics in the Tang Dynasty 


In the state examination for either Program A or B, in mathematics, the 
candidate was examined on two types of question. The first type was 
described in the ‘New History of the Tang Dynasty’ as: “[The candidates 
should] write [a composition on] the general meanings, taking as the 
basic/original task a ‘problem and answer’. [They should] elucidate the 
numbers/ computations, [and] construct an algorithm. [They should] 
elucidate the structure/principle of the algorithm in detail.” (RK VAR 
Ayla o HARE AR -o EIRE o ) For Program B there was added the 
remark, “If there is no commentary, [the candidates should] make the 
numbers/computations correspond [to the right ones?] in constructing the 
algorithm.” (iE BBGEA e AA SEE -o ) (For an attempt to explain 
the latter remark, see Siu and Volkov, 1999.) We will say more about 
this type of question in Section 6. The second type of question was 
testing on quotations known as tie du (Hi, strip reading). Candidates 
were shown a line taken from either shu shu ji yi or san deng shu, with 
three characters covered up. Candidates had to answer what those three 
characters were. In to-day’s terminology, this type of questions is called 
“fill in the blank”. It is interesting to note that the ‘Memoir on Some 
Traditions of the Mathematical Art’ is a short text with only 934 
characters, which could be committed to memory with reasonable ease 
(not to mention that a candidate had seven years to do it!). There may 
well be other reasons for singling out this book for the purpose of testing 
on quotations, but that would be the subject of another paper. (See 
Volkov [1994] for an interesting discussion on the content of ‘Memoir 
on Some Traditions of the Mathematical Art’) The book ‘Three 
Hierarchies of Numbers’ was lost by the Song Dynasty (960 — 1279). We 
can only surmise that it might be a text similar to the ‘Memoir on Some 
Traditions of the Mathematical Art’ in this respect. 

By the way, there was a reason for instituting the practice of testing 
on quotations. The practice was proposed by the Chief Examiner LIU 
Sili (X| Æ Z) in 681 (in all subjects) to rectify the deficiency of a 
prevalent habit of candidates who only studied “model answers” to past 
questions instead of studying the original classics. Testing on quotations 
forced candidates to read (at least some) original classics. However, 
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examination being what it is, it is prone to abuse. The setting of 
questions on quotations got more and more difficult and unreasonable, 
testing candidates on obscure phrases, sometimes even setting up traps to 
confound the candidate intentionally. In response, candidates collected 
such obscurities and memorized them for the sole purpose of passing 
those unreasonable tests! The laudable purpose of encouraging 
candidates to read the original classics was totally defeated. In 728 it was 
decreed that quotations should be set within reasonable bounds. There is 
a good lesson to be learnt here about making use of examination to direct 
the curriculum. 


6 A “Re-constructed” Examination Question 


Since no trace of any examination question is extant, but there is a 
reference to tasks on elucidation and construction in the state 
examination in mathematics, we will attempt to “re-construct” some 
examination questions to lend evidence in support of the thesis that the 
curriculum in mathematics in the Tang Dynasty was not so elementary 
nor was it learnt by rote. It is hard to imagine that a group of selected 
young men spent seven of their golden years in simply memorizing the 
mathematical classics one by one without understanding just to 
regurgitate the answers in the state examination at the end! If readers are 
of the opinion that imagination should have no place in historical study, 
the author will insert an (apologetic?) self-defense at this point by 
referring to a wider (but somewhat controversial) view of studying 
history as propounded by the British philosopher-historian Collingwood 
(Collingwood, 1946, p. 202), “History is thus the self-knowledge of the 
living mind. ... For history is not contained in books or documents; it 
lives only, as a present interest and pursuit, in the mind of the historian 
when he criticizes and interprets those documents, and by so doing 
relives for himself the states of mind into which he inquires.” 
Collingwood echoed the view held by the Italian philosopher Croce who 
said in (Croce, 1919/1920, p. 19), “History is living chronicle, chronicle 
is dead history; history is contemporary history, chronicle is past history; 
history is principally an act of thought, chronicle an act of will. Every 
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history becomes chronicle when it is no longer thought, but only 
recorded in abstract words, which were once upon a time concrete and 
expressive.” 

Before giving examples, it is helpful to look at a typical textbook and 
see how the author did mathematics. Which better choice can one pick 
than the prime textbook ‘Nine Chapters on the Mathematical Art’ (with 
English translation in Shen, Crossley, and Lun, 1999)? With the 
commentaries by the 3 centu ry mathematician LIU Hui added, this 
provides more “circumstantial evidence” for our thesis. 

In Chapter 5 of the ‘Nine Chapters on the Mathematical Art’ some 
formulae for the volume of various solids are given. In particular, 
Problem 17 is about that of a tunnel at the entrance of a tomb (xian chu 
ABR). Mathematically speaking, a xian chu is a solid bounded by three 
trapeziums and two triangles on the two sides. The three trapeziums have 
opposite parallel sides of length a, b; a, c and b, c, the depth is / and the 
trapezium on top has length / (see Figure 1). 


Figure 1. 


The formula for the volume of the xian chu is given in the text as 


V= PR b+c)hl . (In the text, numerical data are given in place of a, b, 
6 


c, but the numerical data are actually generic rather than special.) LIU 
Hui explains in his commentaries how the volume is calculated. He 
dissects the xian chu into smaller pieces, each of some standard shape 
such as a triangular prism (qian du, #34), a tetrahedron of a particular 
type (bie nao, Ki), or a pyramid with a square base (yang ma, BPH). If 
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you try to do that by yourself, you will find out that the way of dissection 
is different for different relations between a, b, c. For instance, if a > c > 


b, then you obtain two tetrahedron of a particular type each of volume 


5 (a—b)hl , two tetrahedron of a particular type each of volume 


5 (c — b)Al and one triangle prism of volume 5 Dhl (see Figure 1). They 
add up to Z(atb+o)hl . But if a > b > c, then you obtain two 
tetrahedron of a particular type each of volume 5 (a-b)hl , two 
pyramid with a square base each of volume 3 (b—c)hl and one 


triangular prism of volume Schl. They also add up to ti +b+c)hl.In 
6 


fact, LIU Hui in his commentaries treats all eight different cases except 
the one case b > a= c. The calculation is different for different ways of 
dissection, but the basic underlying idea is the same. Probably candidates 
in the examination would be asked to carry out a similar explanation for 
other formulae on area and volume, possibly with given numerical data. 
Once the basic idea is understood, such a demand for elucidation is 
reasonable. 

In the same chapter, Problem 10 is about the volume of a pavilion 
(fang ting, 775") with square base (see Figure 2). 


| AY 


| 


Mathematically speaking, a fang ting is a truncated pyramid with 
square base. If a, b are the sides of the bottom and top squares 


Figure 2. 
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respectively and h is the height, then the volume is given in the text as 


V= a +b? +ab)h. Again, LIU Hui in his commentaries explains 


how to obtain the formula by an ingenious method of assembling blocks 
of standard shape (called by him qi, $). There are three kinds of gi: cube 
of side a with volume a’ (li fang, 3L}, LF); pyramid of square base of 
side a and one vertical side of length a perpendicular to the base, with 


volume lyp (yang ma, YM); triangular prism with isosceles right 
3 


triangle of side a as base and height a, with volume 1 a? (qian du, QD). 
2 


He observes that the truncated pyramid is made up of one LF, four YM 
and four QD. (Careful readers will notice that here we require h = b, so 
that we are talking about blocks of a standard shape.) He then observes 
that one LF makes up a cube of volume bh; one LF and four QD make 
up a rectangular block of volume abh; one LF, eight QD and twelve YM 
make up a rectangular block of volume a’h. (Careful readers will notice 
that here we require h = b and a = 3b so that each comer piece is a cube 
formed from three YM.) In problem 15, LIU Hui further explains how to 
obtain the more general formula of the volume of a pyramid of 
rectangular base with an arbitrary height by an infinitesimal argument 
(Wagner, 1979). Altogether, three LF, twelve QD and twelve YM make 
up a volume b°A + abh + a’h. Hence the volume of the truncated pyramid 


is Lia +b? +ab)h (see Figure 3). 
3 


1 PRE: 
tZ\ 2 4 


Figure 3. 
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LIU Hui gives an alternative formula v = +(a- bY h+abh by 


another way of dissection (see Figure 4). 


a-b 


Figure 4. 


In the second explanation, there is no need to assume h = b, a = 3b. 
But it works only when the bottom and top pieces are squares. 

Here is a fictitious examination question: Compute the volume of an 
“oblong pavilion” of height h with bottom and top being rectangles of 
sides a, a) and b,, bz respectively (a; # a, bı # b2). If one understands 
the argument by LIU Hui, one can easily modify either method to arrive 
at the answer, which is left as an exercise for the readers. (Readers may 
also wish to solve the problem in a way commonly known to school 
pupils of today, viz by making use of similar triangles.) The answer turns 


out to be V = laa, +b, +5 (ab, +a,b,)\h. If one merely memorizes 


the formula given in the textbook by heart, it is not easy to hit upon the 
correct formula. This is probably what is meant by “constructing a (new) 
algorithm”. Again, such a demand is reasonable, especially when these 
candidates might well be facing in their subsequent career problems 
which are variations (e.g., with parameters changed) of the problems 
they learnt in the textbooks. 


7 Is the State Examination Really so Damaging to Learning? 


The ke ju enjoys the strange ambivalence of being described as a rich 
cultural heritage as well as a scandalous historical burden of the Chinese, 
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with its strength and shortcoming the subject of controversy to this date 
(Jin 1990; H.-F. Liu, 1996). We will not enter into another long debate 
here. To counteract the traditional view that the ancient Chinese studied 
mathematics only by rote memorization and industrious drilling, we will, 
however, “magnify” the more positive part of the system, which 
unfortunately was outweighed by its negative part, especially in later 
evolution in the Ming and Qing dynasties. 

It is strange that a popular view is to equate Confucian learning with 
rote learning and with submissive learning despite what the Masters 
themselves had said. (The following translated texts are taken from 
Legge [1893/1960].) In the ‘Confucian Analects’ (11%, Sth century 
B.C.) we find, “Learning without thought is labor lost; thought without 
learning is perilous.” In the ‘Doctrine of the Mean’ (‘f/#, 6th-Sth 
century B.C.) we find, “He who attains to sincerity, is he who chooses 
what is good, and firmly holds it fast. To this attainment there are 
requisite the extensive study of what is good, accurate inquiry about it, 
careful reflection on it, the clear discrimination of it, and the earnest 
practice of it.” In the books by the leading neo-Confucian scholar ZHU 
Xi (R) (1130 — 1200) we find (all translated texts from the books of 
ZHU Xi quoted below are taken from [Gardner, 1990]), “In reading, if 
you have no doubts, encourage them. And if you do have doubts, get rid 
of them. Only when you’ve reached this point have you made progress.” 
(Book 11, p. 151). Would one call this rote-learning? submissive 
learning? By reading more extensively in the books by ZHU Xi, we can 
perhaps understand better what appears to Western observers as rote- 
learning actually consists of. ZHU Xi said, “Generally speaking, in 
reading, we must first become intimately familiar with the text so that its 
words seem to come from our own mouths. We should then continue to 
reflect on it so that its ideas seem to come from our own minds. Only 
then can there be real understanding. Still, once our intimate reading of it 
and careful reflection on it have led to a clear understanding of it, we 
must continue to question. Then there might be additional progress. If we 
cease questioning, in the end there’ll be no additional progress.” (Book 
10, p. 135). He also elaborated further, “Learning is reciting. If we recite 
it then think it over, think it over then recite it, naturally itll become 
meaningful to us. If we recite it but don't think it over, we still won't 
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appreciate its meaning. If we think it over but don't recite it, even though 
we might understand it, our understanding will be precarious. ... Should 
we recite it to the point of intimate familiarity, and moreover think about 
it in detail, naturally our mind and principle will become one and never 
shall we forget what we have read.” (Book 10, p. 138). This is an 
unmistakable differentiation between repetitive learning and rote 
learning. Contemporary researchers explain the Asian Learner Paradox 
based on this differentiation (Biggs, 1996; Marton, Dall’Alba, & Tse, 
1996). 

On the other hand, modern day education in the Western world 
which arose in the 19th century along with the Industrial Revolution 
started by emphasizing the 3Rs — reading, writing and arithmetic. In a 
code issued by Robert Lowe of the Education Department of England in 
1862, specific standards for each R were explicitly stated (e.g. Standard I 
in Reading: Narrative monosyilables; Standard II in Writing: Copy in 
manuscript character a line of print; Standard IV in Arithmetic: A sum in 
compound rules [money]) (Curtis, 1967, Chapter VII). The emphasis on 
mechanical rote learning is captured vividly in the opening sentences 
(which were intended as a satirical exaggeration) of the 1854 novel Hard 
Times by Charles Dickens (as words uttered by Mr. Gradgrind of 
Coketown) 


“Now, what I want is, Facts. Teach these boys and girls nothing 
but Facts. Facts alone are wanted in life. ... This is the principle 
on which I bring up my own children, and this is the principle on 
which I bring up these children. Stick to Facts, sir!” (Dickens, 
1854/1995, p. 9) 


About the preparation for state examinations, ZHU Xi has also left 
us with the following passages (all translated texts from the books of 
ZHU Xi quoted below are taken from Gardner [1990]): 


“Scholars must first distinguish between the examinations and 
studying, which is less important, which is more important. If 70 
percent of their determination is given to study and 30 percent to 
the examinations, that'll be fine. But if 70 percent is given to the 
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examinations and 30 percent to study, they’re sure to be 
overcome by the 70 percent.” (Book 13, p. 191) 


“Preparing for the examinations doesn’t harm one’s studying. 
Previous generations, when did they ever refrain from taking the 
examinations? It’s simply because people today don’t settle their 
minds that harm is done. As soon as their minds become fixed on 
success or failure in the examinations, their understanding of the 
words they read is all wrong.” (Book 13, p. 194) 


“He was once discussing the examinations and said: It isn’t that 
the examinations are a trouble to men, it’s that men become 
troubled by the examinations. A scholar of superior 
understanding reads the texts of the sages and worthies and on 
the basis of his understanding of them writes the essays required 
in the examinations. He places aside considerations of success 
and failure, gain and loss, so even if he were to compete in the 
examination every day he wouldn’t be troubled by them. If 
Confucius were born again in today’s world, he wouldn’t avoid 
competing in the examinations, and yet they wouldn’t trouble 
him in the least.” (Book 13, p. 194). 


Over 800 years ago the Chinese sages already knew that the main 
shortcoming of examination does not come from the examination itself 
but from the high stakes it brings with it! 

Granted that an examination is not to be passed through rote 
learning, what good will an examination bring? Let us first compare the 
ancient Chinese examination format with a modern theory on assessment 
by Bloom (Bloom, 1956). The modern viewpoint includes both the 
formative and the summative aspects of assessment, while the ancient 
Chinese examination focused only on the latter function for selection 
purposes. The six major classes of taxonomy of Bloom can be matched 
up with the four different types of question in the ancient Chinese 
examination, viz (i) testing on quotations is about knowledge, (ii) short 
questions are about comprehension and application, (iti) long questions 
(on contemporary affairs) are about analysis and synthesis, (iv) 
composition and poems are about evaluation (H.-F. Liu, 1996, p. 240). 
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With these varied objectives, an examination can have a beneficial 
influence on both the student and the teacher, even as a summative 
process. For the student it is good for consolidation of knowledge, 
enhancement of comprehension, planning of schedule of study, judgment 
on what is important to learn, development of learning strategies and 
motivation and self-perception of competence. For the teacher, besides 
what has been said above, it is good for monitoring the progress of the 
class, as a gauge of the receptivity and assimilation of the class and 
evaluation of the teaching. In this sense, “examination-oriented 
education” and “quality education” need not be a dichotomy. Crooks 
says, “As educators we must ensure that we give appropriate emphasis in 
our evaluations to the skills, knowledge, and attitudes that we perceive to 
be most important.” (Crooks, 1988, p. 470). Viewed in the summative 
aspect, an examination is a necessary evil. But viewed in the formative 
aspect, an examination can be a useful part of the learning process. 
Moreover, it is a false dichotomy to differentiate strictly summative 
assessment and formative assessment. The important thing to keep in 
mind is not to let the assessment tail wag the educational dog! (C. Tang 
& Biggs, 1996, p. 159) The demise of the examination system in 
Imperial China, even with its initial good intention and with its long life 
span of 1287 years, is a lesson to be learnt from. 
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Chapter 7 


The “Two Basics”: Mathematics 
Teaching and Learning in Mainland China 


ZHANG Dianzhou LI Shiqi TANG Ruifen 


Mathematics education in eastern Asian countries emphasizes the 
importance of foundations, and in Mainland China the principle of 
“basic knowledge and basic skills” was explicitly put forward for the 
teaching of mathematics. This chapter analyzes in a detailed way the 
benefits and inadequacies of this principle and the practice arising from 
it from four aspects, namely, its historical roots and social environment, 
the goals of classroom teaching, teaching characteristics and underlying 
psychological principles, and education reforms and development in 
China. The different characteristics of Eastern and Western 
mathematics education can be complementary to each other, helping 
strike a balance between foundation and development concerning 
classroom teaching. 


Key words: the “Two Basics” principle, basic knowledge, basic skills, 
mathematics teaching, mathematics learning, individual development 


1 Introduction 


Any theory of mathematics education would likely concern two aspects: 
first, help students gain the basic mathematics knowledge and skills; 
secondly, let students realize full individual development and foster their 
creative mathematical thinking. Success is ensured if both of them can be 
equally emphasized and appropriately interwoven. In fact, commenting 
on the well-known US NCTM Standards (National Council of Teachers 
of Mathematics, 1989), Bamberger (1998) once pointed out: 


"Mathematics educators around the country felt that finally a 
balance had been struck between understanding concepts and 
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learning skills, between meaningful problem solving and 
memorization of facts, and between real-life mathematics and 
experimenting with the patterns and relationships that exist in 
mathematics." 


Due to historical and cultural reasons, eastern Asian countries, 
including Japan, Korea, Singapore, and China (Mainland China, Taiwan, 
Hong Kong and Macao), even Russia, emphasize more on the 
importance of laying foundation. Moreover, the principle of “basic 
knowledge and basic skills” (“Two Basics”) is most typically observed in 
Mainland China. 

A direct consequence of the implementation of the “Two Basics” 
principle in Mainland China is: acquiring the leading position in 
numerous international mathematics assessment and contests, for 
example, topping the accuracy rate in the International Assessment of 
Education Progress [[AEP] 1989 (Lapointe, Mead, & Askew, 1992), and 
achieving outstanding results in the past International Mathematics 
Olympiads (e.g., see Fan & Zhu, this volume). 

This chapter will discuss the benefits and inadequacies of 
mathematics teaching and learning under the “Two Basics” principle in 
Mainland China. 


2 Historical Roots and Social Environment for the “Two Basics” 
Principle in Mathematics Teaching 


A good foundation is essential for the construction of a building. Hence, 
no one would deny the importance of a solid foundation. But the 
question is to what level or degree we should emphasize it. In this 
concern, people have different views and practice. Most Chinese 
mathematicians and mathematics educators believe that primary and 
secondary education are foundational education, and establishing a good 
foundation is the main task of mathematics education. This foundation 
can only be laid properly when one is young, or else it would be too late. 
Therefore it is of foremost importance that a good foundation should be 
laid during primary and secondary school years. Without a solid 
foundation, it is impossible to realize children’s creativity, and ultimately 
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let alone students’ differentiated individual development. These beliefs 
were gradually formed under the influences of culture accumulated 
through thousands years of Chinese history. 

Let us trace back to the factors of forming these beliefs about the 
foundation in China’s traditional education. 

First, China is in a sense one of few countries where human’s ancient 
civilization has had a continuous existence. Thousand years of 
agricultural culture, especially culture developed from plantation of 
paddy-field crops, required detailed and crafty artifice. Given a small 
land area, farmers had to rely on well-practiced and efficient techniques 
to obtain maximum outputs. It was very different from a nomadic 
society’s culture where people can make a living through the extension 
of rearing areas. Thus, in the Chinese society, to be equipped with 
effective and efficient “skills” is of vital importance for survival. 

Secondly, Confucianism is the orthodox tradition of Chinese culture. 
In a very long time, Confucianism endorses a clan system, where 
obedience to the unified emperor is universally required. Individuals 
have less room for their self-creativity, compared to the West. This is also 
reflected in the learning process, with more emphasis being put on the 
uniformity of teaching contents as well as the requirements. The result is 
the existence of a unified foundation but a lack of individual 
development among students (Brand, 1987; Murphy, 1987; Wong, 1998). 

Thirdly, the strict and unified examination systems have driven 
students to only learn the contents that will be tested in exams. The 
system of civil examinations in China can be traced back to as early as 
the year of 597. Through this system, even a peasant can become 
government official if he could pass the national examination. This was a 
highly fair and civilized policy at that time. It is hence rooted in the 
minds of Chinese that examination can determine one’s life. After the 
Ming Dynasty, the test items used in the unified examinations by the 
government became “Bagu-oriented” (/\8%), which refers to a set of 
extremely condensed and procedure-fixed basic knowledge, and very 
stereotyped and sophisticated writing skills. Referring to the current 
mathematics examinations, most of the questions tested are also 
mathematics procedures and well-practiced skills. As examinations focus 
on the “basics”, for the purpose of scoring well on the examinations 
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students would also learn the basics only (Bishop, 1998; Zhang & Lee, 
1990). 

Fourthly, in terms of scientific tradition, after the 18th century, the 
School of Evidential Investigation (44%) became dominant in China, 
which equated academic research with “bibliographical investigation” 
and “exegesis of written work”. These two approaches of study mainly 
relied on the basic knowledge of ancient texts and mature skills on 
written words. In the eyes of many Chinese intellectuals, scientific 
research is equal to Evidential Investigation (Zhang, 2002). 

Fifthly, as an educational wisdom in the Chinese society says, 
practice makes perfect. It was believed that the primary aim of learning 
is to achieve familiarization and proficiency. Through practicing and 
familiarizing, one can naturally become “skillful” (perfect). 

Finally, in the 1950s, the mathematics education in Mainland China 
was heavily influenced by former Soviet Union’s mathematics education, 
which further increased the emphasis on “mathematics foundation” and 
“basic mathematics skills”. As well known, the mathematical education 
in former Soviet Union emphasized the rules and regulations of basic 
knowledge, and the rigor of proof, including the basic training of logic 
reasoning. 

Under the above factors, in 1963, the Ministry of Education of China 
stated in the national mathematics curriculum and teaching standard: 
“mathematics education should strengthen students’ learning of basic 
knowledge and basic skills”, and moreover mathematics instruction 
should foster students’ “basic computation ability, spatial visualization 
ability and logical reasoning ability”. The idea of emphasizing on the 
basics is still practiced now. 


3 Goals of Mathematics Teaching under the “Two Basics” Principle 


In Mainland China, the “Two Basics” principle in mathematics teaching 
is a broad and loose idea without a strict definition. Its general meaning 
is that in the two aspects of “solid foundation” and “application and 
creativity”, although both are important, more important is the knowing 
well of basic knowledge and grasp of basic skills. Specifically, the 
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primary goals of mathematics education are: 

(1) Fast and accurate calculation with the four arithmetic operations 
involving integers, decimals and fractions etc., and memorization of the 
algorithms. Primary students can correctly finish ten questions of 
addition and subtraction within 100 per minute (For example, see 
Changshou and Fenghua surveys in Appendices 1 & 2). 

(2) Fast and accurate manipulation on polynomial expressions, 
algebraic fractions, exponential and radical expressions, and 
memorization of the rules. Finishing twenty questions of factorization 
and completing the square in ten minutes is the requirement for a pass 
(see Appendix 3). Students at year 12 are required to correctly solve at 
least twenty eight manipulative polynomial questions in ten minutes, and 
thirty one correct averagely in a class. 

(3) Accurate memorization of definitions and formulas, the formula 
for finding the roots of quadratic equation, the definitions and properties 
of curves of the second order, trigonometric formulas and the formulas 
for changing the base in logarithm, etc. Take trigonometric formulas as 
an example. In actual teaching, students are required to recite angle-sum 
formulas, doub le-angle formulas and half-angle formulas and the 
formulas for changing sum to product and vice versa, concerning Sine, 
Cosine and Tangent (Formulas on triple-angles have not been required 
for students to memorize in recent years). Otherwise it is impossible for 
them to fulfill the speed requirements for taking the high school or 
college entrance examination. 

(4) Logical and formal expressions of mathematical concepts and an 
awareness of logical accuracy of categorization and mathematics 
propositions (For example, see 1991 National College Entrance 
Examination, Question 15). 

(5) The conformity of reasoning in solution process to rigorous 
logical rules with sufficient reason and being expressed in a clear and 
formal way. 

(6) Familiarity with solution patterns. Memorizing certain basic 
solution patterns, and using them on similar problems through fast 
imitating and transferring. For example, in the 2003 College Entrance 
Examination, there were twenty three questions and time allowed was 
one hundred and twenty minutes. Candidates had an average of five 
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minutes and twenty seconds for each question. Speed plays the key role 
there. 

These six goals above are the bottom line for mathematics teaching. 
All teachers must remind themselves all the time that their students are 
required to meet these targets. Of course, teachers must first meet these 
targets themselves. 

In his PhD dissertation, Bao (2002) elaborately compared the basic 
knowledge and skills in the curriculum and exercise papers of China and 
those of the United Kingdom in five dimensions: “computation”, 
“reasoning”, “topic coverage”, “context” and “investigation”. He found 
that the requirement of China’s curriculum was better than UK’s in the 
first three dimensions, but not in the other two dimensions. 


4 Characteristics of Mathematics Teaching under the “Two Basics” 
Principle 


To fulfill the above goals of mathematics learning, teaching students to 
acquire basic knowledge and skill to solve mathematics problems, 
especially examination questions, accurately and speedily become the 
primary task of mathematics education. It is also necessary to maximize 
students’ problem solving ability, to raise the objective of “effective 
learning” and to closely monitor the progress of mathematics classroom 
teaching. Therefore, under the principle of “Two Basics”, the following 
ideas and teaching methods are put into practice: 

(1) Teachers play a central role in classroom. Since the class size can 
reach as many as 40-50 students, it is impossible for teachers to practice 
individualized teaching. Therefore, individualized teaching is not a 
primary goal. What topic to teach in every period and how long to let 
students stay at every stage in a class are decided by teachers. The pace 
of classroom teaching is led by teacher’s judgment based on most 
students’ learning ability in the class. Students are required to follow the 
pace of progress. The central role demands teachers to have profound 
understanding on the topic and to find the best way to organize own 
teaching. 

(2) Effective teaching is emphasized. It requires teachers to present 
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the main mathematics contents as quickly as possible so that students 
won’t spend too much time in a winding path. One of the criterions to 
evaluate classroom teaching is to examine whether teacher completes the 
objectives that are set in advance. In this aspect, investigation, group 
discussion and real-life application would be considered a waste of time 
if such activities are relatively far away from the main topic. “Discovery”, 
“constructivist teaching”, “group discussion” and “real-life mathematics” 
could only be practiced in a very limited amount of time in classroom, 
certainly not on a daily basis. However, it does not mean that whole class 
lecture is a spoon-fed teaching. Oral questioning is a very popular 
interaction in practical teaching. Classroom observations show that in 
teaching process, teacher usually asks a series of relatively easy 
questions about the topic and students answer them individually, in a 
group or teacher provides answer. On average, a teacher would raise fifty 
questions in each period of lesson and the number can amount to as 
many as one hundred twenty. Questioning process guides students to 
reach the learning objectives step by step instead of their own discovery. 
This is so called “smali step” teaching. 

(3) The pattern of “teach only the essential and ensure plenty of 
practice” is used in teaching. It does not support the idea of 
“understanding first”, but insists that both understanding and 
manipulation are of equal importance. This means that what teacher 
explain and demonstrate should be essential in order to save time for 
students to do more exercises and problem solving. It is not necessary for 
them to spend much time to make students understand, as it is believed 
that this is unlikely to be accomplished through first explanation. It is 
better that students do exercises after they have understood. However 
without thorough understanding, students could practice first and then 
develop their understanding through their plenty of exercises. This is 
probably the way most people learn mathematics. For example, when 
teaching the idea of “a negative number times a negative equals a 
positive one”, teachers do not need to explain much but just demonstrate 
how multiplying a number with (-1) equals to its opposite number. 
Students will understand gradually when they practice more. 

Teachers in China believe that students should have sufficient 
exercises in order to consolidate the knowledge learned. Generally, 


196 How Chinese Learn Mathematics: Perspectives from Insiders 


students are given a large number of exercises to practice. Students’ 
ability to used mathematics procedures proficiently is often an indicator 
of their “Two Basics” level. However it is not complete if we only think 
that this way means emphasizing meaningless memorization, imitation, 
and manipulation (Watkins & Biggs, 1996). “Practice makes perfect” is a 
traditional proverb in Chinese education. Based on Sfard’s (1991) theory 
of dual nature of mathematics concept, research on “practice makes 
perfect” has revealed that having proficiency and flexibility in 
mathematics manipulation can facilitate the formation of mathematics 
concept (Li, 1999). Adequate practice can lead to thorough 
understanding and enable students to preserve, search and apply the 
contents efficiently. The ability to apply formulas and patterns can 
transfer mechanical manipulation skill to mathematical calculation ability. 
Skillful calculation and memorization of formulas can make 
mathematical thinking more condensed and faster, lead to a higher level 
of mathematics thinking. 

(4) There is a distinctive way of mathematics teaching called 
“teaching with variation” in China. Research on “variation” pointed out 
that the “Two Basics” in China can develop into meaningful learning 
since students’ practices are not meaningless symbol games. Ma (1999) 
described a typical example in her research. Chen, an experienced 
teacher, could propose five different “non-conventional” strategies to 
help students solve the problem of 123 X 645. Those five strategies create 
a framework for students to understand the “standard” procedure from 
different angles. All these serve to make students understand the essential 
theory — the place value system — underlying multi-digit number 
multiplication procedure. This kind of sophisticated way of teaching is 
much more effective than the simple repetition of tasks. With teachers’ 
profound understanding, subject matters presented in classroom are 
carefully chosen and well organized so that it has meaningful variation in 
different aspects. 

Theoretically, there are many kinds of variations, including concept 
variation and process variation, as well as explicit variations and implicit 
variations (Huang, 2002; Gu, Huang, & Marton, this volume). The focal 
point of variation is the procedure or form in which problems are 
proposed. It is carefully designed such that only the non-fundamental 
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elements of knowledge and skills are changed in a variety of ways. By 
comparing and differentiating, students struggle to identify invariant 
properties: the essence of mathematics ideas and procedures. An example 
is “The line y = ax’ + bx + a intersects the x-axis at two points. Draw the 
locations of ‘a’ and ‘b’ on the ab-plane.” This is a typical question to 
promote understanding of variation with “Two Basics” principle. Since it 
only involves a reasonable variant of the original quadratic equation 
formula and the trivial concept of analytic geometry. 

Psychologically, under the teaching with variation, the knowledge 
and skill mastered by students is not enforced by merely doing extensive 
amount of boring exercises but can be understood in a meaningful and 
appropriate context. 

(5) Mathematics teachers in China usually believe in the maxim that 
“mathematics is gymnastics of thinking”. The “Two Basics” principle 
emphasizes the importance of fostering mathematics thinking. Since the 
1990s, with the effort of numerous mathematics teachers, the “Two 
Basics” principle has been used to teach higher level of thinking in 
mathematics teaching. Curriculum standards set a higher level of 
teaching objectives in this aspect. Students need to master many “basic 
ways of thinking” flexibly, such as classification without overlapping, 
four types of prepositions and the conversions among them, necessary 
and sufficient conditions, induction and deduction, analysis and synthesis 
and mathematical method of reversion-mapping-inversion, etc. In 
particular, during review stage for examination, teachers especially 
emphasize on summarization and exploration of new thinking methods 
through reviewing the old knowledge and skills. This kind of training is a 
typical case of applying the “Two Basics” principle at a higher level. 

(6) Under the “Two Basics” principle, logical deductive reasoning is 
thought as the core of thinking ability. Emphasis is put on logical 
analysis of mathematics content and the logical reasoning in the solution 
of problems. The minimum requirement is logical correctness. For 
instance, although the teaching of definitions also emphasizes on 
“practical context of the concept” and on the appropriateness of 
introducing new knowledge, heavier emphasis is however put on the 
logical analysis of “genus + the differences of species”. In some cases, 
students are even required to memorize definitions, recite together in 
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class (eighth graders and below), and be quizzed repeatedly on them. 
Especially, Euclidean geometry is always an important content in 
mathematics curriculum at school since it is useful in teaching rigorous 
deductive reasoning and formal proof. Compared to “verification”, 
“proof” is more valued. For example, to prove Pythagoras Theorem, one 
needs to use rigorous algebraic or geometric methods, while 
demonstrating a cut-and-paste method is not acceptable. 


5 Basic Skills: Diminishing Differences between the East and the 
West 


The eastern and western mathematics education is looking for a balance 
between fundamentals and development (Leung, 1998; Lim, 1998). In 
the International Conference on Mathematics Education held in 
Chongqing in 2002, the description of basic mathematics skills is a 
concern of various countries in their secondary school mathematics 
curriculum (Zhang, Cheung, & Song, 2003). 

According to the findings of the Third International Mathematics and 
Science Study (TIMSS), students in the eastern countries do better than 
their counterparts in the western countries in mathematics. However, 
there are signs that the gap is narrowing down to some extent. 
Specifically, it is observed that in the eastern countries, students’ basic 
mathematical skills are not as good as before whereas the students in the 
western countries are more skilled. Such improvement might be due to 
that they are required to acquire stronger basic skills in mathematics. 

In the United States, NCTM Standards has paid more attention to 
computational fluency, which should develop in tandem with 
understanding, at the first stage of schooling: 


e Knowing basic number combinations (the single-digit 
addition pairs and their counterparts for subtraction) that 
build on their thinking about, and understanding of, 
numbers. 

e Fluency with basic addition and subtraction number 
combinations is a goal for the pre-K-2 years. 

(NCTM, 2000, p. 84) 
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An interesting remark is that if the students by the end of the year 
four are still not able to use the combination of multiplication and 
division fluently, they must either develop strategies so that they are 
fluent with these combinations or memorize other harder combinations. 

In eastern Asian countries, the situation seems different. Sawada 
used a set of seventeen questions to examine whether calculation abilities 
of Japanese pupils in decimals and fractions have declined. He found that 
when the test items were first administered in 1982, the average correct 
rate was 69 percent. By 1994, it dipped slightly to 65 percent. However, 
in the last test the result sunk to 58 percent (Sawada, 2002). 

In Mainland China, the “Two Basics” principle has gradually 
combined with “education reform” beliefs. The teaching under the 
principle of “Two Basics” in China is pursuing a balance between 
students’ foundation and development. The meaning of the “Two Basics” 
has been expanded. Mathematics modeling and application will be 
treated as a part of basic mathematics knowledge and skill. Especially, 
the “investigation study course” is put into practice. Investigative topics 
are added to the original program with a clear regulation on the number 
of teaching hours. Questions of mathematics application and modeling 
also appear in the College Entrance Examinations. 

Many Chinese teachers are reducing routine problem solving and 
emphasizing the variation of problems in teaching. Meanwhile, 
mathematics teachers are paying more attention to students’ thinking 
process in the study of basic knowledge and skill. In particular, 
open-ended problem has been introduced to the Curriculum Standards, 
textbooks and College Entrance Examination as well. Through research 
and teaching of open-ended problems in these years, many traditional 
problems (close-ended questions) are effectively designed to turn into 
open-ended ones so that students can develop the ability of divergent 
thinking. For example, the question “what is a common factor in the two 
expressions: 8a’b’c’ and 12x’y’a’?” has many answers, but it is closely 
related to the “Two Basics”. Another example is the “clock-face 
problem” (There are two numbers on the clock-face, please add positive 
or negative sign before somes numbers so that the algebraic sum of them 
becomes zero). It is also closely related to the foundation of addition and 
subtraction of numbers (Dai, 2002). 
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Appendix 1 


A Survey on Farmers’ Mathematics 
Literacy in Changshou County, 
Chongqing, Western China 


The survey was conducted under the charge of Tan Caixing, the chair of 
the Changshou Representative Committee. Sixty-four farmers were 
randomly sampled, using in-depth interviews and face-to-face 
conversations to measure their realistic calculation ability. They are 
physical laborers who require least mathematics skills among different 
professions. 


Years of Education the 64 Farmers Received 
6 Years 12 Years 
12 11 


Age Distribution of the 64 Farmers 


“Below 30 30-39 40-49 


12 18 14 


NV 
© 


Question 1: Solve 34 + 48 =? and 5 x 23 =? (Oral Calculation 


Question 2: Solve 1/2 + 1/3 =? 
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Question 3: How much water is needed to add if a farmer wants to dilute 100 catties of 
60% concentrated insecticide to 12% concentrated insecticide? 


Unable to solve 


In Changshou County, another 103 people were interviewed 
individually. The rate of correct answers to the first two questions is 
similar to the finding from the survey of the 64 farmers, only 3 to 4 
percent higher than the former. The result for Question 3 is different. 10 
of 103 people answered correctly. Among them one was tertiary educated, 
eight were high school graduates and one graduated from junior high 
school. 
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Appendix 2 


A Survey on Primary Students’ 
Arithmetic Ability in Jinpeng, 
Fenghua County of Zhejiang Province’ 


Zhejiang Province is a relatively developed area compared to others. 
However, the economy of Fenghua County is only moderately developed, 
so is its education quality. The aim of this test is to find out primary 
students’ calculation speed and accuracy under normal circumstances. 
This test was carried out without prior notice to both teachers and 
students. Two primary schools, one in town and the other at rural area, 
participated the investigation. First graders and third graders from a total 
of 4 classes took part in this test. 


(1) Test contents: 

i. First graders: 50 questions on addition and subtraction of 
numbers within 100, and the other 10 questions each with 4 
blanks. A total of 90 questions are to be completed within 15 
minutes. 

ii. Third graders: 20 questions on one-step multiplication and 
division, 10 questions on addition, subtraction, multiplication 
and division of whole numbers, which should be completed 
in 25 minutes. 


(2) Test results and analysis: 
i. Results and analysis of mathematics ability of the first graders 


' This survey is conducted by Zhou Leiming and Hu Yixiang. 
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i Highest! Lowest | Average | Excellence | Passing 
used points | points | points rate rate 
Jinpeng 

town 46.65% | 100% 
centre 

school 


Results show that first graders are faster at oral 
calculation. On average, they can complete about 10 
questions on addition and subtraction within 100 in a minute. 
The accuracy of oral calculation meets the requirements of 
the standards and students often lost points when the 
calculation involved renaming during subtraction, and mixed 
addition and subtraction. 


ii. Results and analysis of mathematics ability of the third graders 


According to the test results, third graders could finish 
about two questions on addition, subtraction, multiplication 
and division of whole numbers in a minute. Students in the 
town-centre primary school had higher percentages in 
excellence rate, passing rate and average points. For 
calculation techniques, students had firmly mastered ordered 
calculation, but not many students could solve the question 
flexibly in simple and convenient ways. It indicates that 
teachers need to strengthen students’ flexibility in problem 
solving. 


No. of 
School test [Quickest | Slowest Fe ARA Lowest ea Excellence ~ 
samples time Fe a | ce ea ~ 


Jinpeng 

town S 

centre 14°17 61.1% | 98.1% 
school 


Xi’qi isz | 
et par [is isz | BNA 78.6 | 21. 21.5% | | 85% | 
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Appendix 3 


A Survey on Rural and Urban Secondary 
Students’ Ability in Calculation Involving 
Algebraic Expressions in Jiangsu Province 


(1) Test subject and method 

In 1998, a test was done on 2049 students from 8 schools, a total of 43 
classes in Jiangsu Province, China. The content is algebra expressions 
(included grouping, completing the square and factorization). There are 
38 questions of various levels of difficulties and students are required to 
complete them within 10 minutes. It was a test of students’ basic 
mathematics skills, especially the speed of calculation. 


(2) Test data 

Results are shown in the following table, X is the average number of 
correct answers, 0, is the standard differentiation of the number of 
correct answers, Y (%) is the accuracy rate. The accuracy is defined as: 
(the total number of correct answers in the respective grade level) + (the 
number of students in that level x the number of questions) x 100%. 


Average Number of Correct Questions, Standard Differentiation and Accurac 
ge N racy 


Variable 


25.78 
| on | 6.08 | 705 | 422 | 434 | 420 | 7.29 | 


(3) The testing criteria of secondary students’ abi lity in calculation 
involving algebraic expressions 
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In mathematics education the main goal is to teach students’ basic 
knowledge and to train them to have high standards of mathematics 
ability. 

Based on the statistical analysis of the above samples and the 
experiences of Mathematics teachers, three indices can be proposed and 
they are namely average points, pass points and excellent points. 
According to statistical results, the following reference standard is 
compiled: 


Standard Reference Chart of the Equation Solving Test Results 


Note. The maximum number of correct answers is 38. 


Chapter 8 


A Comparative Study on Composite 
Difficulty between New and Old 
Chinese Mathematics Textbooks 


BAO Jiansheng 


If one compares the old middle school mathematics syllabus to the 
newly published National Mathematics Standards one can notice 
numerous changes both to curriculum framework and to mathematics 
contents. In fact, these new standard-based mathematics textbooks are 
being used in experimental districts in Mainland China. However, these 
changes may lead us to ask the following questions: What precisely are 
the differences between the new and old mathematics textbooks? How 
do these differences affect the styles of both mathematics teaching and 
learning? 

In order to answer these questions, this paper uses a model 
developed by the author (Bao, 2002a, 2002b) to evaluate the composite 
difficulties of new and old eighth grade mathematics textbooks using 
five factors of difficulty. From the initial findings, we can see some 
typical characters in the two samples. For example, the new textbooks 
have advantages in areas such as “Investigation” and “Context” levels. 
However, the level of difficulty for “Symbolic computation”, 
“Complex reasoning” and “Topic coverage” has been reduced. 


Key words: composite difficulty, curriculum standards, Chinese 
mathematics textbook, comparative study 


1 Introduction 


Since the National Mathematics Curriculum Standards for Compulsory 
Education (Ministry of Education, 2001) was issued, several series of 
new standard-based mathematics textbooks have received government 
approval. The first two new textbooks (Ma, 2002; Wang, 2002) are now 
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being used in all schools in the experimental districts, and the first round 
of tests should be completed by the summer of 2005. 

In non-experimental districts, however, the old mathematics 
textbooks based on the National Mathematics Teaching Syllabus for 
Compulsory Education (People’s Educational Press [PEP], 2000) are still 
being used. Of these, the most widely used textbooks are the PEP 
textbooks published by the People’s Education Press. 

In comparison to the old Syllabus, the new Standards Course has 
made numerous changes not only with regard to curriculum framework 
but also with regard to mathematical content. Obviously, this leads us to 
ask: What are the differences between the new and old mathematics 
textbooks? How do these differences affect styles of mathematics 
teaching and learning? 

Many approaches are possible in performing a comparative study of 
the two textbooks. However, this study will use a composite difficulty 
model developed by the author (Bao, 2002a, 2000b), which compared 
Chinese and British mathematics curricula. The initial findings of the 
early study show that there are significant differences between the two 
mathematics curricula. For example, the old Chinese mathematics 
curriculum attaches more importance to understanding mathematical 
knowledge and methods than to activities which investigate the use of 
mathematics. That is, in old Chinese textbooks there are few 
mathematical problems related to the daily life of students. In addition, 
the level of “two basics” in the Chinese mathematics curriculum is much 
more advanced than that found in the British mathematics curriculum; 
and so on. In this paper, however, we want to know whether or not the 
case is similar with the new Chinese mathematics textbooks. 


2 Methods 


2.1 The modification of composite difficulty model 


The original model (Bao, 2002a, 2002b) was developed from the model 
of Overall difficulty (Nohara, 2001). It has five factors (see Figure 1). 
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Topic coverage 


Reasoning Investigation 


Computation Context 


Figure 1. Composite difficulty model (Bao, 2002a, 2002b) 


Each factor in the model is further divided into several levels (see 
Table 1). 


Table 1 
Difficult Levels of Composite Difficulty Factors (Bao, 2002a, 2002b, 


Factor Level 


reas © ae eee 
Simple Complex 
symbolic symbolic 
computation computation 


: Simple : 
Reasoning None Complex reasoning 


Single topic Two topics Above three topics 


Computation None Number 


computation 


In this study, the original model has been modified in the following 
way: 

Firstly, the third level of “Topic coverage” is divided into two levels, 
because there are many mathematical problems in Chinese textbooks 
which contain more than three topics. Thus, Table 1 is changed into 
Table 2. 
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o ifficulty Factors 
Factor Level 
Investigation 
Context 


Simple Complex 
; Number f ; 
Computation None ; symbolic symbolic 
computation ; l 
computation | computation 
Reasoning None Simple Complex reasoning 
reasoning 
: . . : : Above four 
Topic coverage | Single topic Two topics Three topics fonics 


Secondly, the method used to compute the difficulty index of the last 
three factors is simplified according to the levels defined by Table 2, but 
the general formula remains the following: 


2nd; 


d, =+—— (Èn =mi=1,23,45, J2b2-) © 
J 


Where d; (i = 1, 2, 3, 4, 5) corresponds to five factors; dj represents 
the i'th power index of the j’th level; n; is the total number of items 
which belong to the j’th level of the i’th factor, the sum of ny is n. 


2.2 Samples 


In Bao’s research (Bao, 2002a, 2002b), the Chinese sample was two 
chapters of grade eight PEP textbooks (PEP, 2001a, 2001b). That is 
“Chapter Nine” in “Algebra Book Two” and “Chapter Five” in 
“Geometry Book Two”. As in Bao’s earlier studies, the two textbooks 
are still used as the samples for the “old textbooks” in this study although 
all the chapters in these books will be considered and evaluated. 

The sample for the “New textbooks” will include “Mathematics 
Book T° and “Mathematics Book II’ (grade eight) published by East 
China Normal University Press (ECNUP) (Wang, 2002). As with the old 
sample textbooks, all the items in the two ECNUP textbooks will be 
examined. 

Table 3 shows the numbers of items in each chapter for the two 
sample textbooks. 
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Table 3 
Numbers o, a <a in Two Sample Textbooks (Grade Eight, 


| EP textbooks O textbooks | BCNUP textbooks | | BCNUP textbooks | 
of items of items 
Ch 8. Factorization ES Ch 11. Translations and po 
Rotations 
Chi Batons! na Ch 12. Parallelograms pa | 
Expressions 


Ch 10. Evolution 
of Numbers 


Ch 13. Linear Inequalities 121 


om4 yooq BIQa3[Y 


Ch 11. Square Root Ch 14, Multiplication of 
Expressions Polynomials 


Ch 16. Evolution of 
Numbers 


Q 
8 
5 
E 
a 
Ò 
° 
2 
z 
© 


Ch 19. Solving Right 
Triangles 


Ch 20. Handling and 
Interpreting Data 


The numbers of items in each chapter is calculated using the 
following rules (Bao, 2002a): 


e The term of “items” in the above table includes all 
“Samples”, “Practices”, “Exercises”, “Review Exercises”, 
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“Self-test problems”, and mathematics problems described 
as “Think a moment”, “Hands on” and “Just try” in the 
textbooks. The items in a textbook will indicate what the 
curriculum wants students to do, so we may use the 
composite difficulty of the item system of a textbook to 
represent the composite difficulty of the textbook. 

e In the two sample textbooks, the first numbering of items is 
all by 1, 2, 3, ..., which are called “big items”. The second 
numbering of items is by (1), (2), (3), .... which are called 
“small items”. The total number of items in a textbook is 
calculated on the second level. That is to say, if a big item 
includes three small items, it will be counted as three items. 


From Table 3 we can see that the number of chapters in the PEP 
textbooks is noticeably less than that found in the ECNUP textbooks. 
Although, the number of items in the former textbooks is double of that 
found in the later ones. Therefore, the old textbooks allocate more time 
for each single topic. For example, the same chapter “Evolution of 
numbers” appears in the different sample textbooks. Yet, in the old 
textbook the number of items in the chapter totals 229, whereas in the 
new textbook it totals only 111. A comparison of the quantities of items 
in the two samples shows that the old one demands that, with this topic, 
students do more practice. 

The comparison of item numbers of the two sample textbooks has a 
research limitation, however, since it can only indicate the quantity of the 
item system of the textbooks. Therefore, we intend to use the composite 
difficulty model to analyze the quality of the item systems of the 
textbooks. Table 4 shows the numbers and percentages of items on each 
level for each factor in the two sample textbooks. 
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Table 4 


Old New 
Book | Book 


| Tovestigating | be 
Personal | 20 | ias | 094 | 4a | io > 


[seen [1 | e [oos fon 


Symbolic ` i 
ymbolic 


Note. 1. The weighted mean is calculated by formula (*); 2. Percentage and weighted 
mean are rounded to 0.01. 


1.83 
1.38 
2.13 
1.54 
- 
2.07 


3 Findings 


The following part of this paper will first compare difficulty levels on 
each factor of the PEP Eighth Grade Textbooks (Old Books) with the 
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ECNUP Eighth Grade Textbooks (New Books). Then, the composite 
difficulties of the two samples will be analyzed. 


3.1 Investigation levels 


As shown in Table 4, 33.59 per cent of items in the old eighth grade 
books belong to the “Knowing” level, whereas with the new sample the 
percentage is 27.29 per cent. The percentages for items belonging to the 
“Understanding” level in each sample are respectively 66.32% and 
62.85%; The percentages for items belonging to the “Investigating” level 
are 1.09% and 9.86% (see Figure 2). 


—4-— Old Books 
~-@— New Books 


Knowing Understanding Investigating 


Figure 2. Comparison on investigation levels between new and old textbooks 


Figure 2 shows, that the percentages in the new textbooks, compared 
to the old textbooks, are lower on the “Knowing” and “Understanding” 
levels, but higher on the “Investigating” level. 

In the old textbooks, the items on the “Investigating” level mainly 
appear as “Think a moment” in two special sections. One is section “9.6 
Investigating Activity: a = be Type Relationship of Variables”. The other 
is section “4.8 Practice activity”. There are few investigating activities in 
the standard “samples” or “exercises”. This situation has been changed in 
the new textbooks. In fact, many kinds of “Investigating” items can be 
found in every part of the new textbooks. These new types include open- 
ended problems, hands-on activities, fieldwork, and real world projects. 

Compared to the related data of the British mathematics curriculum, 
we find that the percentage of items on the “Investigating” level in the 
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British intended curriculum is 22% (Bao, 2002a, 2002b). This is still 
higher than that found in the new Chinese textbooks. 


3.2 Context levels 


The contexts of mathematics problems can be divided into four levels by 
the “distance” of the material to the students (Bao, 2002a; Organization 
of Economic Cooperation and Development, 2000). The closest is 
(personal) daily life, next is public/occupational life, and the most distant 
contexts for students are scientific ones. As shown in Table 4, 95.98% of 
items in the PEP eighth grade books do not provide any real-life contexts, 
whereas in the ECNUP sample the percentage is 74.40 per cent. The 
percentages of items belonging to “Personal” context level in each 
sample are respectively 0.94% and 14.44%; The percentages of items on 
“Public” context level are 3.02% and 10.36%. There are few items 
related to “Scientific” contexts in both samples (see Figure 3). 


100% 
80% 
60% —f— Old Books 
20% 


0% 


None Personal Public Scientific 


Figure 3. Comparison on context level between new and old textbooks 


Figure 3 shows that there are more items in the new textbooks 
connected to real-life situations. In the old textbooks, almost all the items 
are “pure mathematics” problems. The few items which are related to 
real-life contexts are usually associated with a traditional workplace. In 
the new textbooks, the situation has improved. The percentage of items 
that offer different contexts in the new textbooks is significantly higher. 
This is highlighted by the fact that the percentage of items relating to 
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students’ personal life has increased from 0.94% in the old textbooks to 
14.44% in the new textbooks. 

The great improvement on “Context” level in the new textbooks is 
not only due to changes in curriculum ideas in the new Standards, but is 
also due to the arrangement of the teaching content in the new textbooks. 
The old grade eight mathematics curriculum is split into an algebra book 
and a geometry book, both of which focus on symbolic computation and 
formal mathematical deductive reasoning. In the new mathematics 
textbooks, algebraic topics and geometric topics are joined together with 
other new mathematics topics such as “Frequency and Chance” and 
“Handling and Interpreting Data”, which are more closely connected to 
the real world. 

It is interesting to note, however, that the percentage of items related 
to “real” contexts in the Chinese new textbooks is still much lower than 
that found in British textbooks. For example, more than 41 per cent of 
items in Mathematics Enhancement Programme (MEP) year 8 textbooks 
are connected to real life, with more than 30 per cent of items connected 
to students’ personal life (Bao, 2002a). It is more than double the 
percentage found in the new Chinese textbooks. The big gap between the 
Chinese mathematics curriculum and the British mathematics curriculum 
may due to the choice of teaching contents. For example, there are up to 
20 chapters in MEP year 8 textbooks (Table 5). 


Table 5 
Contents of MEP Textbooks (Year 8) 
Y8A Y8B 
1 Mathematical Diagrams 12 Formulae 
2 Factors 13 Money and Time 
3 Pythagoras’ Theorem 14 Straight Line Graphs 
4 Rounding and Estimating 15 Polygons 
5 Data Analysis 16 Circles and Cylinders 
6 Nets and Surface Area 17 Units of Measure 
7 Ratio and Proportion 18 Speed, Distance and Time 
8 Algebra: Brackets 19 Similarity 
9 Arithmetic: Fractions and 20 Questionnaires and Analysis 
Percentages 


10 Probability — Two Events 
11 Angles, Bearings and Maps 
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Table 5 shows that most topics in MEP textbooks are connected 
closely to the real world, such as “Rounding and Estimating”, “Nets and 
Surface Area”, “Angles, Bearings and Maps”, “Money and Time”, 
“Speed, Distance and Time”, and so on. Therefore, the “real world” 
mathematics problems in the textbooks are far greater in number than the 
number found in Chinese textbooks. 

It is necessary to note, however, that the percentage of items that 
have “scientific” contexts is still very low in sample textbooks both in 
Mainland China and in the UK. The new teaching and learning styles, 
such as “Project Learning”, “Cross Subjects activity”, “Scientific 
Investigation”, are increasingly popular in many countries, although this 
leads us to question whether scientific situations can be better integrated 
into the mathematics curriculum. Obviously, this issue requires further 
research. 


3.3 Computation level 


Figure 4 shows the percentages of items for different difficulty levels of 
computation in the new and old Chinese textbooks. 


60% 
50% 
40% 
—itr— Old Books 
30% 
—@— New Books 


20% 


10% 


0% 


None Number Simple Comlex 
Symbolic Symbolic 


Figure 4. Comparison on computation level between new and old textbooks 


According the above figure, the percentages of items that do not 
require any computation in the two samples are almost same. These 
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items usually appear in geometric topics. The percentage of items that 
need numeral computation in the new textbooks is significantly higher 
than that found in the old textbooks. But with the “Complex symbolic 
computation” level, the percentage of items in the new books is about 10 
per cent lower than that found in the old textbooks. 

The above differences between the new and old textbooks are mainly 
due to the following factors: 

Firstly, the complexity and difficulty of computation in the new 
mathematics curriculum are strictly limited by the new National 
Standards. For example, as explained in the Standards, “Multiplication 
of Polynomials” only means “A linear expression times a linear 
expression”; Steps of factoring by applying formulae shouldn’t occur 
“more than twice”; the number of fractional expressions in a equation 
should be “less than two”; and so on (Ministry of Education, 2001). 
Because there are no such regulations in old mathematics syllabus, the 
difficulty level of computation found in the old textbooks is certainly 
much higher than that found in the new textbooks. 

Secondly, in the old textbooks, the topics are more consistent than in 
the new textbooks. The adjacent chapters in the old textbooks are usually 
closely related. So, solving a problem often demands the use of some 
former knowledge. For example, in the PEP textbook “Algebra Book 
Two” there is a computation exercise (PEP, 2001a, p. 221): 


Simplify: n+2+yn -4 n+2-y 2-4 (n>2). 


n+2~4n°—-4 n+24+Vn?-4 


Solution: "+2+V2n° —4 2+2- n -4 


n+2~Vn-4 n+2+yn?-4 
=n +2} +J(n-2)(n +2) + [n+ -Ja -Dad 


Jn+2} ~f(n—2)(n +2) fn +2? +Jf(n—2)(n+2) 


=vnt+24+Vn-24¥n+2-Vn-2 
Vn+2-Vn-2 Vn+2+~n-2 
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—~(n+2+Vn—2) 4 (Wn+2-Vn-2) 
4 4 


=n 


As shown above, the solution of the given item that belongs to 
Chapter 11 is related to topics in Chapters 8 and 9. These kinds of 
situations do not occur as often in the new textbooks. 

Thirdly, there are more “real world” items in the new textbooks. 
These items are often only related to number computations. So, the 
chance for complex symbolic computation is lower in new textbooks 
than in the old ones. 

In the MEP year 8 textbooks, however, only 20 per cent of items 
need “Simple symbolic computation” and no items need “Complex 
symbolic computation” (Bao, 2002a, 2002b). So, compared to its British 
counterpart, the computational difficulty level in the new Chinese 
textbook is still very high. 


3.4 Reasoning levels 


Mathematical reasoning is a strong point in traditional Chinese 
mathematics curriculum, especially in the geometry curriculum. 
Compared to the old mathematics syllabus, however, the greatest change 
which has taken place in the new mathematics standards can be found 
with geometry. So, the question is: Are there any differences in 
mathematical reasoning between the new and old textbooks? Let’s 
consider Figure 5. 


60% 
50% 
40% 
30% 
20% 
10% 

0% 


—#&— Old Books 
—@— New Books 


None Simple Complex 


Figure 5, Comparison on reasoning level between new and old textbooks 
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Figure 5 shows, about half the items in both the new and old samples 
don’t need any mathematical reasoning. But with the items that need 
“Complex reasoning”, the percentage has dropped from 16.15% in the 
old textbooks down to 1.20% in the new textbooks. That is to say, of the 
1004 items in the new textbooks, only about 12 items need “Complex 
reasoning” whereas the corresponding number in the old textbooks totals 
about 300. 

The decline in the level of reasoning required in the new textbooks is 
mainly due to the changes caused by the new Standards. In the new 
national Standards, there are only four theorems that can be used as 
arguments for geometric proofs. These are: 


e When two parallel lines are cut by a single straight line, the 
corresponding angles are equal. 

e Straight line falling on two straight lines makes the 
corresponding angles equal to one another, then the straight 
lines are parallel to one another. 

e Iftwo sides and the angle between them (two angles and the 
side between them, or three sides) in one triangle have the 
same measures in another triangle, then the triangles are 
congruent. 

e Jn congruent triangles, the corresponding sides and angles 
have the same measures. 


Compared to the new Standards, however, propositions highlighted 
in boldface in the old textbooks can be counted as arguments for 
mathematics proofs. These propositions (which total 84 in Geometry 
Book Two) form a new level based on mathematics conceptions in the 
knowledge structure. We call this curriculum a “Theorem-based 
curriculum” because the geometric proofs in the curriculum are mainly 
“theorem-based” deduction (Chin & Tall, 2000, 2001). Of course, the 
reasoning level in a “Theorem-based curriculum” will be higher than that 
found in a “Definition-based curriculum”, 

Although the new Chinese mathematics curriculum appears to lean 
towards a “Definition-based curriculum” from a “Theorem-based 
curriculum”, the reasoning level of the Chinese new textbooks is still 
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significantly higher than that of its British counterpart. For example, 
there are no items that need “Complex reasoning” in MEP year eight 
textbooks. 


3.5 Topic coverage levels 


In this paper, the concept “Topic coverage” indicates the number of 
topics in a single item, and the term “topics” is defined by the Standards 
or Syllabus (Bao, 2002a). The following figure is based on Table 4. 


50% 

40% 

30% —fs— Old Books 
~~@— New Books 


20% 
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Single Two Three Above Four 


Figure 6. Comparison on topic coverage level between new and old textbooks 


Figure 6 shows that the percentages on the four levels of the two 
sample textbooks are close, especially on the second and fourth levels. 
On the other two levels, there are a few differences between the two 
textbooks. For example, the percentage of “Single topic” items in the 
new textbook is a little higher than that found in the old textbooks, 
whereas the percentage of items containing “Three topics” in the new 
textbooks is a little lower. 

In the MEP textbooks in the UK, however, more than 64% of items 
in year 8 only have a “single topic” and less than 1% of items have more 
than “Three topics” (Bao, 2002a). That is to say, there is little connection 
between the different topics. In fact, the two countries’ mathematics 
curricula have different emphases. The MEP textbooks focus on the 
connection between mathematics and the real world whereas the Chinese 
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textbooks attach more importance to relationships between different 
mathematical concepts. 


3.6 Composite difficulties 


In the above five sections, we have compared the difficulty levels on 
different factors with the new and old Chinese textbooks. 

In this section, we will use the composite difficulty model to 
compare these two samples as a whole. By Table 4 and formula (*), we 
could get the weighted mean for each factor (Table 6) and the composite 
difficulties of the textbooks (Figure 7). 


Table 6 
Weighted Means of Five Difficult Factors 


i a Topi 
Textbook | Investigation Computation 


Note. The weighted means are corrected to 0.01. 


Topic Coverage 


Reasoning Investigation 


—#— Old Books 


=ê- New Books 


Figure 7. Comparison on composite difficulty between new and old textbooks 


From Figure 7, we can see some typical characters in the two 
samples. For example, the new textbooks have advantages in areas such 
as “Investigation” and “Context” levels. However, the level of difficulty 
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for “Symbolic computation”, “Complex reasoning” and “Topic 
coverage” has been reduced. 


4 New Question 


The initial findings of this study show that in the new Chinese textbooks 
there are more investigating activities (e.g., open-ended problems, hands- 
on activities, cross subjects projects), more items connected to real life 
(especially to students’ personal life), and fewer complex computations 
and reasoning. 

However, will these changes in mathematics textbooks lead to 
innovations in teaching and learning styles? 

The traditional Chinese mathematics textbooks have the following 
characteristics (Figure 8): 


Coherent, systematic 


Topics relate to 
each other 


Theorem-based 
curriculum 


Few topics, more 
teaching times 


4 } t 


Accumulation of More topics in each 
difficulty item 


Multi-steps and 
theorem-based 
reasoning 


High composite 
difficulty 


Figure 8, Characteristics of traditional Chinese textbooks 


As shown in Figure 8, the traditional Chinese mathematics textbooks 
have three characteristics. Firstly, there are only a few mathematics 
topics in each grade and more teaching time is devoted to each topic. 
Secondly, there are close links between the different topics. This is 
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especially the case because later topics are usually related to preceding 
topics, as in a logic chain. Thirdly, the geometry textbooks are typical 
“Theorem-based curriculum”, and the geometric reasoning is typical of 
“Theorem-based deduction”. 

Based on the above characteristics of Chinese traditional 
mathematics textbooks, there are three typical Chinese mathematical 
teaching styles: 

The first is “Teaching with variation” (Gu & Marton, this volume). 
In Chinese mathematics textbooks, most items usually have multi-steps 
and cover several topics. There are often different variations from the 
original item in three ways: (1) Change the given conditions or 
conclusions of the proposition; (2) Using different methods to solve the 
problem; (3) Applying the solutions of the item to other situations (called 
a problem-solving trilogy by Chinese mathematics teachers). So, 
“Teaching with variation” is the most popular teaching style in Mainland 
China. 

The second is “Grouped-items training”. Because the traditional 
Chinese mathematics curriculum is a “Theorem-based curriculum”, the 
basic principle of problem-solving is to transfer unsolved problems to 
solved ones, and complicated problems to simple ones. The success of 
transferring not only depends on the mastery of the “Two basics”, but it 
also depends on the accumulation of “Typical sample problems” and 
“transferring strategies”. In Chinese mathematics classes, experienced 
teachers usually integrate several “transferring strategies” into a series of 
“Typical sample problems”, which is called “Grouped-items training”. 

The third involves overlapping review and knowledge re- 
construction. In the traditional Chinese mathematics curriculum, there 
are rich relationships between different topics and items, and the learning 
of a topic or the solving of a problem often depends on the mastery of 
former topics or problems. Thus, in traditional Chinese mathematics 
classes, a large amount of teaching time is spent reviewing what was 
learned before so as to systemise the knowledge gained. 

Similar to the notion in nature of “survival of the fittest”, the Chinese 
traditional teaching and learning style, after decades of “evolution” has 
proved itself the most fit for the traditional mathematics curriculum. But 
now, the mathematics curriculum has changed in many ways. So, the 
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question is: What styles of teaching and learning will best fit the new 
curriculum? 

To find answers to the above question, it is important to note that 
reform of teaching and learning styles is more difficult to attain than 
reform of curriculum. Additionally, traditional teaching and learning 
styles do not always fit the new curriculum. 

Finally, it would be pertinent to highlight TIMSS findings in 
concluding this paper. Recent reports of the TIMSS curriculum study 
state that “Textbooks, not standards, drive U.S. mathematics and science 
achievement” and that “Textbooks affect which topics teachers teach and 
how much time they spend on them. They also affect gains in student 
achievement” (Schmidt et al., 2001). In fact, the relatively poor 
comparative performance of U.S. eighth graders is viewed “Nationally, 
(as)... related to a middle-school curriculum that is not coherent, and is 
not as demanding as that found in other countries we studied. U.S. 
eighth-grade students study arithmetic, for example, but the children in 
the top-achieving countries study algebra and geometry” (Schmidt, 
McKnight, Cogan, Vakwerth, & Houang, 1999). 

Yes, indeed, a textbook does matter. 
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Chapter 9 


Textbook Use within and beyond Mathematics 
Classrooms: A Study of 12 Secondary Schools in 
Kunming and Fuzhou of China 


FAN Lianghuo CHEN Jingan 


ZHU Yan QIU Xiaolan HU Jiuzhong 


This chapter presents a study which investigated how teachers and 
students used textbooks within and beyond Chinese mathematics 
classrooms. Data were collected from 36 mathematics teachers and 272 
students in 12 secondary schools in Fuzhou and Kunming, two major 
cities in Mainland China, through questionnaires, classroom 
observations, and interviews. The study provided a general picture of 
the textbook use by Chinese teachers and students of mathematics. The 
results showed that textbooks were the main but not the only source for 
teachers to make decisions about what to teach and how to teach. For 
students, textbooks were their main learning resource for both in-class 
exercise and homework. No significant differences were found between 
teachers with different genders, experiences, from different regions and 
schools in their use of textbooks, though some significant differences 
were found between students in the two cities in their use of textbooks. 
Explanations for the results are offered in the chapter. 


Key words: Chinese mathematics classrooms, learning materials, 
problem solving, teaching materials, textbook use 


1 Introduction 


Over the last two decades, the role of textbooks in both teachers’ 
teaching and students’ learning of mathematics has received increasing 
attention from researchers (e.g., see Ball & Cohen, 1996). Many studies 
have revealed that the availability of textbooks (i.e., the presence of 
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textbooks in class) was positively associated with student achievement, 
especially in the developing countries (e.g., Fuller & Clarke, 1994; 
Heyneman, Farrell, & Sepulveda-Stuardo, 1978; Schiefelbein & 
Simmons, 1981). Moreover, researchers around the world have 
consistently reported the extensive use of textbooks in classrooms. For 
example, in Germany and Switzerland, teachers used one main textbook 
for mathematics teaching for each year and overall followed the book 
fairly closely (Bierhoff, 1996). In England, the majority of teaching 
approaches in classroom practice were found to essentially reflect those 
embodied in the textbooks (ibid.). In the US, researchers found that 75 to 
90 percent of instructional time was structured around textbooks (Tyson 
& Woodward, 1989; Woodward & Elliott, 1990). In Japan, Fujii (2001) 
indicated that the majority of teachers taught the contents in textbooks in 
a straightforward way; they usually neither went beyond the materials 
nor offered less than what was included in the books, which he called “a 
very honest manner”. 

Studies on how teachers use textbooks in their teaching practice have 
so far generated different conclusions. Relatively speaking, earlier 
studies (i.e., before the mid-1980s) showed more evidence that school 
teachers adhered closely to textbooks in terms of content selection and 
sequencing. The teaching approaches adopted by the teachers were also 
highly similar to those presented in the books (e.g., McCutcheon, 1982; 
National Advisory Committee of Mathematics Education, as cited in 
Kuhs & Freeman, 1979; Woodward & Elliott, 1990). However, more 
recent studies revealed that there existed significant differences on the 
ways in which teachers used textbooks in class. For instance, Schmidt, 
Porter, Floden, Freeman, and Schwille (1987) found that there were four 
patterns of textbook use by eighteen primary mathematics teachers in 
Michigan, US: (1) classic textbook-follower (six teachers), (2) textbook 
follower/strong student influence (six teachers), (3) follower of district 
objectives (three teachers), and (4) follower of conception and past 
experiences (three teachers). Similarly, Freeman and Porter (1989) also 
found that there are three styles of textbook use by four primary 
mathematics teachers: (1) textbook-bound (one teacher), (2) focus on the 
basics (two teachers), and (3) focus on district objectives (one teacher). 
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The inconsistency in the findings of different researches about how 
teachers used textbooks in their teaching suggests that teachers’ use of 
textbooks is a complex activity. Many factors could affect teachers’ 
behavior and decision about how textbooks are used. Textbooks 
themselves could be such a factor that has direct impacts on the ways in 
which teachers used them. In other words, teachers might use different 
textbooks in different ways (e.g., Barr, 1988; Fan & Kaeley, 2000; 
Krammer, 1985). 

Another reason for the inconsistency might be related to the fact that 
many of the studies on how teachers used textbooks were, as Fan and 
Kaeley (2000) indicated, of small scale. As Love and Pimm (1996) 
pointed out, collecting research data in this area is rather difficult. 
Understandably, there could be problems concerning the external validity 
of findings from such small-scale studies. In this sense, more studies, 
especially those with a larger scale, are still needed. 

Naturally, large-scale studies would involve more subjects. However, 
the data in currently available large-scale studies were often just 
collected by questionnaire surveys, as we can see from the Second 
International Mathematics Study (SIMS) and the Third International 
Mathematics and Science Study (TIMSS). Some researchers have 
questioned about the (internal) validity of findings obtained merely from 
this research method, that is, teachers’ self-reports on textbook use. In 
fact, some researchers have reported a conflict between how teachers 
reported their use of textbooks and how they really used textbooks in 
practice (e.g., Sepulveda-Stuardo & Farrell, 1983). Sosniak and 
Stodolsky (1993) pointed out that many teachers were not concerned or 
self-conscious about how they used textbooks in their own teaching. 

Overall, among the limited number of studies on textbook use in 
teaching and learning, most were conducted in Western educational 
contexts. As Zhu and Fan (2002) noted, there were few such studies 
conducted in Asian countries, particularly in Chinese school settings. In 
addition, most studies were from a perspective of teaching, that is, on 
how teachers use mathematics textbooks in their teaching, and few were 
from a perspective of learning, namely, on how students use textbooks in 
their learning. 
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The main purpose of this study was to investigate how mathematics 
teachers in secondary schools in two major cities, Kuming and Fuzhou, 
of China used mathematics textbooks in their teaching. The study was 
also partially designed to look into how students there used mathematics 
textbooks in their learning of mathematics. Through investigating the 
ways in which teacher and students in those two cities used mathematics 
textbooks both within and beyond classrooms, we hope to provide useful 
empirical evidence and shed light on what role textbooks play in the 
teaching and learning of mathematics in Chinese educational 
environment and how they shape the way Chinese students learn 
mathematics. In addition, the study also examined some factors that 
might affect the ways in which the teachers and students used the 
textbooks. 


2 Research Design and Procedures 
2.1 Population and sample 


There are several series of mathematics textbook currently being used in 
Mainland China, all being approved by the Ministry of Education. In 
each year, the ministry issues an approved textbook list for schools to 
select. In the past, there were totally eight series of mathematics 
textbooks being used at junior high school level. The majority of Chinese 
students (around 70%) used the books published by People’s Education 
Press (PEP) (Zeng, 1997; also see Li Jianhua this volume). Mainly 
because of its popularity, the PEP series was chosen for this study’. 
However, in the latest major curriculum reform, new textbooks were 
nation-widely introduced progressively from 2000 (Lian, 2000) and that 
the PEP series will be finally completely phased out. As a matter of fact, 
students in both Fuzhou and Kunming have stopped using the PEP series 
from Junior High 1 (JH1) since 2002, though students at Junior High 2 
(JH2) were still using the series. Therefore, only JH2 students in both 


' Another reason for us to select this series is that we have undertaken a study on the 
textbooks and hence obtained reasonable knowledge about the textbooks, particularly on 


their content, structure, and ways of representing mathematics problem solving (see Zhu, 
2003). 
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cities were involved in this study, the target population of the study. 
Correspondingly, Algebra II and Geometry II of the PEP series are the 
two textbooks being then used by the teachers and students. 

The research subjects of this study consisted of 36 mathematics 
teachers and 272 students from 12 secondary schools (6 in Fuzhou and 6 
in Kunming), a stratified sample from the population. More specifically, 
in each city, two schools were selected from high-performing schools 
(School Cohort I), two schools were selected from average-performing 
schools (School Cohort II), and the other two were selected from low- 
performing schools (School Cohort IID. 

Table 1 presents the background information of the 36 participating 
teachers, including their gender, highest education level, length of 
mathematics teaching experience, and the experience of teaching with 
the textbooks. All the information was gathered from the first four 
questions in the teacher questionnaire used in this study (see below). 


Table 1 
A Profile of the 36 Participating Teachers 


Gender of teachers 
Male 
Female 

Highest level of education 
Teacher College 


Norma] University 
Other Universi 


Experience of teaching with 
the PEP series 
= 10 years 
2 10 years 
! One teacher in School H did not report the year of teaching mathematics and that of 
teaching with the PEP series. 


As for the students, 121 were from Fuzhou and the other 151 were 
from Kunming. In each city, the numbers of participating male students 
and female students were nearly equal. 
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2.2 Instruments and data collection 


Three instruments were designed for this study: questionnaires, 
classroom observation, and interviews. 


2.2.1 Questionnaire 


The questionnaire survey used two questionnaires, one for teachers and 
the other for students. Both questionnaires are in multiple-choice format. 
The construction of the questionnaires was mainly based on the structure 
of the PEP books. 

There are 27 questions in the teacher questionnaire. Questions 1 to 4 
are set to collect teachers’ background information, as shown in Table 1, 
which is helpful to understand and analyze teachers’ responses to the 
questionnaire. Questions 5 to 14 are about teachers’ general use of the 
textbooks. For example, Question 7 asks teachers how often they used 
textbooks (student edition) in class. Questions 15 to 24 focus on how 
teachers used different groups of problems in the textbooks, such as 
example problems. Questions 25 and 26 are on teachers’ understandings 
of the importance of various teaching materials, including textbooks, in 
teachers’ teaching and students’ learning. The last question asks teachers 
whether there had been changes in their textbook use since they became 
mathematics teachers. 

The student questionnaire consisted of 14 questions; its design is 
similar to that of the teacher one. Questions 1 to 5 are about students’ 
general use of the textbooks. Questions 6 to 12 focus on how students 
used different parts of texts, including various groups of problems, in the 
textbooks. Question 13 is about students’ understandings of the 
importance of various learning materials, including textbooks, in their 
mathematics learning. The last question asks students whether there had 
been changes in their textbook use from year JH1 to year JH2. 

A pilot test of the teacher questionnaire with 2 teachers in Fuzhou 
and 3 teachers in Kunming selected from the population but not in the 
sample showed that the questionnaire could be completed within 30 
minutes. Moreover, none of the five teachers had difficulty in answering 
the questionnaire. 
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2.2.2 Classroom observation 


Having noticed the validity issue concerning the questionnaire survey 
method as raised by researchers mentioned earlier, we also employed 
two other instruments: classroom observation and interview, for data 
collection. 

Two teachers in each sample school with different teaching 
experience, that is, one teacher with less than 10-year teaching 
experience and the other with no less than 10-year teaching experience, 
were observed for their actual classroom teaching. All the teachers in 
Fuzhou were observed for once (one class period), whereas those in 
Kunming were observed twice. 

The classroom observation was used to investigate what really 
happened in class, with the focus being on textbook use by both teachers 
and students. Instruction for classroom observation was pre-designed. All 
classroom observations were documented with field notes. Those in 
Kunming were also tape recorded. 


2.2.3 Interview 


The interviews were conducted with all the teachers who received 
classroom observation. Interviews were used to ask teachers open-ended 
questions which were not covered or difficult to be asked in 
questionnaires; in particular, they were used to explore the underlying 
reasons why teachers were using the textbooks in the ways which they 
have reported in questionnaires or been observed in classroom teaching. 

General instruction for interviews was also pre-designed in order to 
keep the interviews focused and consistent. Understandably, in the actual 
interviews, questions were posed based on what the teachers had 
demonstrated in the classroom observation and other actual situations. 
Each interview was scheduled to take about 30 minutes. 
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2.2.4 Data collection 


Data collection from schools took place in the second quarter of 2003”. 
In Fuzhou, the questionnaires were distributed to about 20 JH2 students 
and 2 mathematics teachers in each of the 6 sample schools with a 
response rate being 100% from both the students and teachers. In 
Kunming, the questionnaires were distributed to all the JH2 students and 
their mathematics teachers in the 6 sample schools with a response rate 
being, around 88% from the students and 80% from the teachers. 

As mentioned before, in each sample school, 2 teachers with 
different lengths of teaching experience were observed for their 
classroom teaching. In total, 36 lessons consisting of 14 algebra lessons 
and 22 geometry lessons were observed. In Fuzhou each teacher was 
observed for one lesson (class period) and in Kunming each teacher was 
observed for two lessons, Among the 36 lessons observed, 25 lessons 
were normal lessons and 11 were review lessons. 

Before the classroom observation, the information relevant to the 
observed classes was gathered by the researchers, including student 
background, teaching content, and the structures and characteristics of 
the corresponding texts in the textbooks. 

All the 12 teachers were interviewed after the classroom observation. 
The interviews focused mainly on the reasons why the teachers used 
textbooks in the ways that displayed in the classroom observations. 
Correspondingly, the questions asked in the interviews varied from 
teacher to teacher. All the interviews were documented with field notes. 
Those conducted in Kunming were further tape recorded. 


2.2.5 Data processing and analysis 


The data in tape-recorded form obtained from classroom observations 
and interviews were first transcribed verbatim. Together with the 
transcriptions, all the collected data were translated from Chinese into 


? In Mainland China, a school academic year usually starts from the beginning of 
September and ends around the end of next June, and when the data were collected in the 
study, the two textbooks had been used by the teachers and students for close to two 
semesters. 
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English before analysis. The data from the questionnaires were then 
stored, processed, and analyzed using SPSS mainly by quantitative 
methods. The analysis is intended to get a general picture about how 
students and teachers use textbooks in mathematics class. 

The data from the other two instruments were analyzed mainly by 
qualitative methods. It is used to examine how textbooks were actually 
used by students and teachers in mathematics class and also the reasons 
why textbooks were used in this way or that way. 

In addition, to detect the factors that might affect the ways in which 
textbooks were used, three criteria were respectively employed to 
classify both students and teachers into different groups for comparison: 


1. Region: Fuzhou vs. Kunming 

2. School quality: high-performing schools, average- 
performing schools, and low-performing schools (i.e., 
School Cohort I, School Cohort II, and School Cohort III) 

3. Gender: Male vs. Female 


For teachers, two more dichotomies were created according to their 
responses to the first four questions in the teacher questionnaire: 


4. Teaching experience. Novice teachers vs. Experienced 
teachers; 

5. Teaching experience with the PEP series: Novice users vs. 
Experienced users. 


In this study, “Novice teachers” refer to the teachers who had taught 
mathematics for less than 10 years and the remaining teachers are 
defined as “Experienced teachers”. Similarly, the time period of 10 years 
was also used to distinguish “Novice users” from “Experienced users”. 

We were initially also interested to know if teachers’ educational 
background would affect the way in which they use the textbooks. 
However, as showed in Table 1, it is quite homogenous among the 36 
participating teachers in this aspect. In particular, more than four fifths of 
the teachers were university graduates and all but two of them were from 
normal universities. Therefore, it is difficult for this study to detect 
whether teachers with different education background would use 
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textbooks differently, and “education background” was not used as a 
variable for classification and hence no comparison was made against it. 


3 Results and Discussions 


The results of this study are reported in the following sequence: general 
use of the textbooks, use of various parts of texts in the books, and some 
other issues (including teachers’ understanding of the role of textbooks in 
mathematics teaching and learning and their changes in textbook use 
over the years), which is parallel to the sequence of the questions 
arranged in the questionnaires. 


3.1 General use of the textbooks 


Ten questions in the teacher questionnaire and 5 questions in the student 
questionnaire were specifically focused on the general use of the 
textbooks. 

According to teachers’ response to the questionnaire survey, about 
22% teachers “always” followed the order presented in the textbooks, the 
others “often” or “sometimes” did so, and no one “seldom” or “never” 
followed the order. Moreover, it was found that there was significant 
difference among the teachers from different school cohorts, y (2, N = 
36) = 8.25, p < .05. In particular, significantly more teachers from low 
performing schools “always” followed the sequence in the textbooks 
than those from high performing schools, 7 (1, N = 25) = 7.68, p < .05. 
The result seems understandable. As some teachers commented in the 
interview, it was convenient for students to understand better and review 
well what had been taught in class if teachers followed the textbooks 
closely in their teaching. It appears that students from low performing 
schools who were relatively slow learners could benefit more from such 
a textbook use strategy. 

In the questionnaire survey, the percentages of the teachers who 
reported that they “always”, “often”, and “sometimes” used the 
textbooks in their classroom teaching were 22%, 59%, and 19% 
respectively, while no teacher claimed that he/she “seldom” or “never” 
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used the textbooks. No significant difference was found across different 
comparison groups in this aspect of textbook use. 

The classroom observation confirmed the above result. In particular, 
except for 5 lessons in Kunming and | in Fuzhou, in all the lessons 
observed teachers used textbooks in their classroom teaching. The five 
lessons in Kunming were review lessons taught by five teachers. 
Nevertheless, all these teachers used textbooks in the other lesson 
observed. Moreover, four out of the five teachers were found using 
textbooks over 60% of the instructional time, with an average being 
71.6%. The lesson in Fuzhou observed was a typical lesson. When being 
asked why he did not use textbooks in the lesson, the teacher explained 
that “it was the second lesson on Section 12.4 and the content was more 
difficult so that the examples and exercises were all not from textbooks.” 
In fact, in the lesson, the examples and exercises used were either taken 
from past examination papers or designed by the teacher himself. 
Examining the teacher’s questionnaire, we found that the teacher actually 
reported that he conducted his lesson “always” following the order 
suggested by the textbook and he “often” used textbooks in his class. 

Different from the finding that more than 80% of the teachers 
“always” or “often” used textbooks in their lessons, students’ responses 
to the questionnaire showed that they used the books in classes less 
frequently. According to the responses, 7% of the students “seldom” or 
“never” used textbooks in mathematics classes, 29% of the students 
“sometimes” did so, and the percentages of “often” or “always” using the 
textbooks in classes were 41% and 23%, respectively. The difference 
between teachers and students in the frequency of using textbooks in 
classes, to some extent, suggests that textbooks serve more as a teaching 
resource than as a learning resource in Chinese classrooms. In other 
words, textbooks are indeed used more as “teaching materials” than as 
“learning materials”. By the way, no significant differences were found 
among different comparison groups of students in this aspect. 

The data collected from the teacher questionnaire revealed that the 
percentage of instructional time being structured by textbooks in 


3 In fact, “textbooks” in Chinese are usually called ke ben (RÆ, literally “texts for 
lessons”), or simply jiao cai (U4, literally “teaching materials”). 
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mathematics classes varied from 20% to 90%, with an average being 
66.7%. No significant difference was detected across comparison groups 
of teachers. According to the classroom observation conducted in 
Kunming, which recorded the time structure of all the lessons in detail, 
we found that excluding the five review lessons without using textbooks, 
there was 72.4% of the instructional time involving the use of textbooks. 
The result is largely consistent with available findings from US 
classrooms, where around 75 to 90 percent of instructional time was 
found to be centered on textbooks (Tyson & Woodward, 1989; 
Woodward & Elliott, 1990). 

The TIMSS study found that in five out of 34 educational systems, 
mathematics teachers relied more on the curriculum guides than 
textbooks when they made decisions on “what to teach”. As to teaching 
approaches, most used textbooks as their main resources (see Beaton et 
al., 1996). In this study, we set two similar questions. The results showed 
that the teachers used textbooks (student edition) most frequently among 
all the teaching materials for both content and approach decisions (see 
Figure 1). 


Content Decision Approach Decision 


A B c D E A B c D E 
Figure 1. Average frequency of using various teaching 
materials in teachers’ content and approach decisions 


Note. 1. A = National mathematics curriculum standards, B = Junior high school 
mathematics syllabus, C = Textbooks (student edition), D = Textbooks (teacher edition), 
E = Other materials; 2. By the ordinal scale in the figure, 5 = Always, 4 = Often, 3 = 
Sometimes, 2 = Seldom, and 1 = Never. 


Consistent with the results from the above analysis based on the 
average frequency, an ordinal regression (PLUM) using SPSS revealed 
that in both content and approach decision making procedures, the 
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teachers used textbooks (student edition) with the highest frequency. 
Table 2 shows that the order of the frequency of using the five teaching 
materials for content decision is, from highest to lowest, “textbooks 
(student edition)” (C), “other materials” (E), “textbooks (teacher 
edition)’ (D), “junior high school mathematics syllabus” (B), and 
“national mathematics curriculum standards” (A). Furthermore, it can be 
found that the teachers used “textbooks (student edition)” for content 
decisions significantly more often than “textbooks (teacher edition)” at 
the 0.01 level, whereas the frequency of using the other three materials 
was at the same level as that of using “textbooks (teacher edition)”. The 
order for the approach decisions is quite similar to that for the content 
decisions: “textbooks (student edition)” (C), “textbooks (teacher 
edition)” (D), “other materials” (E), “junior high school mathematics 
syllabus” (B), and “national mathematics curriculum standards” (A). 


Table 2 
Log-Linear Regression Results on the Data about Content Decisions by Teachers 


Parameter Estimates 


95% Confidence Interval 
Estimate | sid Enor | Wald 


-7.020 
pia =2) A -5.020 
{FREQUENC = 3] “1, 4 . -3.463 
{FREQUENC = 4) 294 | X : i -.998 
[STANDARD=0] A j i A -9.370E-02 
[STANDARD=1] s ; ‘ ; 
[SYLLABUS=0) 644E- P i . -.846 
ISYLLABUS=1] 
{SBOOK=0} 
{SBOOK=1} 
{OTHERS=0] -2.41E-02 
{OTHERS=1] o 
[TBOOK=0} o? 
{TBOOK=1} oF 

Link function: Logit. 
3. This parameter is set to zero because it is redundant. 


Note. STANDARD = National mathematics curriculum standards, SYLLABUS = Junior 


high school mathematics syllabus, SBOOK = Textbooks (student edition), TBOOK = 
Textbooks (teacher edition), and OTHERS= Other materials. 


In the interview, many teachers reported that they always used 
textbooks in their lesson preparations. When being asked for the 
purposes of using textbooks at this stage, most mentioned that to decide 
teaching contents and approaches was one of the main concerns. In 
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addition, some teachers also selected example problems, in-class 
exercises, and homework from the textbooks during their lesson planning. 

The frequency of using various teaching materials in the two 
processes across different teacher groups was more or less the same. Chi- 
square tests revealed that school quality was the only factor having 
significant influence on the frequency of using syllabus (7 [8, N = 34] = 
16.83, p < .05) and textbooks (teacher edition) OF [6, N = 34] = 13.94, p 
< .05), when teachers decided teaching approaches. In particular, 
significantly more teachers from School Cohort H at least “sometimes”: 
resorted to syllabus for teaching approaches than those from School 
Cohort Ill, 7 (1, N = 19) = 3.96, p < .05; significantly more teachers 
from School Cohort II “always” or “often” used textbooks (teacher 
edition) in preparing for teaching approaches than those from School 
Cohort Ill, 7 (1, N= 19) = 4.00, p < .05. 

The questionnaire also asked teachers how often they referred to 
various teaching materials to select example problems, in-class exercises, 
and homework. In terms of the average frequency, the results showed 
that textbooks (both student and teacher editions) were used most 
frequently in the three activities (see Table 3), which is largely confirmed 
from the interviews as mentioned earlier. No significant difference was 
found across different comparison groups. 


Table 3 
Average Frequency of Using Various Teaching Materials to Select Tasks for Example, 


In-class Exercise, and Homework Assignment 


Example In-class exercise Homework 
A 3.13 3.10 3.07 
B 3.27 3.43 3.39 
G 4.17 4.37 4.34 
D 3.90 3.94 3.81 
E 3.60 3.68 3.73 


Note. 1. A = National mathematics curriculum standards, B = Junior high school 
mathematics syllabus, C = Textbooks (student edition), D = Textbooks (teacher edition), 
E = Other materials; 2. By the ordinal scale in the figure, 5 = always, 4 = often, 3 = 
sometimes, 2 = seldom, and 1 = never. 


Log-linear regression analysis again obtained consistent results. It 
indicates that the five teaching materials from the most frequently used 
one to the least one in all the three activities were “textbooks (student 
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edition)” (C), “textbooks (teacher edition)” (D), “other materials” (E), 
“junior high school mathematics syllabus” (B), and “national 
mathematics curriculum standards” (A). Moreover, the analysis showed 
that when selecting both example problems and in-class exercises, the 
teachers significantly more often referred to “textbooks (student edition)” 
than “other materials” at the 0.01 level, whereas the frequencies of using 
the other four teaching materials were at the same significant level. For 
homework assignment, the frequency of using “textbooks (student 
edition)” was again significantly higher than that of using “other 
materials” and the difference reached at the 0.001 level, meanwhile the 
use of “national mathematics curriculum standards” was less frequently 
than the use of “other materials” at the 0.05 level. 

It should be pointed out that the above finding has been consistently 
found by many other researchers in different educational settings. For 
instance, in a survey of 28 Australian secondary mathematics teachers’ 
preferences in textbook characteristics and uses, Shield (1989) found that 
the most important textbook use was for student exercises in class and 
for homework (also see National Advisory Committee on Mathematics 
Education, as cited in Nicely, 1985; Porter, Floden, Freeman, Schmidt, & 
Schwille, as cited in Flanders, 1987; Zhu & Fan, 2002). 

In the student questionnaire, students were asked to estimate how 
much of their homework was directly from textbooks. Around 60% of 
the students claimed that “almost all” or “large part” of their homework 
were assigned from textbooks, while more than 20% of the students 
reported that only “small part” or “very little” of the homework were 
from the books. It was further found that students in Kunming received 
significantly more homework from textbooks than those in Fuzhou, 7’ (4, 
N = 266) = 42.52, p < .001. School quality was another factor that had 
significant influence on the source of homework; students’ homework in 
high performing schools was assigned from textbooks significantly more 
than that in both average (7° [4, N = 186] = 35.02, p < .001) and low ( 
[4, N = 169] = 15.27, p < .01) performing schools. The reason might be 
that students in lower performing schools were assigned more extra 
homework for reinforcement; nevertheless more evidences are needed 
concerning this result. 
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The classroom observation revealed that a higher percentage of 
teachers in Kunming (41.7%) assigned homework entirely from 
textbooks than those in Fuzhou (25.0%). However, we did not find 
teachers from different school cohorts had significant difference on 
homework assigning, in terms of the source of homework. The fact that 
only a limited number of lessons were observed might be one reason for 
the inconsistency between the result obtained from the classroom 
observation and that from the student questionnaire. 

The importance of textbooks in lesson preparations was highly 
evaluated by the teachers. In particular, all the teachers gave positive 
evaluation and 62.9% of them rated “textbooks (student edition)” “very 
important” and 54.5% gave the same evaluation to “textbooks (teacher 
edition)”. Moreover, an ordinal regression (PLUM) revealed that the 
importance of “other materials” was significantly lower than that of 
textbooks in both student and teacher versions at the 0.01 level. It was 
found that teachers from different comparison groups had no significant 
differences on the evaluations of the importance of various teaching 
materials in their lesson preparations. 

In the teacher questionnaire, teachers were also asked how often they 
required students to read textbooks before, during, and after classes. 
Correspondingly, students were asked in the student questionnaire how 
often they read the textbooks at the three time periods. The results were 
displayed in Table 4. 


Table 4 


Teachers’ Requirements (TR) on Reading Textbooks and Students’ Actual Reading (S) 
Before, During, and After Classes 


Before the class During the class After the class 
TR S TR S TR S 
9 22 8 36 6 14 
Always (26.5%) (8.1%) (229%) (134%) (17.6%) (5.3%) 
Siea 15 66 14 110 18 72 
(44.1%) (24.4%) (40.0%) (40.9%) (52.9%) (27.2%) 
, 7 115 9 90 7 112 
Sometimes (99.6%) (424%) (25.7%) (33.5%) (20.6%) (42.3%) 
E 3 52 4 26 3 60 
(8.8%) (19.2%) (11.4%) (9.7%) (8.8%) (22.6%) 
A 0 16 0 7 0 7 


(0%) (5.9%) (0%) (2.6%) (0%) (2.6%) 
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Table 4 suggests that students read textbooks most often during the 
class and least before the class. An ordinal regression (PLUM) further 
revealed that students read textbooks significantly more frequently 
during the class than after the class at the 0.001 level. Teachers’ direct 
instruction on reading textbooks during the class might be one 
motivation for students to do the in-class reading. It can be seen from the 
table that more than 88% of the teachers at least “sometimes” required 
their students to read textbooks in class. 

The classroom observation found that the majority of teachers 
(62.5%) asked students to read textbooks in class, including reading main 
texts and example problems. Most lessons with reading instruction were 
normal lessons (16 out of 18). The results from the follow-up interview 
consistently revealed that the majority of teachers at least “sometimes” 
asked their students to read textbooks in class. However, in students’ 
views, the main reason for them to read textbooks in class is not 
teachers’ requirement on reading but their own desires (teachers’ 
instruction: 21.1%, self motivations: 70.5%, other reasons: 8.4%). 

Table 4 also shows that teachers less frequently required students to 
read the textbooks during the class than to do so during the other two 
time periods. No statistically significant differences were found among 
teachers from different comparison groups about this requirement. In the 
interviews, many teachers also expressed their preference for students to 
read textbooks before classes. In doing so, teachers expected students to 
have some ideas about what they were going to learn in the next lesson 
so as to achieve better learning effects. However, some teachers also 
doubted whether their students would really read textbooks before and 
after classes. One teacher from School Cohort II pointed out that she 
required students’ parents to check students’ reading outside the 
classroom. Students’ self-reports showed that nearly 25% of the students 
“seldom” or “never” read textbooks before or after classes, and most of 
them (68.2%) claimed that they did not read textbooks because they did 
not have such a habit. 

A further analysis with respect to different comparison groups of 
students revealed that the students in Fuzhou read textbooks both before 
classes and during classes significantly more frequently than their peers 
in Kunming (Before: 7” [4, N = 271] = 20.79, p < .001; During: z [4, N= 
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269] = 12.73, p < .05]. Further study is needed to explore why there is 
such a difference. Nevertheless, no significant difference was found on 
teachers’ requirement on reading during the two time periods between 
the two cities. 


3.2 Use of various parts of texts 


In the PEP textbooks, a regular chapter usually consisted of several parts: 
introduction, main text (including example problems and their solutions), 
various exercise problems ‘ (i.e., Drill, Practice, Revision, Self-Test, 
Think-it-Over), summary and revision, and enrichment materials’ (i.e., 
Read-it, and Do-it’) (see more details in Zhu, 2003). To investigate how 
these components of the texts are used by both students and teachers, 
specific questions were designed in the questionnaires. 

Mathematics textbooks, particularly Asian ones, normally devoted 
much space to example problems and their solutions, including 
explanations. For instance, earlier studies found that 63% of text space in 
Japanese textbooks and 67% in Chinese textbooks was used for worked- 
out examples and related explanations (Carter, Li, & Ferrucci, 1997; 
Mayer, Sims, & Tajika, 1995). As Love and Pimm (1996) noted, 
examples were intended to offer students a model to be emulated in the 
exercises which followed. In this sense, examples with their explanations 
played a very important role in the process of teaching and learning. 

In the present study, we found that in all but two normal lessons 
(92%), teachers presented examples to students in the classes observed. 

Where the examples used by the teachers in class came from was one 
of our concerns. Questions 15 to 17 in the teacher questionnaire were 


* According to the textbook authors, “Drill” problems (24 >J) are mainly for in-class use 
for consolidation; “Practice” problems (73 #1) are mainly for in-class or after-class 
assignment; “Revision” problems (42 >) #8) are designed for chapter revision; “Self-Test” 
problems (A RIJA) are for self checking after completing learning of one chapter; 
“Think-it-Over” problems (4&—48) are mainly for students to do high order thinking 
(PEP, 1993a, 1993b). 

> Not all chapters have enrichment materials. 

é Only geometry books have problems entitled “Do-it”, which provide students with 
“hands-on” activities. 
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targeted on this issue. The results showed that the percentages of 
examples illustrated in class which were from textbook examples varied 
from 10% to 100%, with an average being 74.4%. Nevertheless, the 
teachers also reported that around 65% of in-class examples were taken 
from various types of non-example problems provided in the books. It 
seems to us that some teachers were not clearly aware how they selected 
in-class examples. 

The results from classroom observations showed that only around 
35.2% of the in-class examples were textbook examples. The main texts 
also contained some worked-out problems which were not designed as 
examples. In the classroom observations, quite a number of teachers used 
these problems as in-class examples. Including these problems, we found 
that the corresponding percentage of in-class examples being worked-out 
problems in the textbooks was 52.7%. In addition, no exercise problems 
in the textbooks were used by the teachers as in-class examples in the 
classes observed. 

The questionnaire survey revealed that about 81.7% of the textbook 
examples were used by teachers in their classroom teaching practices. 
We also compared the examples actually used in the classes observed 
and the example problems presented in the corresponding texts, and the 
result showed that 80% of the textbook examples were used in class by 
those teachers who were observed. When including all the non-example 
problems in the main text, we found that the percentage reached 88.2%. 

The .classroom observations found that 75% of the teachers who 
conducted normal lessons used examples which were not from textbooks 
or simply designed by themselves. In the 17 normal lessons observed in 
Kunming, teachers presented a total of 52 in-class examples, while there 
were only 20 example problems available in the corresponding texts. 
Although the teachers used nearly all of these textbook examples as in- 
class examples and some of them further used the non-example worked- 
out problems in the main text, 22 in-class examples were either taken 
from other teaching materials or designed by the teachers themselves. 

In the interview, all the teachers reported that in general they would 
use textbook examples as in-class examples, meanwhile they also often 
selected in-class examples from other types of problems in the textbooks 
and other reference books. Although no teacher claimed that the shortage 
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of textbook examples was one reason for he/she used examples from 
outside materials, most teachers indicated that the purpose for them to 
resort to other resources was to deepen students’ understanding, widen 
students’ views, and promote the development of students’ ability in 
problem solving. It appears that the examples provided in the textbooks 
were not sufficient in both quantity and quality for teachers to use in 
their classrooms. 

With respect to the way in which the textbooks presented the 
solutions to the example problems, we found that the majority of teachers 
(75.8%) “always” or “often” used the ways presented in the textbooks 
but with some modifications. No one reported that he/she strictly 
followed the textbooks all the time, and a minority (18.5%) of the 
teachers said that they often used the ways different from the textbooks. 
By the way, further analysis revealed that female teachers used the ways 
presented by the textbooks without modifications significantly more 
frequently than their male colleagues, x (2, N = 30) = 6.47, p < 05. 
Moreover, male teachers tended to use different ways from the textbooks 
more often than female teachers and the difference was statistically 
significant at the 0.05 level Q [2, N = 27] = 8.00). 

The classroom observations also showed that many teachers 
illustrated the examples in the ways which were presented in the 
textbooks. Moreover, the teachers in many cases added some alterative 
solutions to those example problems, either demonstrated by themselves 
or asked students to provide alterative solutions. In the observed classes, 
we did not find any teacher who used the ways significantly different 
from the textbooks. 

During the interviews, teachers were asked why they in the observed 
lessons used some different ways from the textbooks for presenting the 
examples. Almost all the teachers told us that they would basically 
follow the ways presented in the textbooks, since those ways were 
usually fundamental, simple, and easy for students to understand. Using 
the ways in textbooks was also convenient for students to do revision 
after class. However, the ways in the textbooks might not be best ones so 
that they often provided students with alterative ways to broaden 
students’ minds and encourage them to think. 
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Various exercise problems designed for students to work through are 
another important component of mathematics textbooks. As reported 
earlier, teachers often selected in-class exercises and homework tasks 
from this component of the books. Teachers’ self-reports in the 
questionnaire showed that the problems under the rubrics of “Drill” and 
“Practice” had the highest rates of utilization, whereas the problems 
entitled “Think-it-Over” were used least (see Figure 2). 


Used Think-it-Over 


problems 
1% 1% 
Unused Revision < w 
A 
problems 0 Z i 
13% 4 Unused Think-it-Over 
y) problems 
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Unused Self-Test Used Self-Test 
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Figure 2. The use of various types of problems in the textbooks by teachers 


The t-tests revealed that the teachers used the various types of 
exercise problems significantly differently across the problem categories. 
The results are displayed in Table 5. 

It can be seen that the teachers used significantly fewer problems 
under the rubric “Think-it-Over” than all the other types of problems in 
class. The difficulty of these problems could be one possible reason. An 
analysis on the features of the various types of problems in the textbooks 
revealed that more non-routine problems were in these exercise problems 
(Drill: 0.3%, Practice: 0.1%, Revision: 0%, Self-Test: 0%, Think-it-Over: 
9.5%; see more details in Zhu, 2003). According to the textbook authors, 
the purpose of providing “Think-it-Over’ problems was to enrich 
students’ knowledge and inspire their interest. The contents involved in 
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these problems can go beyond the normal curriculum requirement (PEP, 
1993a, 1993b). Therefore, it is reasonable that the teachers used those 
problems less frequently than other problems. 


Table 5 
T-test Results on Teachers’ Use of Various Exercise Problems Offered in the Textbooks. 
Drill Practice Revision Self-Test | Think-it-Over 
Drill = 1.153 3.01” 2.47* 4.29°"* 
Practice = 3.06" 1.981 4.02°" 
Revision l — 0.87 3.04" 
Self-Test - 2.53" 
Think-it-Over = 


Note. p< .05,  p<.001, p< .001. “Drill” problems were not used significantly more 
than “Self-Test” problems, but the difference approached significance, p = .056. 


From the table, we can also find that the teachers used significantly 
more “Drill” and “Practice” problems than “Revision” and “Self-Test” 
problems. The main reason appears to be the fact that “Drill” and 
“Practice” problems were provided for each lesson to reinforce what 
students have learned, and hence were fundamental in students’ learning, 
whereas “Revision” problems were provided at the end of a chapter for 
chapter review purpose. 

Although “Self-Test” problems were also offered at the end of a 
chapter, they were not as challenging as those in “Revision” and 
“Practice” (Group B’), in terms of the number of steps involved in 
problem solutions. As described on the book preface, “Self-Test” 
problems were intentionally designed for students’ self-checking whether 
they have achieved basic learning objectives (PEP, 1993a, 1993b). Since 
these problems were particularly set for students’ self-learning, it was 
reasonable that teachers did not use them much but left them to students 
themselves. 

In general, there was no much difference on the use of various types 
of problems offered in the textbooks by the teachers across different 
comparison groups. The only significant difference was detected on the 


7 The textbooks divided problems in both “Practice” and “Review” into two groups: A 
and B. Problems in Group A were basic ones and meant for all the students, whereas 
those in Group B were relatively challenging and meant for students of higher ability. 
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use of “Self-Test” problems. Experienced teachers and users used 
significantly more of these problems than novices at the 0.05 level. 
Being more familiar with teaching contents and the problem features 
could be one possible reason for the difference. Moreover, the concern 
that some students might not do these problems without teachers’ 
requirement so that they would possibly miss something important (e.g., 
specific problem solving skills) could also be possible motivation for the 
experienced teachers/users to more often use the “Self-Test” problems. 

The teacher questionnaire revealed that while teachers in Kunming 
did not use significantly more “Self-Test” problems than those in Fuzhou, 
the difference approached significance, ¢ (13) = -2.14, p = .051. However, 
in the classroom observations, we did not see any teacher from both 
cities used these problems in actual classroom teaching. It might be 
because the fact that only a limited number of lessons were observed. 

Besides the frequency of using the different types of problems, 
teachers were asked about the functions that these problems were used to 
serve in their instruction. Five particular usages were defined in the 
questionnaire. They were “in-class exercises”, “homework”, “in-class 
examples”, “tests”, and “discussions”. Figure 3 displays the number of 
teachers who used the various types of exercise problems for the 
different purposes. 


In-class exercises Homework []In-class examples [J Tests @ Discussions 
35 


Drill Practice Revision Self-Test Think-it-Over 


Figure 3. The usage of various types of exercise problems provided in the textbooks 


Note. Three teachers did not give answers to the corresponding questions in the 
questionnaire. 
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It can be seen that all the teachers used “Drill” problems for in-class 
exercises, while around 30% of the teachers also used these problems for 
students’ homework or in-class discussions. It was quite consistent with 
the book authors’ intentions, as described on the book preface (PEP, 
1993a, 1993b). In the classroom observations, we also found that in the 
majority of lessons (55.6%), teachers asked students to do the “Drill” 
problems in class. 

The figure shows that both “Practice” and “Revision” problems were 
more used for students’ homework. Consistently, in the observed lessons, 
the majority of teachers (81.8%) assigned homework from “Exercise” 
sections, although many teachers also often used other materials (45.8%) 
or self-designed problems (20.8%) for homework assignment. Moreover, 
only one teacher from each city selected homework from “Revision” in 
our observations and both lessons were understandably review lessons. 
In the interview, the teachers reported that around 65.4% of students’ 
homework was assigned from the textbooks. 

Compared to the other types of problems, “Self-Test” problems were 
more often used for in-class tests by the teachers. It was consistent with 
the textbook authors’ intentions, as mentioned before. In addition, many 
teachers (54.5%) reported in the questionnaire that they also assigned 
these problems as students’ homework. Nevertheless, this practice was 
not found in the classroom observation. 

The teacher questionnaire data showed that the majority of teachers 
(75.8%) used “Think-it-Over” problems for in-class discussions. As said 
earlier, those problems were designed to enrich students’ knowledge and 
inspire their interest, moreover a higher percentage of problems in this 
section were non-routine problems (Zhu, 2003). Therefore, the result 
seems understandable. 

Figure 2 revealed that around 14% of all types of the problems in the 
textbooks were not used by the teachers in their teaching. In the student 
questionnaire, five questions were particularly designed on these 
unassigned problems. Table 6 lists the number (percentage) of students 
who worked on these unassigned problems under each type. The results 
showed that many students did the unassigned problems. 

In general, there was no significant difference among the students 
from different comparison groups about the unassigned problems, except 


252 How Chinese Learn Mathematics: Perspectives from Insiders 


students from low performing schools did significantly more unassigned 
“Self-Test” problems than those from both high (7 [4, N = 180] = 9.67, 
p< .05) and average (G° [4, N = 180] = 16.92, p < .01) performing schools. 
It was found that all the “Self-Test” problems were routine problems and 
the majority of them (58.6%) were single-step problems (Zhu, 2003). It 
appears reasonable that student in School Cohort III were relatively slow 
learners so that they might need to do more elementary problems. When 
answering the reason for students to do these unassigned problems, many 
students indicated that it was their own choice. Only about 12.8% of the 
students claimed that the reason was that their teachers required them to 
do so and 7.8% of the students reported that the reason is that their 
parents asked them to do so. 


Table 6 


Students’ Usage of Unassigned Exercise Problems Offered in the Textbooks 


Drill Practice Revision Self-Test ve 
ver 
Almostall 27(10.0%) 21 (7.8%)  22(8.2%)  31(11.5%) 16 (6.0%) 
Most 58 (21.6%)  51(19.0%) 60(22.4%) 51 (18.9%) 38 (14.3%) 
About half 75 (27.9%)  84(31.2%) 69(25.7%)  66(24.4%)  47(17.7%) 
Some 72 (26.8%) 73 (27.1%) 83 (31.0%) 74 (27.4%) 85 (32.1%) 


Very few  37(13.8%) 40(14.9%) 34(12.7%) 48(17.8%) 79 (29.8%) 


On the unassigned “Revision” problems, the study found that 
students in Fuzhou did significantly more than their peers in Kunming at 
the 0.05 level Ca [4, N = 268] = 11.79). Again, the motivation of doing 
these problems was mainly from students themselves (69.3%). 

Like many other textbooks, all but two textbooks (i.e., Geometry IT 
and Geometry HI) in the PEP series provided answers to some non- 
maintext problems at the back of the books. These answers were 
prepared for students’ self-checking (PEP, 1993a). Figure 4 depicts the 
usage of the answer sections by the students according to the 
questionnaire data. 
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Figure 4. Use of answer sections by students 


The results showed that only about 40% students often or always 
used the answer sections for self-checking. One reason for the low usage 
of the answer sections provided in the textbooks might be that the 
exercise problems were relatively easy for students, and hence they did 
not feel such a need to check the answers. Another reason might be that 
some students had not developed such a habit of self-checking. By the 
way, it is interesting to note that students in Fuzhou used the answer 
sections significantly more frequently than those in Kunming at the 0.05 
level (7° [4, N = 266] = 13.21). 

“Do-it” problems were only included in the PEP geometry textbooks. 
In Geometry II there were only four problems under this category. These 
problems were intended to provide students extracurricular hands-on 
activities (PEP, 1993b). According to the teacher questionnaire, there 
were actually more than 54% of the teachers who “always” or “often” 
used these problems for in-class activities and no one claimed that he/she 
“never” used such problems. Nevertheless, in the classroom observation, 
there were three lessons (1 in Fuzhou and 2 in Kunming) whose 
corresponding texts had “Do-it” problems, but no one used the problems 
in classes observed. 

As reported earlier, the majority of teachers required their students to 
read texts before, during, or after class. We further asked in the 
questionnaire how frequently the teachers required students to read the 
various parts of texts. They included the main text, “Summary and 
Revision” provided at the end of each chapter, which summarized all the 
key points in that chapter so as to provide a convenient source for 
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students to do revision, and “Read-it” which was mainly for enrichment 
purpose and not an essential part of the course requirement (PEP, 1993a, 
1993b). The results showed that the teachers most often asked students to 
read “Summary and Review”, and then the main text, but least for 
“Read-it”. 

The classroom observations revealed that teachers seldom discussed 
the “Summary and Review” section with students in class. We believe 
that teachers would more likely leave it for students’ self-learning. In 
addition, as pointed out in the preface of the textbooks, the requirement 
explained in “Summary and Review” was slight higher than that being 
reflected in the main texts within the chapter. More reading requirements 
on this part of texts from teachers were therefore understandable. 

Concerning the main texts, a few teachers in the interview pointed 
out that if students had understood what had been taught in class, it was 
not necessary to ask them to read the corresponding texts again. In 
contrast, some teachers believed that it was good for students to read 
main texts before they started to do their homework. Therefore, more 
diversity was found among the teachers in their requirement for students’ 
reading of this part compared to the part of “Summary and Review”. The 
classroom observations also found that some teachers asked their 
students to read the main texts in class. Moreover, the results from the 
questionnaire showed that the longer the teachers used the books, the 
more frequently they would asked their students to read the main texts, 77 
(3, N= 33) =7.54, p< .05. 

Similar questions were also included in the student questionnaire. 
Consistently, the students reported that they read “Read-it” least 
frequently and the difference between this part and the other two parts 
reached statistically significant level. In particular, only 4.6% of the 
students “seldom” or “never” read the main texts, and the percentage for 
“Summary and Review” was 20%. In addition, it was found that students 
in Fuzhou significantly more frequently read both text parts than their 
peers in Kunming (Main text: 7° [4, N = 259] = 13.14, p < .01; Summary 
and Review: 7° [4, N = 255] = 9.99, p < .05). In contrast, teachers’ self- 
reports in the questionnaire showed that teachers in Kunming required 
their students to read “Summary and Review” with a significantly higher 
frequency than those in Fuzhou, 7’ (3, N = 33) = 8.47, p < .05. Given the 
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complexity of the teaching and learning process, the discrepancy 
between teachers’ teaching and students’ leaning seems plausible. 
Nevertheless, a further discussion of this discrepancy is beyond the scope 
of this chapter. 

Table 7 presents a summary of descriptive statistics based on the data 
collected from the questionnaires. The gap between teachers’ 
requirement and students’ practice can be also found from the table. 


Table 7 
Teachers’ Requirements (TR) on Reading and Students’ Corresponding Practice (S) 
Main Text Read-it Summary and Review 
TR S TR S TR S 
Always 5 115 4 32 11 36 
y (15.2%) (44.4%) (12.1%) (12.5%) (33.3%) (14.1%) 
Often 22 82 19 60 16 91 
(66.7%) (31.7%) (57.6%) (23.5%) (48.5%) (35.7%) 
Sumetimes 5 50 8 110 5 77 
(15.2%) (19.3%) (24.2%) (43.1%) (15.2%) (30.2%) 
1 10 2 43 6 42 
Seldom gow (3.9%) (61% (169%) 180%) (16.5%) 
Never 0 2 0 10 0 9 


(0%) (0.8%) (0%) (3.9%) (0%) (3.5%) 


3.3 Some other issues 


In the questionnaires, teachers and students were respectively requested 
to evaluate the importance of various instructional materials in their 
mathematics teaching and learning, with a 5-point Likert scale from the 
highest “very important” to the lowest “no importance”. The majority of 
teachers (90.9%) and students (91.5%) chose the highest two evaluations 
(i.e., “very important” or “important’) for the textbooks (student edition). 
None of the teacher and only 3 out of 259 students rated the textbooks as 
“little important” or “no importance”, respectively. In addition, teachers 
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in Kunming rated the importance of textbooks significantly higher than 
those in Fuzhou, 7° (2, N = 33) = 6.42, p < .05. 

Overall, the questionnaire surveys showed that textbooks (student 
edition) were the most important materials in both teachers’ teaching and 
students’ learning. To students, the importance of the textbooks was 
significantly higher than that of any other learning materials at the 0.001 
level. Consistently, the data revealed that the majority of teachers (84.8%) 
believed that the textbooks were also “very important” or “important” in 
students’ learning of mathematics. 

According to teachers’ responses, the next two important teaching 
materials to their teaching were school mathematics syllabus and 
national mathematics standards. It is somehow surprising to us that the 
teachers from both cities gave a relatively low evaluation to the 
importance of the textbooks of teacher edition. We think it suggests that 
only the textbooks of student edition, but not teacher edition, is essential 
to teachers, especially experienced teachers. 

The last question in both teacher and student questionnaires asked 
whether there had been changes in their textbook use since they became 
mathematics teachers (for teachers) or from year JH1 to year JH2 (for 
students). The results were displayed in Figure 5. 


Students Teachers 
o Little 

o o Big changes 

changes 


9% 


35% 


Some changes 


changes 73% 


36% 
Figure 5. Changes in textbook use by teachers and students 
It can be seen that teachers made more changes than their students in 


textbook use. In particular, only 42% of the students, but 91% of the 
teachers had some or big changes in their textbook use. 


Textbook Use within and beyond Chinese Mathematics Classrooms 257 


An open-ended sub-question was included in the last question to 
invite students and teachers to describe what kinds of changes they had 
made in textbook use. The most frequently cited change by the students 
was that they started to read the texts more (main text [1 Jf, Example [11], 
Summary [4], Read-it [6]). Many students reported that they did more 
preview (18) and review (7) this year than the last year. Moreover, quite 
a number of students also mentioned that they did more unassigned 
problems in the textbooks now than before, and six students particularly 
cited the problems under the rubric “Think-it-Over”. 

The last question in the student questionnaire further asked the 
reasons for the changes in their textbook use. Several reasons were 
identified by the students. One main reason was that the mathematics at 
JH2 becomes more challenging than that at JH1, in terms of both the 
amount of content (10) and its difficulty level (30). The second reason 
was that many students (41) realized that mathematics was increasingly 
important to them, although five of them just related the importance of 
mathematics to school examinations. It is interesting to note that there 
were four students attributed their changes in textbook use to the 
textbook developers. In particular, two of them noted that since the 
textbooks made changes, they made changes correspondingly. A few 
students also reported that they changed the ways in which they used 
textbooks in mathematics learning because of their teachers (4) or 
parents (1). 

The teacher questionnaire data showed that the changes made by the 
teachers were more related to the ways in which they presented the topics 
and structured their classroom instruction. The most obvious change was 
that teachers encouraged more participation from students, including 
more discussions and less repetition of what has been said in the 
textbooks. Many teachers believed that learning through self-discovery 
can help students to get a better and deeper understanding about what 
they have learned. Four teachers claimed that their teaching was less 
dependent on textbooks now and the ways in which they used textbooks 


ë The number in the brackets refers to the number of students who gave the 
corresponding answers. 
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became more flexible, such as reorganizing the order of topics presented 
in the textbooks. 

In the interview, many teachers attributed their changes in textbook 
use to the growth of their teaching experience and familiarity with the 
textbooks that they had used for teaching. One teacher explained, “When 
I just began to be a teacher, I was not familiar with the textbooks I used 
and my teaching thus followed the textbooks very closely. Along with 
the increase in teaching experience, I gained a deeper understanding of 
the textbooks and hence the ways in which I dealt with the textbooks 
became more flexible.” Getting to know more learning theories, such 
constructivism, was another important factor that motivated teachers to 
make changes in their textbook use. In addition, some teachers pointed 
out that some changes they made were based on their own reflections on 
the effectiveness of their teaching and correspondingly students’ 
performance. The change in the characteristics of students in class was 
also one factor for teachers to make changes in using textbooks. Many 
teachers also related their changes in textbook use to the development in 
mathematics education, especially the on-going development of “Quality 
Education”, a change from education for test to education for students’ 
overall quality. 


4 Summary and Conclusions 


The results presented and discussed above provided us with useful 
empirical evidence and insight on what role textbooks play in the 
teaching and learning of mathematics in Chinese educational settings and 
how they shape the way in which Chinese students learn mathematics. 
Overall, the study revealed that textbooks were the main resource for 
mathematics teachers in their classroom teaching. In particular, textbooks 
were the most important source for teachers to make decisions on what to 
teach and how to teach, and the majority of instructional time was 
structured around the textbooks. In addition, teachers largely followed 
the textbooks closely in their use of various parts of the textbooks, 
though noteworthily about half of the in-class examples were from other 
resources due to the insufficiency in both the amount and quality of the 
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examples offered in the textbooks, and moreover many teachers also 
often introduced alternative solutions to the example problems. 

Textbooks were also the main resource for students’ learning of 
mathematics. In particular, most problems for students’ in-class exercises 
and homework were taken from textbooks, and many students also read 
the textbooks and actively worked on the unassigned exercise problems 
in the textbooks. 

On the other hand, the study also found that many teachers have 
changed the ways in which they used the textbooks for classroom 
teaching over the years, and particularly they used textbooks in a more 
flexible way, with the main reason being the growth of their teaching 
experience and knowledge of the textbooks. 

In general, the study revealed more similarities rather than 
differences in the textbook use by the teachers and students within and 
beyond the Chinese classroom. In particular, the study found there were 
overall no significant differences between teachers with different genders, 
experiences, from different regions and schools in their use of textbooks, 
though there were some significant differences between students in the 
two cities in their use of textbooks. Due to the design of this study, we 
were not able to address this issue in a more detailed way. It would be 
interesting and helpful to further study what it signals in mathematics 
instruction and why there exist such differences. 
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Chapter 10 


Thorough Understanding of the 
Textbook — A Significant Feature 
of Chinese Teacher Manuals 


LI Jianhua 


Through an analysis of a popular Chinese elementary school 
mathematics teacher manual, this chapter discusses a significant feature 
of teacher manual, namely, the manual is designed to help teachers 
achieve a thorough understanding of student text mathematically and 
pedagogically. Using multi-digit number multiplication, this chapter 
discusses the in-depth analyses and detailed suggestions for the core 
part of a lesson with concrete examples. In particular, it argues that an 
in-depth analysis of student text is the main focus of the guide. It also 
argues that concerted efforts are made to help create an environment 
that helps teachers professionally and teachers need to study the student 
text carefully in order to conduct classroom instruction effectively. 


Key words: textbook, teacher manual, multiplication, algorithm, 
pedagogical knowledge 


1 The Role of Teacher Manuals 


Pedagogy is culturally bound. While the general school curriculum of a 
country reflects the government’s priority and basic philosophy in 
education, the design of student textbooks and teacher manuals speaks of 
the characteristics and preferences of the people, that is, students, 
teachers, and parents. In countries where the use of textbook is the norm 
and textbook publishing is competitive, the attractiveness of a textbook 
often consists in how good the assistance it offers to teachers. “Good” 
here usually means the supply of sufficient examples in problem solving, 
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accessible page-layout for skimming or any other time saving tools in 
class preparation. These criteria are important especially when a teacher 
has a heavy teaching load. But the shortcomings of this practice are 
obvious. The teacher’s preoccupation with his or her convenience may 
cause oversights in detecting drawbacks in the textbook from 
pedagogical effectiveness point of view as well as from the student’s 
perspective. Moreover, minimal class preparation time could easily lead 
to less adaptive and effective teaching in the face of unpredictable 
classroom situations. 

In contrast, teachers in Mainland China do not look into the teacher 
manual for quick ideas and user-friendly guidelines. For them, the 
teacher manual, instead of being a collection of instant ideas for quick 
classroom consumption, is but a reference that requires careful studying. 
The student texts and teacher manuals in China are authoritative texts 
that many teachers feel they have to diligently consult in order to perfect 
their teaching skills and to achieve successful teaching. This is 
particularly the case for elementary school teachers because of their 
lacking of resources. Teachers acquire this mentality in part through their 
training offered in the normal schools or colleges. In the official textbook 
for prospective math teachers, the Elementary School Mathematics 
Textbooks and Teaching (Elementary Mathematics Department [EMD], 
1995), for example, stressed that teachers should study student textbooks 
carefully and observe the “standard” set by the Ministry of Education. 
Moreover, schools in China have regular class preparation sessions 
during school years. The main purpose of these sessions is to have a 
thorough understanding of the student text. Thus, in China, 
understanding thoroughly the student text and the topics taught is 
considered the key to successful teaching. The teacher manual is 
designed to help teachers acquire this key. 

Through analyzing the pedagogical materials for multi-digit number 
multiplication in one of China’s most widely used mathematics teacher 
manuals, this chapter illumines a central characteristic of mathematics 
teacher manual, that is, the thoroughness of teachers’ understanding of 
student text. 
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The teacher manuals! described in this chapter are from the most 
commonly used series published by the People’s Education Press (PEP 
hereafter). The PEP, which was established in 1950, a year after the 
founding of the People’s Republic of China, is directly affiliated with the 
Ministry of Education. It served as the only official developer of national 
curriculum and teaching materials until the late 1980s when a reform on 
school curriculum introduced a competition mechanism in the 
development of teaching and learning materials. Since then, a textbook 
committee in the Ministry of Education has acted as the final decision 
maker in admitting the teaching and learning materials to the official 
textbook list. Only until a few years ago the PEP series had dominated 
the textbook market, constituting more than 70 percent or more of the 
market’s supply. However, other publishers have been providing more 
and more textbooks for schools, especially since 2002, textbooks 
published by other publishers have been widely used. Nevertheless, the 
PEP is generally considered a powerhouse in China’s development of 
curriculum and pedagogical materials, with in-house editors as designers 
and authors of textbooks. Although a new series by the PEP has been for 
testing since 2001 in some schools in a number of provinces, the series I 
am to discuss was first published in 1995, and changes between the two 
series are small. 

Since the Ministry of Education introduced the competition 
mechanism in providing school textbooks, provincial publishing houses 
and major normal universities have been very active in developing new 
learning materials and taken more market shares. We are still not clear 
about how this competition plays it out. We still need more time to see 
how the new system works best concerning questions of the status of the 
PEP and local! protection, just name a few. But one thing is for sure, that 
is, the PEP as the only textbook publisher has become a history. 

With the above in mind, the readers are reminded that there are many 
teacher manuals available now in the Mainland China because many 
publishers have provided textbooks and teacher manuals to schools, so 


! The use of teacher manuals is for the convenience of chapter. The actual books used by 
Chinese teachers are called teachers’ reference books (HF & ¥ P). 
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what are true in the teacher manual examined in this chapter might not be 
true in the new teacher manuals published in recent years. 

On a whole, textbook development and publishing in China have 
been treated as a powerful tool of promoting deep understanding of 
curriculum materials. In developing and designing teacher manuals, in 
particular, the Chinese publishers tend to focus less on the issues of 
formatting and user-friendliness at the surface level, but more on in- 
depth analysis of the technical side of the topics taught. 

The way in which the teacher manual is used in China helps explain 
the manual’s overall design and inherent complexity. As an example, 
Table 1 shows the “Table of Contents” of the fifth volume (Grade 3, first 
semester) of the PEP teacher manual? (EMD, 1997a). 


Table 1 
Table of Contents of Volume 5 of the Teacher Manual (Partial) 


An Introduction to the Nine- Year Compulsory Education Five-Year Elementary School 
Mathematics Volume 5 
1 Instructional content and goals 
2 Characteristics of text 
3 Teaching Aids and Munipulatives for students to be prepared for instruction 
4 Pacing chart 
Notes on each chapter and instructional suggestions for each unit 
1 Multiplication of 2-digit multipliers 
A Instructional goals 
B Notes on the text 
C Notes and suggestions on each subsection 
a. Mental multiplication 
b. Paper-and-pencil multiplication 
Multiplication of 2-digit multipliers (A) 
Multiplication of 2-digit multipliers (B) 
Multiplication of 2-digit multipliers (C) 


? Following the semester system in China, the mathematics series published by the PEP 
comprises 10 volumes of textbooks for Grades 1-5, one per every semester. Each of the 
volumes has a teacher manual. At the beginning of an academic year, schools will 
provide each teacher with a new copy of the textbook and teacher manual for each course 
he or she is going to teach. The Grades 1-5 is based on the 5-4-3 system, meaning 5 years 
of elementary schooling, 4 years of junior high schooling, and 3 years of senior high 
schooling. Roughly half of China’s schools follow this system. The alternative system is 
6-3-3 (i.e., 6 years of elementary schooling, 3 years of junior high schooling, and 3 years 
of senior high schools). The curricula for the 5-year and 6 year elementary schooling are 
very similar with the 5-year curriculum stretched into the 6-year curriculum. 
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Like all the other 9 volumes, Volume 5 bears a 2-part structure. The 
first part is a comprehensive introduction to the textbook. This includes 
issues such as the special features of the text, the rationale behind the 
design, pedagogical approaches to main topic, etc. The second part is a 
lesson-to-lesson teaching guide based on the textbook. In addition to an 
in-depth discussion of the topic taught in each lesson, it offers 
considerable examples and alternative approaches for creative teaching. 


2 Teaching and Learning of Whole Number Multiplication 


Table 2 provides the scope and sequence of the PEP Mathematics on 
whole number multiplication’. 


Table 2 
Scope and Sequence of Multiplication of the PEP Mathematics* 


po Grade | | Grade? | Grade 3 
half half half half half half 
| Meanine to o SS ooo So ST 
[Basic fas o J T UX UX o 
| Of l-digitnumbers [| f TX 
| Of2-digitnumbers | | J  [Ọ ȚT x |] 
| Of3-digit numbers | o 1 T T1 | 
* Compiled from the Table of Contents of the PEP Mathematics. 
** Other topics, such as “relation to addition/division” and “choosing a computation 


tool’, are listed in the scope and sequence of the PEP mathematics teacher manuals. Only 
four major topics are listed in this table. 


Ooo o 
eee 
sine 
pear 


Multiplication is first introduced in the second semester of Grade 1. 
Then multiplication facts and multiplication of 1-digit multipliers are 
taught in Grade 2. In Grade 3, students learn multiplication of 2-digit and 
3-digit numbers. Since multiplication of 2-digit numbers is the step 
bridging between multiplication of 1-digit numbers and multiplication of 
3-digit numbers, the way in which the “bridge” is structured can be used 


3 In addition to the topics in multiplication, which are covered in Chapter 1, the following 
topics are also covered in other chapters in Volume 5: Chapter 2: Kilometer and ton, 
Chapter 3: Division of 2-digit divisors, Chapter 4: Mixed operation and word problems, 
Chapter 5: Introducing fractions, Chapter 6: Areas of rectangles and squares, and Chapter 
7: Review (EMD, 1997b). 
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as a yardstick to gauge how well-developed the curriculum is in terms of 
connecting topics of progressive difficulty and pacing the progress for 
students. In the following, we use Volume 5 to illustrate what are 
included in the two parts of the volume. 

We have learned from cross-cultural mathematics curriculum studies 
(e.g., Schmidt, Valerde, Houang, Wiley, & McKnight, 1997) that the 
Chinese mathematics curriculum usually covers a topic within a short 
time of the curriculum and other countries usually cover a topic over a 
longer period of time. This is evident by looking at Table 2. Once a topic 
has been taught, it will not be recapitulated. Yet, when a topic is taught, 
it is taught with considerable thoroughness. 


3 Thoroughness for Teacher’s Understanding of the Student Text 


The thoroughness of the manual in promoting a deep understanding of 
the student text is reflected in the comprehensive introduction, the 
detailed analysis in each chapter, and teaching suggestions for the core 
part of a lesson. The comprehensive introduction to the book gives an 
introduction to the main themes of the student text, major topics in the 
chapters, and key concepts of each topic. This part briefly discusses the 
rationale and the structure of the student text, as well as the key 
components and concepts. It also provides the instructional goals of the 
student text. Additionally, this part is aligned with the National Syllabus 
of the Elementary School Mathematics. Although many areas of the 
student text are covered, the emphasis of the introduction is placed on the 
characteristics of the student text. It provides rich mathematical and 
pedagogical knowledge to the teacher. A case in point is the discussion 
in this part of the manual of multiplication of 2-digit multipliers. 

In the Characteristics of the Text the manual first discusses the major 
changes of the current volume compared to the same volume of its earlier 
edition: 


“... Compared to the last series, we reduced instruction on 
naming large numbers and their computations and some abstract 
theories according to the Elementary School Mathematics 
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Syllabus. Based on the multiplication of 1-digit multipliers and 
division of 1-digit divisors, which is developed in Grade 2, the 
text presents multiplication of 2-digit multipliers and division of 
2-digit divisors. Because the numbers are not very large, it will 
be easier for students to grasp the computing methods and 
transfer these methods in computing large numbers.” (EMD, 
1997a, p. 4) 


Teachers know how to do multiplication. However, without knowing 
the above analysis, teachers might spend more time on letting students 
solve complicated multiplication problems and pay less attention to 
having students have a good understanding of the algorithm. Thus, in the 
subsection on multiplication, the manual gives an analysis of how 
difficult multiplication of 2-digit multipliers is, despite that students have 
learned multiplication of 1-digit multipliers, what measures are taken in 
the textbook to help students connect the new topic with the old ones. 
For instance, certain mental mathematics of multiplications is introduced 
in this section to prepare student to get ready for multiplication of 2-digit 
multipliers. 

For the key worked examples in this section, the manual explains 
how they are arranged such that effective instruction can be made. 


“When presenting the examples of multiplication of 2-digit 
multipliers using a standard paper-and-pencil method, the text 
tries to stress the algorithm by using typical examples and a 
pattern of multiplication. For instance, the text first presents a 
problem of a 2-digit number multiplying a 2-digit number. Then 
the text provides a problem of a 2-digit number multiplying a 3- 
digit number. The text leads students to think that regardless how 
many digits the multiplicand is, the order of multiplication is the 
same: first use the ones digit to multiply the multiplicand, then 
use the tens digit to multiply the multiplicand.” (EMD, 1997a, p. 
4) 


In addition to explaining the student text, there is one subsection that 
is devoted to explaining the elements that foster students’ thinking and 
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reasoning abilities. For instance, on fostering students’ analytical and 
syntheses ability, the manual points out that when teaching multiplication 
of 2-digit multipliers, through a concrete model the text leads students to 
analyze the computation procedure. Multiplication of 2-digit multipliers 
can be divided into two steps: the first step is to use the ones digit to 
multiply the multiplicand; the second step is to use the tens digit to 
multiply the multiplicand; and the third step is to add the two partial 
products. Based on these steps, the text leads students to combine the 
steps into one vertical form. Other abilities are also discussed in the 
subsection on fostering students’ thinking abilities, such as fostering 
students’ judging and reasoning ability (EMD, 1997a, pp. 9-10). 

The Introduction also specifies the instructional objectives. At the 
end of above quoted subsection, a table of suggested average error 
percentage and speed goal is provided. The part on multiplication is 
shown in Table 3. The most significant feature of this table is that the 
instructional objectives are quantified. It helps the teacher to keep in 
mind how much a topic is more difficult than another topic. For example, 
everyone knows that 2-digit multiplication is more difficult than 1-digit 
multiplication. But by how much? By giving the teacher a quantified 
figure, this table helps the teacher to decide how much more time he/she 
needs to spend on a topic. In addition, this allows the teacher to check 
how well each individual student perform and whether the instruction has 
been effective and whether students are ready to move on to next topic. 

These discussions in the teacher manual help the teacher to know 
more about the student text. It also helps the teacher to learn the role the 
current volume and the topics play in the whole series. 

In each chapter, chapter overall analysis follows a pattern similar to 
that in the Introduction. It covers the teaching objectives, the 
characteristics of the student text and the main sections in the chapter. 
Again, emphasis is placed on the characteristics of the student text. 

We know that the design of a chapter of student text can be very 
different from one series to another. For instance, what part the 
manipulatives should play in a lesson can differ greatly from one design 
to another. Or how to introduce the paper-and-pencil algorithm can vary 
significantly from one series to another. However, regardless of what the 
arrangement of a topic is, letting the teacher know the authors’ thinking 
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about the mathematical and pedagogical aspects of the student text is to 
the advantage of the teacher for effective instruction. 


Table 3 
Instructional Objectives in the Teacher Manual 


Instructional Objectives 

At the end of the chapter 
Average error 
percentage 


At the end of the semester 


Average error 
percentage 


Mental 
computation of 
one-digit numbers 


Most students Most students 


(product within Within 10% | C22 do four | Within gy% | can do five 
100), multiplying problems per problems per 
i minute minute 


multiple of tens and 
hundreds and tens 


Multiplication of 2- 


Most students Most students 


digit numbers using | Within 18% can solve 1.5 Within 15% can do ọne 
paper-and-pencil problems per problem per 
method minute minute 


Within 20% 
(choosing 
wrong 
operation 
types) 


Two-step story 


Within 16% 
problems 


Chapter One of the first semester (Volume 5 in the series) of Grade 3 
teacher manual is on multiplication. The jiao cai shou ming (U4 ii HA, 
notes on student text) of Chapter 1 discusses the mathematical and 
pedagogical aspects of the chapter without discussing individual lessons. 
It gives the teacher an introduction to the chapter on sections of the 
chapter and groups of lessons. For instance, the manual first outlines the 
first section: mental mathematics of multiplication of 1-digit multipliers 
and multiples of ten serves as the base of learning paper-and-pencil 
algorithm of multiplication of 2-digit multipliers. The manual uses 24 x 
53 as an example to illustrate the connections between the mental 
mathematics and the paper-and-pencil algorithm: 24 x 53 can be 
decomposed into 24 x 3, 4 x 50, and 20 x 50. Add all these partial 
products will give the answer to 24 x 53. 
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Next, the manual illustrates the second (also the main) part of the 
chapter — multiplication using paper-and-pencil method. It focuses on 
how the developers treat this topic in order to emphasize the 
multiplication algorithm as well as on developing students’ ability in 
reasoning. It first states that once students have mastered multiplication 
of 2-digit multipliers, it will be easier for them to transfer the method to 
multiplication of 3-digit multipliers. It further explains that since students 
have studied multiplication of |-digit multipliers in the second grade and 
learned multiplication with different multiplicands, such as zero(s) in the 
middle or in the end of a multiplicand, the key is to emphasize the order 
of multiplication, that is, to use ones digit of the multiplier to time the 
multiplicand and to use tens digit of the multiplier to time the 
multiplicand. The other important point stated in the manual is about 
helping students understand that when multiplying a number by the tens 
digit of the multiplier, the result is how many tens. This explains why the 
last digit of the partial product should be aligned with the tens digit of the 
multiplicand. 

After explaining the key concepts for the algorithm of multiplication 
of 2-digit multipliers, the manual outlines the pedagogical approach that 
the student text takes. Because at the beginning of learning this part 
students are prone to make mistakes of various kinds, such as to multiply 
the numbers on the same place, or be confused with the order of 
multiplication and thus to miss to multiply one digit, the student text 
does not arrange the lessons by the digits of multiplicand. Rather, it 
arranges the lessons by the difficulties of different types of 
multiplications. The student text first introduces a 2-digit multiplier 
multiplication involving small numbers on each place that needs less 
carryings. The manual argues that this arrangement has the advantage of 
highlighting the order of multiplication. Then, students will learn 
multiplication of large numbers in which many carryings will be needed 
(EMD, 1997a, pp. 16-17). 

The manual further notes that after students have learned the general 
method of multiplication of 2-digit numbers, the student text presents 
examples of multiplication with zeros at the end of multiplier or 
multiplicand using shortcut method and fostering students’ ability of 
choosing appropriate method when computing. 
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Like what we have seen in the Jntroduction, the above illustrations 
on Chapter One of the PEP series show the same characteristic of the 
manual, that is, an in-depth pedagogical analysis of the student text. In 
particular, we see that the analysis pays close attention to the sequence of 
the topics and the connections among different parts of the chapter, as 
well as their relation with division, which is closely related to 
multiplication topics. The discussion also explains to readers the 
developers’ thinking and argument about why certain topics are included 
in the chapter. For instance, why mental mathematics is important and 
what role it plays in the chapter. These illustrations are mathematical and 
pedagogical knowledge that many mathematics educators value highly. 

For each chapter, the PEP teacher manual provides detailed analyses 
on key lessons. These analyses analyze the worked-out examples and 
selected exercise problems and clearly explain to readers the purpose of 
each part of the lesson, the sequence of the worked-out examples, the 
connections between one part and the other, what to emphasize, and 
trouble-shooting for students. 

The PEP teacher manual usually groups two or three lessons together 
and discusses them in one section. Unlike many teacher’s editions (or 
teacher’s guide), which usually have a format of a duplicated copy of 
_ Student text in the center of a page and teaching suggestions in the 
margin (see Li, 2003), the notes on student text and teaching suggestions 
are provided in regular book format. This gives the authors greater 
freedom in developing the comments and suggestions for the lesson. 

We use the materials in Chapter One to illustrate the above points. 
There are three lessons in the first section (mental mathematics). The 
manual covers the three lessons together in one section. The second 
section covers the paper-and-pencil algorithm of multiplication and there 
are 11 lessons in this section. The manual covers the lessons in five 
groups, namely, the Paper-and-Pencil Multiplication (1), (2), (3), 
Rounding Number and the “Four-down, Five-up” rule, and Estimation of 
Multiplication. Each group of lessons usually includes one or two new 
lessons and one or two practice lessons. In fact, these groups can be 
viewed as subsections. For each group of lessons, the manual has two 
parts: Notes on the Text (HEA) and Instructional Suggestions (BEF 
ZEW). The first part discusses lesson structure, worked-out examples and 
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some exercise problems in detail, while the second part provides detailed 
suggestions on the core part of lessons. 

We take a look at the Notes on text for the Paper-and-Pencil 
Multiplication (1) (see Appendix for the actual student text). The manual 
first states that relatively small numbers are used and very few carryings 
are needed in giving students an initial grasp of the multiplication order 
by a 2-digit multiplier. Then it explains the purpose of the two review 
problems in the student text. 

Next, the teacher manual describes Example | in great detail. The 
manual explains how the student text uses concrete model to help 
students think, that is, how to write a multiplication to represent the word 
problem and how to change 13 times 24 into some calculations they have 
learned. The manual states that the key to the new lesson is to know how 
10 x 24 and 3 x 24 are connected with 13 x 24. The manual explains that 
the student text uses three steps to explain the algorithm. The first step is 
to find out how many crayons are in 3 boxes with 24 crayons in each 
box. Students should know how to find this out as they learned this 
before. The second step is to find out the number of crayons in 10 boxes. 
This is to find 10 times 24. Student learned how to solve this in the 
mental mathematics lessons before this lesson. The approach to solving 
10 times 24 is 24 tens or 240. The third step is to find the number of 
crayons in 13 boxes. The manual tells us that in the student text, the 
vertical form of multiplication shown in the dotted box is to help students 
understand how the above three steps can be combined into one vertical 
form, namely, the recording of the vertical form of multiplication of a 2- 
digit multiplier is actually a shortcut of the vertical forms of 
multiplication of 1-digit multipliers, multiplication of multiples of ten, 
and the addition of the two partial products (EMD, 1997a, pp. 23-25). 

The teacher manual continues to analyze Example 2, a 2-digit 
number times a 3-digit number, further illustrating that one needs first to 
use the ones digit to multiply every digit of the multiplicand, and then to 
use the tens digit to multiply every digit of the multiplicand. Finally, one 
adds the two partial products to get the final answer. It is clear that the 
algorithm of multiplication has been emphasized throughout the whole 
lesson. In the following, the teacher manual explains how the practice 
problems are designed to help students understand the algorithm through 
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different kinds of problems. For instance, students are asked to complete 
half completed problems; the vertical form of a multiplication is shown 
and students are asked to explain the meaning of each step in the 
computation process; error-checking problems that require students to 
have a good understanding of the computation process are also 
presented. 

The core part of these illustrations is to explain to the teacher how 
the algorithm of the paper-and-pencil is designed in a way that promotes 
both conceptual understanding and mastery by using carefully designed 
practice problems. These illustrations analyze the worked-out examples 
and selected exercise problems and clearly explain in detail to the teacher 
the purpose of each part of the lesson, the sequence of the worked-out 
examples, the connections between one part and the other, where to give 
emphasis, and where students may have troubles in learning the topic. 

The thoroughness of the teacher manual does not stop at providing 
thorough analyses of the student text it is also shown by the detailed 
instructional suggestions. Based on the analysis of student text, teaching 
suggestions that provided in Teaching Suggestions (HFW) sections 
of the teacher manual further help the teacher teach. These suggestions 
are mainly provided for the core part of lessons. 

For the beginning of teaching of multiplication of 2-digit multipliers 
(see Appendix), the suggestion first states that the key to Example 4 is 
the carrying rule and in order to help students grasp the rule, the teacher 
should pay attention to using the manipulatives while teaching the 
example. On how to lead students to use sticks to model the example, the 
manual suggests that: 


First place two bundles (ten sticks in each bundle) in a row, and 
then 4 sticks next to the two bundles, to represent 24. Next, place 
another two bundles of sticks below in another row. Then let 
students observe while you post the following questions: How 
many sticks are there in the first row? How many rows of sticks 
are there? If we want to know how many sticks all together are 
there, what number expression can you use to compute the total 
number of sticks? After students give an expression 24 x 3, the 
teacher tells the class while demonstrating using sticks that to 
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find how many sticks there are in three bundles of 24 sticks, first, 
one needs to find out that three of the 4 sticks are 12 sticks, then 
tie 10 sticks together to make a bundle and place it under the 
three groups of sticks and place the other 2 sticks to the right of 
the bundles of sticks. The second step is to compute the three 
groups of 2 bundles, which are 6 bundles, and place these 6 
bundles of sticks to the left of the bundle tied up before (see the 
illustration on page 64 of this guide). All together, there are 7 
bundles and 2 single sticks. You may also ask students to talk 
about how 24 x 3 = 72 reaches to its answer with these 
questions: What to do first? What to do next? Based on all of 


24 . 
these, write out the vertical form 3 to finish the computation. 
x 


Here, you should relate the modeling process using 
manipulatives and explain to students that 3 times 4 in the 


24 
multiplicand is 12, write x 3. Then use 3 times 2 in the tens 
B 
24 
place of the multiplicand, yielding 60. Write i At the end, 
60 
24 
x3 
add the two products and write n on the blackboard. In order 
60 
n2 
to record the process in an efficient way, the vertical form can be 


24 
written as x13. The emphasis of the teaching of this example 
72 


275 
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should be on the rule of how to do the carrying. If necessary, you 
can write the following on the blackboard: 
24 
x13 
72 — 3 times 4 on the ones place of the 
multiplicand is 12. Carry 1 to the next 
place and write 2 on the ones place of the 
t product. 
3 times 2 on the tens place of the multiplicand is 
6. Plus the carried 1 is 7. Write 7 on the tens 
place of the product. 


The detailed suggestions cited above illustrates how the PEP teacher 
manual treats the core part of a lesson. On the other parts of a lesson, the 
manual only provides sketchy or short suggestions. 

One other measure that applied in the PEP teacher manual is to 
provide some lesson plans at the end of each chapter. One to three lesson 
plans are provided for the teacher to use them directly or derive his/her 
own lesson plan based on these lesson plans. These lesson plans seem to 
be helpful to novices in particular. 


4 Summary and Discussion 


We have shown that in the teacher manual, the emphases are placed on 
the rationale of the content, pedagogical aspects of the student text as 
well as the detailed suggestions for the core part of a lesson. In the 
Introduction, the PEP teacher manual discusses the basic idea of 
multiplication and division. In particular, the manual states that the 
multiplication and division are the two main topics of the first semester 
of Grade 3 and they also serve as a basis for multiplication and division 
of decimal numbers. Similar discussions on other topics are presented in 
the Introduction. 

The discussion on the multiplication is further extended to the details 
at the chapter level. As discussed earlier in this paper, the algorithm of 
multiplication of 2-digit multipliers is present to readers with an example 
of 24 x 53. The manual emphasizes the key points of multiplication of 2- 
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digit multipliers, namely, the multiplication order and an understanding 
the difference of each partial product, such as when one uses the tens 
digit of the multiplier to multiply the multiplicand, the result is in tens. 
So the last digit of the partial product should be aligned with the tens 
place. 

The connections among multiplication and other topics are also 
discussed. The importance of multiplication as a prerequisite for learning 
division and the relation between multiplication and division are 
discussed with an example of 48 + 16. The teacher manual states that the 
mental mathematics of multiplication plays a special role in that chapter 
because it not only has practical use in daily life but also plays an 
important role in finding quotient. For instance, if students are familiar 
with the mental mathematics of 15 or 25 multiplying a number they can 
speed up the process of division. 

We also see that the PEP teacher manual tells the teacher how the 
examples of the section (e.g., teaching the paper-and-pencil algorithm) 
are organized in order to reduce the difficulty of each lesson and where 
the teaching should emphasize and thus foster students’ thinking and 
computation skills. For instance, the first examples of the section on 
multiplication of 2-digit multipliers are of smaller numbers with no or 
few carryings needed during the calculation. Thus, students can have 
more time to concentrate on the rules of multiplication. The subsequent 
lessons focus on more difficult problems (EMD, 1997a, p.16). 

For instructional suggestions, detailed suggestions for the core part 
of new lessons are given. The suggestions for the worked-out example of 
multiplication of a 2-digit multiplier are almost step-by-step. It is evident 
that the teacher plays a dominant role in conducting the core part of the 
lesson. As a contrast, only sketchy and short suggestions are provided for 
practice lessons. 

All of the above show the thoroughness that the PEP teacher manual 
provides for the teacher. Everything is centered on a thorough 
understanding of the student text. As we discussed earlier, a key 
component of instructional activities is the practice of teacher studying 
the textbook. It makes sense that the teacher manual is written in this 
way so that teachers can have a comprehensive understanding of the 
curriculum and prepare for their lessons with in-depth understanding of 
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topic taught. In fact, the demand of teacher’s thorough understanding of 
textbooks is explicitly expressed in preservice pedagogical courses 
(EMD, 1995). 

Researchers have suggested that what teachers really need is subject 
matter knowledge for teaching (Ball, 1990; Ball & Bass, 2001). Ma 
(1999) argues that Chinese elementary mathematics teachers have a 
profound understanding of elementary mathematics. We have discussed 
that in China there is the demand for the teachers to have a deep 
understanding of the textbooks and there exists a favorable environment 
for teachers to study the curriculum. The PEP teacher manuals provide 
an example that shows how to help teachers understand the curriculum 
and student text in one of many areas of teachers’ professional 
development. 

This chapter is an attempt to characterize teacher manual by a case 
study of its material on multiplication. In order to understand the way the 
teacher manual is written, we need to look at other areas that are closely 
connected to teacher manual. We see that there is a concerted effort on 
improving teachers’ professional expertise in China. Prospective 
teachers’ pedagogy course is geared towards a better understanding of 
the curriculum and towards implementing the “standard” mathematics 
textbook. Both schools and parents expect that mathematics teachers are 
specialists in mathematics teaching. Group class preparation sessions are 
held many times during school years. All these demand that a teacher 
manual is written in such a way that can help teachers understand the 
mathematics curriculum and the topics in each volume, rather than a 
quick classroom instruction guide. In a way, the teacher manual must be 
studied in order to obtain a better learning result for the teachers. 

The thoroughness of the teacher manual illuminated here certainly 
would constitute the strength of mathematics education in China, if the 
manual is studied carefully, critically and used creatively. I hope that 
future research on how the teacher manual ts used by the Chinese 
teachers will greatly enrich our understanding on this issue. 


A Significant Feature of Chinese Teacher Manuals 279 


References 


Ball, D. L. (1990). The mathematical understandings that prospective teachers bring to 
teacher education. The Elementary School Journal, 90(4), 449- 466. 

Ball, D. L., & Bass, H. (2001). What mathematical knowledge is entailed in teaching 
children to reason mathematically? In National Research Council (Ed.), Knowing 
and learning mathematics for teaching: Proceedings of a workshop (pp. 26-34). 
Mathematics Science Education Board, Washington, DC: National Academic Press. 

Ma, L. (1999). Knowing and teaching elementary mathematics. Mahwah: NJ: Lawrence 
Erlbaum Associates. 

Li, J. (2003). A comparative study of U.S. and Chinese elementary mathematics teacher's 
guides. Unpublished doctoral dissertation. University of Chicago, Chicago, IL. 

Elementary Mathematics Department. (1995). Elementary school mathematics textbook 
and teaching (Vol. 2). {In Chinese “220% BUM ZOA — Mt]. Beijing, China: 
People’s Education Press. 

Elementary Mathematics Department. (1997a). PEP mathematics teacher manual, Grade 
Three (Vol. 1) (In Chinese LR AA BE Hil be WF A MASE HI. Beijing, 
China: People’s Education Press. 

Elementary Mathematics Department. (1997b). Mathematics, Grade Three (Vol. 1) [In 
Chinese XJ BA AFEN AAAA]. Beijing, China: People’s Education 
Press. 

Schmidt, W. H., Valverde, G. A., Houang, R. T., Wiley, D. E., & McKnight, C. C. (Eds.) 
(1997). Many visions, many aims: A cross-national investigation of curricular 
intentions in school mathematics. Dordrecht, The Netherlands: Kluwer Academic. 


280 How Chinese Learn Mathematics: Perspectives from Insiders 


Appendix 


English Translation of Student 
Text of Multiplication of 2-digit 
Numbers, Grade 3, PEP Mathematics 


Multiplication Using Paper & Pencil 
Multiplication of 2-digit numbers 
Review 


(1) 14x2 31x30 214x3 


(2) One box of crayons has 24 crayons, how many crayons are there in 
three such boxes? 


Example 1 
3 boxes of crayons: 10 boxes of crayons: 13 boxes of crayons: 
tens’ digit of "1" add the two sub 
multiplies 24is 24 results. 
of ten. 
24 24 
NI L ies 
X 13 x1 0 240 
7 2 240 3 1 2 
How to combine the above steps into one formula? 
24 
x13 
T2: ciiin Product of 24x3 
240 Product of 24x10['0" may be ommited) 
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Think about this question: Can you write down the top-down format 
multiplication for this problem? Can you change 13 multiplies 24 into 
something you have learned? 


Try These 


Finish the following multiplication. 


12 13 
x13 x 42 x 24 
69 24 52 


Example 2 212 x 34 = 7208 


212 

x 34 

848 

636 

7208 

Try These 

321 132 214 
x 13 x32 x23 
963 264 


Let’s summarize the multiplication procedure for multiplication of 2- 
digit numbers. 


1. Start using the number in the one’s place of the multiplier to multiply 
every digit of the multiplicand, align the last digit of the partial 
product with one’s place; 

2. Then use the number in the ten’s place of the multiplier to multiply 
every digit of the multiplicand, align the last digit of the partial 
product with the ten’s place; 

3. Last add the two partial products. 


Chapter 11 


Effects of Cram Schools on 
Children’s Mathematics Learning 


HUANG Hsin Mei 


This chapter begins with a literature review of the role of cram schools 
and how parents and children perceive them in Taiwan. Interviews 
were conducted to understand the view of primary school teachers 
concerning the impact of cram schools on school mathematics learning 
and instruction. Despite controversial opinions on the merits of cram 
schools, their growing popularity can be attributed to the increasing 
demand from parents and children. On the one hand, primary school 
teachers perceive a positive impact of cram school attendance on 
children’s mathematics learning, as evidenced by better computation 
skills, completion of homework, and greater self-confidence in 
mathematics. However, they disagree with rote-learning emphasized in 
cram school instruction and criticize its failure to develop concepts 
among children. Cram schools have a negative influence on children’s 
understanding of mathematical concepts as well as flexible application 
of knowledge. Suggestions for improving children’s mathematics 
ability and learning in cram schools are made. 


Key words: cram schools, mathematics learning, school mathematics 
instruction, parents’ influence, self-confidence 


1 Introduction 


For the past three decades, cross-national comparisons of mathematics 
achievement have favored students in Japan, Taiwan, Mainland China, 
Singapore, and Korea (Grow-Maienza, Hahn, & Joo, 2001; Stevenson et 
al., 1990). Taiwan’s eighth graders participated in the Third International 
Mathematics and Science Study (TIMSS) and showed outstanding 
performance in science and mathematics (TIMSS-Forum, 2003). 
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However, local scholars and researchers have cautioned that we should 
not be overly-satisfied with the results, because excellence in other areas 
such as social science, humanities, and creativity as well as scientific 
exploration, rather than mere rote-learning, is more important (The China 
Post Staff, 2000). According to the report, the TIMSS survey did not take 
into account the fact that a huge number of Taiwanese students attended 
cram schools (bu shi ban, #h>J¥£) for extra classes. However, several 
studies on children’s mathematics learning have reported the positive 
effects of cram school attendance on school-age children’s mathematics 
achievement. The positive effects of cram school attendance on 
children’s mathematics achievement are more significant for children in 
higher grades (H. P. Huang, 2002; J. S. Hsieh, 2001). 

In recent years, western researchers have paid much attention to the 
following five major factors which influence children’s mathematics 
learning and achievement: the quality of the school curriculum, the 
quality of instruction (e.g., Mason & Waywood, 1996; Szendrei, 1996), 
psychological factors, personality variables, and physical variables 
(Slavin, 1997). In addition to the aforementioned factors, the cram school 
classes after school hours have been defined as a variable in mathematics 
learning in primary and middle education. However, relatively little is 
known about the influence of cram school attendance on children’s 
learning. Therefore, the role of cram schools and their impact on 
children’s mathematics learning have aroused great interest among 
researchers. 

Cram school education is an extra-curricular program that provides 
supplementary education in service of persons with special needs (Her, 
1977). It covers a number of complex issues related to how the Chinese 
culture values academic success, the educational system, the 
administration system for selecting capable persons, and the modern 
social structure in transition (K. M. Huang, 1993). Parents in traditional 
Chinese society attach great importance to scholastic achievement of 
their children. The growing popularity of cram schools is due to the 
parents’ belief that children can benefit from joining extra-curricular 
programs (Y. Y. Huang, 1995; C. S. Sun & Hwang, 1996; Yeh, 1989). 
Consequently, various types of cram schools have mushroomed all over 
Taiwan. Thus, it would be of interest to understand why parents send 
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their children to cram schools. 

Alexander and Entwisle (1988) pointed out that one of the most 
important consequences of schooling for elementary school children is 
how they view their own capabilities. How do children perceive cram 
schools? What are children’s ideas about the relationship between 
attending cram schools and mathematics learning? The above issues have 
drawn researchers in mathematics education to further exploration. 

In this chapter, previous empirical studies will be used to provide 
evidence concerning how parents and children perceive the relationship 
between mathematics learning and cram school attendance. Besides 
parents, teachers also play a key role in children’s academic development 
(Alexander & Entwisle, 1988; Stevenson et al., 1990). “Teacher-centered 
lecturing” was a prevalent mode of school mathematics instruction 
before the introduction of mathematics education reforms in Taiwan. 
Such an instruction mode was quite consistent with that used in cram 
schools (K. M. Huang, 1993). However, 1993 saw the initiation of 
mathematics education reforms on the basis of constructivism and the 
launching of the national mathematics curriculum of Taiwan (Taiwan 
Ministry of Education, 1993; N. Y. Wong & K. M. Wong, 1997). 
Furthermore, this new mode of teaching is compatible with the latest 
wave of the First- Ninth Grades Curriculum Alignment (J £— 1 WFE) 
reform and its mathematics ramifications in mathematics teaching and 
learning (Taiwan Ministry of Education, 2000). Recent reform efforts in 
school mathematics have focused primarily on the effectiveness of 
curriculum content and instructional approach in promoting students’ 
learning through mathematical discourse and problem-solving (Chung, 
2000; Chung & Chu, 2001; H. M. E. Huang, 2001, 2002; Taiwan 
Ministry of Education, 1993, 2000). In fact, there is now a big gap in 
instructional modes between ordinary schools and cram schools. Few 
studies have taken note of this. Nor have they taken note of how teachers 
view the influence of cram schools on school-based mathematics 
learning and instruction. 

This chapter begins with a literature review of the concept of cram 
school education, its background in Chinese society, its trend of 
development in Taiwan after the implementation of current educational 
reforms, and the current multi-entrance admission program to senior high 
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schools and universities. Since there is little literature on teachers’ views 
on cram schools, interviews were conducted to understand how teachers 
perceive the role played by cram schools and their influence in Chinese 
education. 

This chapter focuses on the following five aspects. 


1. The role of cram schools and the trend of their development 
in Taiwan; 

2. Parents’ influence on children’s attendance of cram schools; 

3. Factors affecting children’s willingness to attend cram 
schools; 

4. Children’s perception of the relationships between cram 
school attendance and mathematics learning; 

5. Primary school teachers’ perception of the interaction 
between cram schools and school-based mathematics 
learning and instruction. 


2 The Role of Cram Schools and the Trend of their Development in 
Taiwan 


2.1 The role of cram schools in students’ education 


Supplementary education is for young people and adults who missed out 
an opportunity for education or who were unable to complete their 
education. It gives them an opportunity to improve their education during 
non-regular school hours (Taiwan Ministry of Education, 2003). Cram 
schools also offer programs that provide supplementary education to 
persons with special needs (Her, 1977). The initial goals of cram schools 
was to provide schooling for those who had no access to regular 
education, as well as to offer supportive and complementary programs 
for people with learning difficulty (Her, 1977; K. M. Huang, 1993; Y. Y. 
Huang, 1995). 

With the growing importance of competitive of entrance 
examinations in gaining admission to prestigious senior high schools and 
universities, however, the services and functions of cram schools 
changed along with the transformation of social structure. In particular, 
the most prevalent service of cram schools is to provide a supplementary 
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academic program for those who desire to have high scores on the 
entrance examinations (H. P. Huang, 2002; L. F. Wu, 1993). 

Along with this, long working hours have kept parents from 
returning home early enough to look after their children. They worry 
about their children lingering around and squandering precious time after 
school. For example, Chen (1978) and Wang (1983) pointed out that 
most students tended to hang out at places such as video arcades. To 
prevent them from becoming juvenile delinquents, parents prefer sending 
their children to cram schools which provide a learning environment. 
Hence, cram schools not only serve as a place for learning, but also a 
safe heaven for children to keep them from going astray. 


2.2 Types of cram schools 


Services provided by cram schools are meant to satisfy the needs of both 
parents and students. They are determined by the market demand. 
Among the great variety of cram schools in Taiwan, four distinctive 
types can be identified (J. S. Hsieh, 2001; Yeh, 1989). (1) “bu shi ban” 
(bu xi ban, #h-J HE): This is a group of students with a teacher who 
provides instruction in subjects taught in school; (2) “Un Chin Class” 
(Un Chin Class, 283): This is more or less like a day-care center with 
an adult looking after a group of children with tuition charged. 
Homework supervision is part of this service. The material taught in the 
two kinds of cram schools above are closely related to the school 
syllabus. Hence, they can also be categorized as academic-oriented cram 
schools; (3) “Special class for specific subject” (FRFIKA ZBL): This is 
also known as “Talent-and-skill class” (Zalent-and-skill class, 7A €35) 
and this is a group of students with a teacher providing a program 
designed for a specific subject, such as foreign language, calligraphy, 
essay writing, art, music, dance, sports, mental calculation, and 
calculation on an abacus. Most of the knowledge taught in a “Talent-and- 
skill class” is not related to the school curriculum. So, it is categorized as 
a non-academic-oriented cram school. (4) Private tutoring: This is one- 
to-one instruction. Depending on the needs of the students, private 
tutoring can be academic or non-academic-oriented. 

In academic-oriented cram schools, all compulsory subjects for the 
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examination are included in the programs. Because mathematics is 
recognized as important for applied science and is a required subject in 
entrance examinations for higher education in Taiwan, it is always the 
predominant subject in cram schools for primary and middle school 
children, in particular. 

Among the various kinds of cram schools, academic ones are the 
most popular and have the highest attendance, while few students would 
opt for private tutoring. L. F. Wu (1993) investigated the attendance of 
elementary school age children in various types of cram schools around 
Taiwan. Subjects were permitted to indicate multiple types of cram 
schools they attended. The results demonstrated that about 80% of the 
children attended cram schools; 54% of those who attended cram schools 
were engaged in academic programs and 18% in other programs; and 
approximately 40% attended non-academic cram schools. Wu also found 
that 81% of those who were going to enter junior high schools attended 
academic cram schools. The role of cram schools can be explicitly 
considered as an academic-mender following the regular schooling, 
particularly for higher graders. 


2.3 The instructional approach in cram schools 


Aiming to help students obtain higher scores and gain greater confidence 
on tests, direct instruction is considered the most effective instructional 
approach used in cram schools. In other words, teacher-centered 
lecturing is commonly used in cram schools. 

“Working harder will lead to improved performance” is the maxim of 
cram schools. To improve students’ proficiency in test-taking and to 
ensure they get high scores, the typical teaching process involves (1) 
lecturing and providing students with organized materials, (2) requiring 
students to practice with various types of problems and formats similar to 
those used in tests, and (3) repeated drills and tests (K. M. Huang, 1993; 
J. S. Hsieh, 2001). 

In the case of mathematics learning, children memorize the content 
of organized materials and are taught strategies for solving problems like 
those in tests. Their basic skills in mathematical computation are 
enhanced through intensive training provided by cram schools. But this 
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teaching/learning process will limit the children’s development in 
creative thinking and the ability for flexible application of knowledge as 
well (K. M. Huang, 1993). Although the educational goals of cram 
schools are consistent with the Chinese belief of hard work and 
industriousness, the teaching approach adopted by cram schools has 
come under severe criticism for years. 


2.4 The trend of children’s cram school attendance 


Children preferred academic-oriented cram schools to other types (L. F. 
Wu, 1993) before the educational reform movement. This can be 
attributed to the prevalent trend in the educational system as well as the 
intensely competitive entrance examinations for higher education (K. M. 
Huang, 1993). 

With the introduction of the reforms in mathematics education in the 
last decade and new admission requirements for senior high schools and 
universities, the trend of children attending cram schools seems to be 
changing. According to the study on primary school children’s 
attendance of cram schools conducted by Taiwan Ministry of Education 
(2000), 54% of the primary school children attended cram schools. 
Furthermore, 27% of the children who attended cram schools were 
engaged in academic-oriented programs and approximately 26% 
attended non-academic-oriented cram schools. A comparison of the 
percentages of cram school attendance before and after the educational 
reform movement reveals that the number of children attending seems to 
be decreasing. H. P. Huang (2002) pointed out that there is a growing 
trend for elementary school children, lower graders in particular, to 
attend non-academic programs. More and more children are attending 
non-academic-oriented cram schools, although the academic-oriented 
ones are still preferred. 


3 Parents’ Influence on Children’s Cram School Attendance 


3.1 The traditional value of academic success 


Far Eastern parents generally have higher academic expectations of their 
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children and provide them with more learning opportunities than their 
foreign counterparts (Peng & Wright, 1994). This social phenomenon can 
be attributed to the importance of academic success emphasized in 
traditional Chinese thinking — for example, there is a saying that those 
who labor physically are governed by those who work with brain and 
mind from a famous literalist Liu Zongyuan (#l#27C) in Tang Dynasty 
(Èt) (B. I. Hsieh, 2002). Confucian beliefs about the role of hard 
work and ability in achievement, as well as emphasis on scholastic 
accomplishment, point to education as critical in the future of children 
(Stevenson, 1992; Stevenson et al., 1990; Xiang, 2002). 

There is a long tradition of competitive examinations among the 
Chinese people. Xiang (2002) pointed out that this is a remarkably 
different heritage from that of western society. Since the introduction of a 
national examination system in China during the Sui Dynasty (f§{%) in 
600 A.D., examinations have been the main way for screening and 
identifying capable persons for public service. This examination system 
has endured for hundreds of years even though the social structure has 
changed drastically (K. M. Huang, 1993). 

Seeking success through various examinations, including entrance 
examinations for education, is an important goal for students. 
Consequently, parents’ expectations for their children drive them to 
enrol] their children in extra programs to enhance their performance in 
examinations. 


3.2 Parents’ belief about education 


Brought up in a culture with great emphasis on education and academic 
success, Chinese parents value scholastic achievement as their child’s 
most important pursuit (Stevenson et al., 1990; Xiang, 2002). Stevenson 
et al. also found that once a Chinese child entered elementary school, the 
parents mobilized themselves to provide an environment conducive to 
achievement. Parents hold higher expectations and have great interests in 
their child’s academic achievement. They tell their children explicitly 
that their primary task is to do well in school. 

Previous research has demonstrated the influence that others have on 
children’s academic development (Alexander & Entwisle, 1988; 


290 How Chinese Learn Mathematics: Perspectives from Insiders 


Stevenson et al., 1990). For example, H. M. E. Huang and Ling (1993) 
found that a mother’s belief about school learning was related to 
children’s mathematics achievement. Parents’ belief in the direct 
relationship between hard working and scholastic success is reflected in 
their greater willingness to send children to cram schools. 

L. F. Wu (1993) investigated 1550 parents with lower (grades 1-2), 
middle (grades 3-4), higher (grades 5-6), and 7th graders from northern, 
central, and southern Taiwan. She found that 68% of the parents held the 
opinion that sending children to cram schools is necessary for getting 
better achievement, especially when children cannot understand the 
content taught in school. Moreover, H. P. Huang (2002) found that most 
parents who encouraged and sent their children to attend cram schools 
believe that “Stupidity can be remedied by diligence”. K. H. Sun (1993) 
also pointed out that those parents who send their children to cram 
schools believe that higher achievement at young age means that the 
children are better prepared for entrance examinations to higher 
education. 


3.3 Parental level of education 


Parental level of education is another significant factor affecting parents’ 
willingness to send children to cram schools. C. S. Sun and Hwang (1996) 
found that parents with a high level of education tend to provide more 
educational resources and supplementary assistance to their children and 
more likely to send their children to cram schools. On the other hand, K. 
H. Sun (1993) and J. S. Hsieh (2001) found that parents with a high level 
of education emphasize developing their children’s talents; they favor 
specific programs, such as a foreign language, computers, the arts, music, 
and sports rather than academic subjects. This is more obvious for 
children in lower grades (Yeh, 1989). J. S. Hsieh (2001) and H. P. Huang 
(2002) proposed two reasons to account for such a phenomenon. First, 
because the school lessons are not too difficult, these highly educated 
parents are able to provide assistance to their children without the need to 
resort to outside help. Second, these parents believe that the more skills 
their children possess, the higher the opportunity for them to enter 
prestigious senior high schools and universities under the current 
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admission system. Thus, they send children to “Talent-and-skill classes”. 
Alternately, parents with a lower educational level are more likely to 
send their children to academic cram schools because they themselves 
are not in a position to assist their children in school work. 

However, the percentage of children attending cram schools 
increases with age and grade. Children in higher grades, for example in 
7th grade and above, are likely to attend academic cram schools (J. S. 
Hseih, 2001). In other words, the trend that parents prefer their children 
to attend non-academic cram schools to academic ones is reversed in 
higher grades. J. S. Hseih (2001) and H. P. Huang (2002) attributed this 
to the increasingly difficult school work where parent tutorial 
interventions may not prove sufficient. As children advance to higher 
grades, the school subjects become harder and parents see academic 
cram schools as the best alternative for their inadequate tutorial 
intervention. 


4 Children’s Reasons for Attending Cram Schools 


With clear academic goals and enthusiastic support given by both the 
family and social culture, Chinese children are more motivated to pursue 
academic success and most of them focused more on doing well in 
school or going to college than American children (Stevenson, 1992). 
Stevenson also pointed out that Chinese children agreed with the general 
notions that any student can be good at math if he/she works hard enough 
and hard working will improve performance. The belief that achievement 
is dependent on diligence is the main reason why Chinese children are 
more willing to spend time on academic work through attending cram 
schools. L. F. Wu (1993) and H. P. Huang (2002) found that although 
most children who attended cram schools were compelled to by their 
parents, some eventually developed a positive attitude towards them. 

H. P. Huang (2002) interviewed 41 higher graders from two 
elementary schools asking why they attend cram schools. The reasons 
provided by the children are discussed in the following. 
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4.1 Achievement motivation and self-requirement 


Children with a high achievement motivation tend to place great 
emphasis on knowledge acquisition and competence (Slavin, 1997; 
Pintrich, Marx, & Boyle, 1993). Moreover, if a child performs well in 
mathematics, he/she is more likely to be labeled as a “clever” student. 
Furthermore, children are worried about competitive examinations in 
which academic success is determined by scores. Those who have failed 
examinations strive to get higher scores, so that they do not have to 
change their perception of themselves as good students (S. J. Wu, 1998). 
Previous research (H. P. Huang, 2002; J. S. Hsieh, 2001; L. F. Wu, 1993; 
Y. I. Wu, 1997) revealed that children believed that their academic 
performance would be enhanced by attending cram schools. 


4.2 Peer pressure 


Studies of elementary school age children have indicated that low peer 
popularity leads to poor utilization of academic ability (Schmuck, 1962). 
Research by Ladd and Price (1987) revealed that the social dimension of 
the peer group is especially important in the primary grades. During 
middle childhood, children begin to evaluate themselves in comparison 
to others and students in higher grades, in particular, tend to compare 
their academic abilities and skills with those of others (Slavin, 1997). 
Moreover, S. J. Wu (1998) demonstrated that children who perform 
poorly in school mathematics are at risk for developing low academic 
self-image and subsequent poor peer relationships. Children are aware of 
the fact that peer relationships would be impaired if their mathematics 
achievement is lower than the average of their classmates. 

Previous studies (J. S. Hseih, 2001; H. P. Huang, 2002) found that 
children attend cram schools for two main reasons, as follows: First, it is 
to maintain a positive self-image and to be accepted among peers. Some 
children expect to make advances in mathematics performance through 
attending cram schools, thus they can have better peer acceptance and 
higher status within the peer group, especially for higher graders. 
Children feel honored if they are high achievers. Second, it is to acquire 
the ability to successfully demonstrate solutions to problems before 
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classmates whenever called on by their teachers. Moreover, in a small 
cooperative group, everyone is supposed to contribute ideas and solve 
problems. Children hope to have the ability to offer and share ideas with 
peers actively rather than passively, while accepting opinions from others 
in group work. 

In addition, H. P. Huang (2002) found that children who attended 
cram schools demonstrated that they learned the material in advance and 
acquired something new from extracurricular programs; they were able 
to show and share what they learned with peers. Previous research 
illustrated that to be able to propose different perspectives and show 
something new to classmates is a source of academic self-confidence 
(Slavin, 1997). 


5 Children’s Perception of the Relationship between Cram School 
Attendance and Mathematics Learning 


Previous studies (H. P. Huang, 2002; J. S. Hsieh, 2001; Wang, 1983; L. F. 
Wu, 1993) indicated that children believe that cram schools offer 
students the opportunity to learn more after school, which in turn helps 
them obtain higher mathematics achievement in school. 

Furthermore, small group problem-solving is more emphasized in 
post-reform teaching practice; however, too much time spent in group 
discussion leaves too little time for teachers to complete the syllabus (H. 
M. E. Huang, 2002). Children who attended cram schools revealed that 
they are able to understand more through previewing the mathematics 
lessons at cram schools. Moreover, school teachers tend to encourage 
students to present their solutions in an open problem-solving discussion. 
This puts the lower achievement children at a disadvantage because they 
might become confused by too many choices given in class. In cram 
schools, children have opportunities to ask questions to clarify what 
confuses them and to understand the best solution from direct instruction. 
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6 Primary School Teachers’ Perception of the Interaction among 
Cram School, School-based Mathematics Learning and 
Instruction 


Schools have the responsibility to teach the content of the curriculum and 
to implement the constructivist-based mathematics reforms. The mode of 
school mathematics instruction has been changed through teachers’ 
inservice educational programs and the role of teacher has thus been 
radically reformed (Chung, 2000; Chung & Chu, 2001). The mode of 
student-centered instruction used in school mathematics is different from 
the teacher-centered lecture used in cram schools. It is worthwhile to 
explore how teachers view cram school education and its influence on 
their teaching practice. For the purpose of extracting more information 
from teachers’ views, interviews using open-ended questions were 
conducted. 


6.1 Data collection 


Forty-four teachers from public elementary schools in Taipei city and 
county were interviewed (see Appendix). The interview contains 
questions probing how teachers perceive the impact of cram school 
attendance on different aspects of mathematics learning. These aspects 
include computation skills, homework completion, understanding 
mathematical concepts, self-confidence in mathematics, and teaching 
practices. The mean number of years of teaching experience was 12.4. 
Teachers’ responses were categorized and frequencies were tabulated. 
Discussion was held between the two coders who reached a common 
consensus on how to categorize the opinions given. Inter-rater agreement 
was 95%. In addition, a content analysis of teachers’ explanations was 
carried out to gain insight into the teachers’ opinions of the impact of 
cram schools on mathematics learning and instruction. 
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6.2 Results 


6.2.1. Teachers’ perceptions of the influence of cram schools on 
children’s mathematics learning 


The analysis results showed that the percentage of children attending 
cram schools with mathematical programs was about 47%. 

Table 1 shows how the teachers perceive the impact of cram schools 
on aspects related to school mathematics learning. As can be seen, 82% 
and 70% of the teachers reported that cram schools were of much help to 
children’s mathematical computation skills and homework completion, 
respectively, while 7% and 5% thought that cram schools have a negative 
influence, respectively. 


Table 1 
Teachers’ Views about the Influence of Cram Schools Attendance on Children’s 


Mathematics Learning. 


Aspect of schoo! mathematics Positive Negative No No 
learning influence influence influence comments 
Mathematical computation skills 82% 7% 2% 9% 
Mathematical homework 70% 5% s 25% 
completion 

Understanding mathematical 16% 52% 9% 23% 
concepts 

Self-confidence in mathematics 64% 4% 7% 25% 


learning 


However, some teachers held the opinion that whether a child could 
benefit from cram school education depends on how much effort he/she 
invested. Two percent of the teachers did not think that cram schools 
have an influence on children’s computation skills, while 9% and 25% of 
them did not comment on the relationships between cram schools and 
children’s mathematical computation skills and homework completion, 
respectively. 

Teachers also reported that children performed better on computation 
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and homework through the training of cram schools, which in turn 
enabled them to gain more self-confidence in mathematics learning. 
While 64% of the teachers expressed the view that extra learning in cram 
schools boosts children’s self-confidence in mathematics learning, 4% 
felt otherwise. 

Subsequent interviews revealed the reasons why teachers felt that 
attending cram schools had a negative influence on children’s self- 
confidence in mathematics learning. The responses frequently given 
included the following: “Some children have good skills in computation 
but poor understanding of the mathematical concepts, they cannot 
explain the mathematical reason behind their computation”; “Only doing 
well in calculation is insufficient for enhancing one’s self-confidence in 
mathematics”; “Some children attended cram schools pre-learned the 
lessons, giving them a false impression about their mathematical 
competence; thus they tended to be less attentive or were frequently 
distracted. Consequently, they were unable to perform well in class 
eventually. The impression of their mathematics ability produced by 
cram school attendance would impair children’s confidence in 
mathematics”. 

However, 7% expressed the view that cram school attendance 
seemed to have no relationship with children’s self-confidence in 
mathematics learning and 25% did not have any comments about the 
relationship. Teachers expressed their view that self-confidence in 
mathematics learning depends on the children’s ability and daily 
mathematical performance as well as the level of difficulty of the 
mathematical content, rather than cram school attendance. For example, 
children in lower grades are more likely to have greater self-confidence 
in mathematics learning because of the relatively less difficult 
mathematics content. 

As seen in Table 1, 16% of the teachers reported that cram school 
attendance had a positive influence on children’s understanding of 
mathematical concepts, but 52% felt otherwise. Two reasons can account 
for such opposing views. First, cram schools place emphasis on “short- 
cut” and “effectiveness”, and focus solely on producing the correct 
answers to problems rather than exploring the systematic structure of 
mathematical concepts. Children frequently fail to solve problems that 
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look novel to them. They just learn to mechanically apply a formula 
when solving problems through drill and practice. Such rote practice may 
enhance their homework performance or term tests that cover only 
content retention, but may weaken their meaningful construction of 
mathematical knowledge. 

Nine percent of the subjects thought that cram school attendance is 
not related to children’s understanding of mathematical concepts and 

3% did not have any comments on this aspect. Teachers perceive that 
understanding mathematical concepts is more closely related to a child’s 
ability and whether he/she pays attention when learning in class rather 
than cram school attendance. 

Regarding the effect of cram schools on teaching practices, the 
results revealed that 59% of the subjects reported that cram schools have 
no impact on their teaching practice, while 41% of them thought that 
cram schools had only a slight influence on their teaching practice. 
Explanations offered by teachers are as follows. 


a. The instructional approach in schools is quite different from 
that used in cram schools. Understanding mathematical 
concepts through the process of observation, manipulation, 
operations, and discussion is emphasized by school teachers. 
Compared to the drill and practice in cram schools, the 
instructional approach and practice used in schools are 
meant to provide meaningful learning. Teachers commonly 
ask leading questions and guide the whole class through the 
conceptual development in a systematic and coherent way, 
rather than by rote. 

b. Apart from textbooks, materials, content, and activities 
designed and used in schools are relatively different from 
those in cram schools. School mathematics instruction 
stresses sharing and illustrating one’s own thinking in an 
open classroom discussion. Furthermore, for the purpose of 
fostering children’s creativity and applying mathematics 
knowledge in solving daily problems, school programs and 
projects are frequently provided by teachers. 

c. Teachers benefit from the homework supervision provided 
by cram schools. This can save time in checking assignments 
and help to keep them teaching on schedule. Furthermore, 
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some low achieving children can catch up with other 
students through extra programs in cram schools. This tends 
to narrow the gap of individual differences among the 
students with mixed achievement levels, thus enabling a 
smoother teaching schedule. 

d. School teachers with a good knowledge of mathematics and 
children’s cognition in mathematics are able to probe and 
diagnose children’s misconceptions in class. Equipped with 
a better understanding of the pedagogical content, a greater 
variety of teaching strategies and more experience with 
children, school teachers know which approach may be most 
effective in a particular situation, and are sometimes able to 
correct misconceptions students develop in cram schools. 


The reasons given why teachers considered that their teaching 
practice was slightly affected by cram school are as follows: 


a. Children’s attitudes toward school learning may not be 
earnest owing to previous lessons in cram schools; that is, 
students presume they already know what was taught, so 
they tend to pay less attention and sometimes disturb the 
discussion and exploration process in class. This behavior 
may also cause class management problems. 

b. There is a need for teachers to spend time clarifying the 
concepts and misconceptions that children get from lessons 
in cram schools. Because the quality of cram school teachers 
varies greatly, they frequently cause misconceptions or 
inappropriate information. 

c. Some teachers complain that they have to “negotiate” with 
students concerning their reports and discussions, because 
some cram schools offered too much homework; that is, 
because children tend to spend much time in completing the 
exercises required by cram schools, they may complete 
school tasks or reports in a perfunctory manner. 


To summarize the findings mentioned above, approximately half of 
the children of elementary school age attended cram schools with 
mathematical programs. Teachers have both positive and negative 
perceptions about cram schools, with respect to mathematics learning 
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and teaching. Most teachers agreed that cram schools have merit in 
improving children’s computation skills, supervising homework 
completion, and boosting self-confidence in mathematics. Homework 
supervision provided by cram schools, especially the Un Chin Class, 
saves or reduces the time spent by parents and teachers in checking 
assignments. This benefits most of those parents who do not have the 
ability and time to assist in their children’s homework. Furthermore, 
under the supervision of cram schools, children perform better in their 
homework, which in turn enhances their self-confidence in mathematics. 
Opposing ideas about cram schools are often embedded in views on rote 
learning and its negative influence on understanding mathematical 
concepts as well as children’s negative attitudes toward school learning. 


7 Conclusion 


This chapter explores the role of cram schools in Taiwan, as well as how 
parents and children perceive them. The major function of cram schools 
is to provide supplementary education, especially academic programs for 
compulsory subjects in entrance examinations. However, the service 
provided by cram schools is also changing in order to meet the needs and 
expectations of parents and children. The trend of cram school 
attendance, among children in lower grades, in particular, is gradually 
shifting to non-academic programs. 

The benefits children can have from attendance at cram schools 
remain controversial. The growing popularity of attendance can be 
attributed to the influence of parents and certain children’s factors. 
Parents tend to have high expectations for children’s academic success, 
which is greatly emphasized in traditional Chinese values. Parental level 
of education also significantly affects their decision to send children to 
different kinds of cram schools. Besides being encouraged by parents, 
some children with higher achievement motivation and those who desire 
to maintain a positive self-image and acceptance among peers tend to 
seek academic supplement by attending these schools. With respect to 
learning mathematics, the popular belief held by many parents and 
children is that children may acquire academic proficiency through 
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learning more and more substantive mathematics, which in turn improves 
school mathematics achievement. 

Primary school teachers seemed to perceive positive effects of cram 
schools on children’s mathematics learning. These include improved 
computation skills, homework completion, and greater self-confidence in 
mathematics. On the other hand, teachers did not agree that the cram 
schools’ emphasis on rote-learning is so good, thinking that these schools 
fail to foster children’s conceptual development. The influence of cram 
schools on children’s understanding of mathematical concepts as well as 
flexible application of knowledge is deemed negative. However, some 
teachers argued that enrolling in extra programs does not ensure high 
achievement in mathematics because children tend to apply the 
algorithms and effective strategies learned in cram schools with limited 
understanding of the mathematical concepts behind them. Furthermore, 
children’s distractions and negative attitudes toward learning, and the 
need to correct the misconceptions learned in cram school, pose 
problems for teachers in classroom teaching. School teachers recommend 
that parents should seriously consider the quality of the teachers when 
choosing a school. 

Overall, cram schools have merit in satisfying the needs of parents 
and students. Although the intensive repetitive daily practice offered by 
cram schools helps foster children’s academic abilities, in some ways it 
fails to develop creative thinking (H. P. Huang, 2002; K. M. Huang, 1993) 
and understanding of mathematical concepts. 

Competence in such domains as mathematics rests on the children’s 
ability to develop and link their knowledge of concepts and procedures. 
Rittle-Johnson, Siegler and Alibali (2001) suggested that the two 
essential types of knowledge that children should acquire are conceptual 
understanding and procedural skills. In order to help children become 
better learners, cram schools should focus more on promoting conceptual 
development in mathematics and fundamental cognitive processing, 
instead of great emphasis on drill. Furthermore, teachers think that 
children’s ability and effort are more important mediators in mathematics 
learning than rote learning. At the same time, school teachers should also 
design and offer programs different from those provided by cram schools 
to avoid the problem of children getting distracted in class. 
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Furthermore, the quality of cram school teachers needs to be 
ameliorated through pedagogical programs. Mayer (2000) pointed out 
that changing views of mathematics learning can be a driving force in 
curricular reform, particularly in the teaching of prerequisite cognitive 
processes in school mathematics. The value of teaching cognitive 
processing has been pinpointed as a perquisite for basic academic 
achievement and as a means of promoting mathematical ability. It is 
necessary, therefore, to provide teachers in these schools with 
educational training to improve their teaching effectiveness. And to also 
help them be more consistent with the instructional approach in regular 
schools. 
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Appendix 
(Translated from Chinese) 


Questions on how primary school teachers view the effect of cram 
schools on school-based mathematics learning and instruction. 


. How many children are there in your class? How many children in 
your class attend extra mathematics programs or cram schools with 
mathematics classes? 

2. According to your perception and observation in teaching practice, 
how does cram school education affect children’s mathematics 
learning in aspects such as computation skills, mathematical 
homework completion, understanding mathematical concepts, and 
self-confidence in mathematics? 

3. Would children’s cram school attendance influence your teaching in 

school-based mathematics? Why? 

No influence on my teaching practice in school-based mathematics. 

Some influence on my teaching practice in school-based mathematics. 


— 


Reasons: 
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Figure. “Cram school street” in Taipei 
Note. Photo provided by Prof. N. Y. Wong. 
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Chapter 12 


Teaching with Variation: A Chinese Way of 
Promoting Effective Mathematics Learning 


GU Lingyuan HUANG Rongjin MARTON Ference 


This chapter consists of two parts. First, based on a longitudinal 
experiment aiming at effective mathematics teaching and learning in 
China, a theory, called teaching with variation, is summarized by 
adopting two concepts of variation, i.e. conceptual variation and 
procedural variation. Secondly, it is demonstrated that the Chinese 
theory is strongly supported by several well-known Western theories of 
learning and teaching. Particularly, the Marton’s theory offers an 
epistemological foundation and conceptual support for the Chinese 
theory. Moreover, the authors argue that the teaching with variation 
characterizes the mathematics teaching in China and by adopting 
teaching with variation, even with large classes, students still can 
actively involve themselves in the process of learning and achieve 
excellent results. 


Key words: teaching with variation, conceptual variation, procedural 
variation, Chinese mathematics classroom, paradox of Chinese learners 


1 A Paradox of Chinese Learners 


1.1 Contradictory view on Chinese mathematics learning 


Since the 1980s, many international comparative studies on mathematics 
achievement, which included Chinese students at primary and secondary 
schools, have repeatedly shown contradictory results: 

On the one hand, a number of studies have shown that Chinese 
students outperformed their counterparts in the Western countries in both 
comparative mathematics achievements studies and at the International 
Mathematical Olympiad (Beaton et al., 1996; Lapoite, Mead, & Askew, 
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1992; Mullis, Martin, et al., 2000; Mullis, Michael, et al., 1997; 
Stevenson, Chen, & Lee, 1993; Stevenson & Stigler, 1992). On the other 
hand, many Western researchers have found that the learning 
environment in China did not seem conducive to “good learning”. For 
example, with regard to teaching method, it was described as “passive 
transmission” and “rote drilling” (Biggs, 1991; Ginsberg, 1992; Kember 
& Gow, 1991). Ginsberg (1992), in particular, characterized teaching in 
China as student’s passive learning under teachers’ domination, by 
pointing out that this form of teaching is rather equivalent to a respected 
senior transmitting knowledge to an obedient younger student. It 
therefore appears that the teaching of mathematics in China is quite 
traditional and conservative. 

This contradictory situation was called the “paradox of the Chinese 
learner” (Marton, Dall’Alba, & Lai, 1993) which has, internationally, 
attracted the interest of the researchers in mathematics education and 
cross-cultural psychology (Biggs, 1994; Biggs & Watkins, 1996, 2001; 
Leung, 1995, 2001; Morris et al., 1996; Watkins & Biggs, 2001). 


1.2 Interpretations of the paradox 


Logically, these two opposite observations cannot be seen to be 
simultaneously valid. Since many international comparative studies have 
shown that Chinese students outperformed their counterparts in the West, 
researchers have recently and thoroughly investigated mathematics 
teaching in China from different perspectives in order to interpret the 
paradox. The following section will discuss three relevant studies. 


1.2.1 Understanding knowledge from multiple perspectives: A 
comparative study on understanding mathematics knowledge of 
primary teachers in China and the United States 


Ma (1999) found that Chinese teachers normally received 10 to 12 years 
of formal schooling including teacher training while US teachers 


' This also applies very much to other Confucian Heritage Communities such as Chinese 
Taiwan, Korea, Japan, and Singapore (Biggs & Watkins, 1996; Marton, Dall’ Alba, & 
Lai, 1993). 
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received 16 to 18 years of schooling. However, the Chinese teachers 
were better equipped with knowledge of mathematics as a subject and 
were able to use more effective methods to teach it. The Chinese teachers 
emphasized the understanding of concepts from multiple perspectives, 
while the American teachers paid great attention to the procedural 
knowledge. For example, the American teachers usually emphasized 
how to calculate but without understanding the underlying rationale in 
depth, while the Chinese teachers not only required students to master 
computation fluently but also paid attention to the ability to select a 
proper and effective method to operate. It is obvious that these aims 
cannot be achieved by rote-drill. Stressing multiple methods and 
different understandings was argued as “an important feature of Chinese 
mathematics teaching” by Zheng (2001). 


1.2.2 Unfolding teaching progressively: Studies on the Chinese model of 
teaching and teacher induction education 


In the early 1990s, Paine (1990), basing her findings on the results from 
her fieldwork during 1986-87, described the “virtuoso model” of 
teaching in China. The characteristic of the virtuoso model is that lessons 
are dominated by teacher-talk in an expository and explanatory format, 
the students constituting the audience. According to Paine, teaching in 
Chinese classrooms involves transmission of knowledge progressively to 
students in a precise and elegant language. It resembles an artistic 
performance when a lesson is unfolded progressively. Recently, on the 
grounds of a qualitative study on teacher induction in Shanghai, Paine 
(2002) argued that studying the “focal points” (HE), “difficult points” 
(XE Si), and “hinges” (X $Ë) of teaching materials through a 
collaborative and joining community of in-server teacher education 
practice could contribute to the “profound understanding of 
mathematics” (Ma, 1999) by Chinese mathematics teachers. 


1.2.3 Searching for different ways to solve a problem: Comparisons of 
mathematics classrooms in the Eastern countries and Western 
countries 


In the 1980s, a research group led by Harold Stevenson at the University 
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of Michigan conducted a series of cross-cultural studies comparing the 
mathematics achievement of Chinese, Japanese and American students. 
It was found that students from Japan, Taiwan, and Mainland China 
attained significantly higher levels of mathematics competency than the 
American students. These studies were based on classroom observations 
of 800 mathematics classes in elementary schools from Beijing, China; 
Sendai, Japan; Taipei, Taiwan; and Minneapolis and Chicago in the 
United States, by using systematic time sampling and narrative 
observations (Lee, 1998). The following conclusions were reached with 
regard to students’ thinking and understanding: 


e The practice of presenting one mathematical concept in a 
number of different ways in East Asian classrooms is more 
common than in American classrooms. 

e In Chinese and Japanese classrooms, the teachers’ role is 
more like a coordinator than a judge. 

e Japanese and Chinese teachers are more likely to provide 
learning experiences with concrete operations followed by 
abstract concepts. American teachers do so to a lesser extent. 

e The quality of the mathematical thinking in which the 
student is engaged depends on both how the student 
responds to the questions and how the teacher asks the 
questions. It was found that American teachers were less 
likely to use any of the techniques that facilitated students’ 
constructive thinking and conceptual understanding of 
mathematics than those in East Asia (Lee, 1998; Stevenson 
& Lee, 1995; Stevenson & Stigler, 1992). 


To summarize, in the East Asian mathematics classroom, students 
are actively involved in learning tasks. They have opportunities to think 
mathematically. Teachers also apply their own teaching strategies to lead 
students to construct mathematical concepts. Although the stereotypical 
Asian education system places a strong emphasis on drilling procedural 
skills, the data illustrate that East Asian students also have frequent 
classroom experiences that facilitate their conceptual understanding of 
mathematics (Lee, 1998; Stevenson & Lee, 1995). 
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The TIMSS Video Study, in which a total of 231 randomly selected 
mathematics lessons were video-recorded in Germany, Japan, and the US, 
described three different patterns of mathematics lesson in the three 
locations (Stigler & Hiebert, 1999). One of their main findings was the 
rather sharp contrast between a prototypical American lesson and a 
prototypical Japanese one: 


In a typical Japanese lesson, after having reviewed the 
previous lesson, the teacher introduces the problem of the day, a 
problem complex enough to be used as a framework for the 
entire lesson and for elaborating different ideas and procedures. 
The students then work on the problem individually, as a rule, in 
a number of different ways. This is continued by work in groups. 
The teacher — and the students as well — comment on the 
strengths and weaknesses of different approaches. The teacher 
summarizes the work at last and points to the most powerful 
ideas that have come up during the lesson. 

In a typical American lesson, the teacher also starts with 
reviewing the previous lesson. Then the teacher may introduce 
definitions, terms, and above all, a method for solving certain 
kinds of problems. After the demonstration, the students are 
given a relatively large number of problems to practice on. After 
that, another type of problems may be introduced, the method for 
solving that kind of problems are then demonstrated by the 
teacher, and the students are given a further set of problems of 
this second kind to practice on. 


The teaching strategy to search for multiple methods to solve a 
problem in the Japanese classroom can be often found in the Chinese 
mathematics classroom which is strikingly different from the United 
States. 

The above studies showed some of the characteristics of 
mathematics classroom teaching in China, such as multiple 
understandings of concept and principle and multiple methods to solve a 
problem, which are opposite to the observations of passive learning and 
rote-drill. It is necessary to investigate Chinese mathematics teaching in 
depth in order to interpret the “paradox of Chinese learner”. 
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1.3 Focusing on teaching with variation 


These contradictory observations may be attributed to the different 
understanding of learning and teaching in different cultures, apart from 
cultural bias and limitations of outsiders. For example, some Western 
scholars argued that the fact that Chinese learners were regarded as 
“rote-learners” might be due to the exclusive dichotomy of memorization 
and understanding and juxtaposing the repetition learning and rote 
learning equally in the West. However, the repetition learning with 
certain variations could be meaningful (Marton & Booth, 1997; Marton, 
Dall’Alba, & Tse, 1996). 

Marton, having reviewed some mathematics comparative studies 
(Stevenson & Stigler, 1992; Stigler & Hiebert, 1999), argued that “a 
main difference between Japanese and American classrooms is that in 
the Japanese classrooms the students work with few problems, consisting 
of many elements, while in the American classroom the students work 
with many problems consisting of few elements” (Marton et al., 2004). 

According to the theory of variation derived from the 
phenomenography (Bowden & Marton, 1998; Huang, 2002; Marton, 
1999; Marton & Booth, 1997; Rovio-Johansson, 1999), the different 
patterns of variation may be pertinent to uncover the paradox of Chinese 
mathematics learning, which also help us to understand mathematics 
teaching in China. 

In the following sections, first, based on the “Qingpu experiment” 
which aimed to study and implement the notion of “teaching with 
variation” (ZRAZ), concepts and characteristics of “teaching with 
variation” will be described. Then, the Chinese concept of “teaching with 
variation” will be justified and theorized with connection to several 
Western theories. After that, the paradox of Chinese learners will be 
examined from the notion of “teaching with variation”. Finally, it is also 
hoped to explore the characteristics of mathematics teaching in China 
and establish the Chinese theory of teaching with variation. 


2 Experimental Foundations 


In China, “teaching with variation” has been applied consciously or 
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intuitively for a long time. Employing the previous experience and 
experiment, L. Gu (1981) systematically analyzed and synthesized the 
concepts of teaching with variation. He identified and illustrated the two 
forms of variations: “conceptual variation” and “procedural variation”. 


2.1 Conceptual variation: Understanding concepts from multiple 
perspectives 


Teaching with variation is 


An important teaching method through which students can 
definitely master concepts. It intends to illustrate the essential 
features by demonstrating different forms of visual materials and 
instances or highlight the essence of a concept by varying the 
nonessential features. It aims at understanding the essence of 
object and forming a scientific concept by putting away 
nonessential features (M. Gu, 1999). 


Traditionally, conceptual variation refers to the following two ways 
of creating variation: one refers to varying connotation of concept, called 
concept variation and the other refers to varying instances which confuse 
the connotation of concept, termed non-concept variation such as 
illustrating by counterexamples. These two types of variations make up 
“conceptual variation”, which aims at providing students with multiple 
perspectives of experiencing concepts. The functions of both variations 
will be illustrated below. 


2.1.1 Inducing concepts by varying visual and concrete instances 


Abstractness is one of the fundamental features of mathematical concept. 
However, many concepts can be derived from the real world with 
physical background. It is important to allow students to have a concrete 
and visual experience in order to connect the abstract concept with its 
concrete embodiments. 

Take the teaching of the “non-coplanar line” where two lines are not 
on the same plane. Based on the experience, the difficulties for learning 
the concept are: First, it is not easy to understand the concept due to its 
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abstract nature; secondly, the concept belongs to three-dimensional space 
so that the distorting of the visual perception is inevitable when using 
two-dimension of diagram representation. The objects of this concept 
(i.e., extension) are thus not easily discernible. To solve the two 
difficulties, a experienced teacher would prefer to make use of the 
following two variations: One is to make use of concrete materials in 
daily life offering students sensory experience and helping them clarify 
the meaning of the concept (see Figure 1 (1)); The other is to provide 
different figures to diagrammatize the concept and transfer the visual 
perception to abstract concept. By means of the second variation, 
students will be helped to generalize their perception from concrete to 
abstract and understand the basic features of the concept figures and 
master the set of extension of the concept (Figure 1 (2)). 


Visual models Variations of figures 


a 


Figure 1(1) Figure 1(2) 


However, it must be pointed out that, at the inducing stage of a 
concept, the main purpose of using this variation is to help students 
establish the connection between concrete experience and abstract 
concept. Moreover, as the essence of a mathematical concept is abstract, 
the visual background of a concept must be disconnected in due course 
so that a concept is upgraded to an abstract level. 

In addition, there are different levels of abstraction of mathematical 
concepts. It is relative whether one concept is abstract or concrete. For 
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example, in order to illustrate the essence of the concept “equation”, 
namely, “an expression containing unknowns and the equal sign”, the 
following variations of concepts should be helpful: 


2x =1, ztls2, 4x-3=5, 3x+4y=12, x°-1=0, xX +y =l 


Even though these variations are abstract algebraic expressions, they 
are concrete in comparison with the concept of “equation”. 


2.1.2 Highlighting the essence of concept by contrasting non-standard 
figure 


Since mathematics concepts consist of a clear set of extension, mastering 
a concept refers to distinguishing whether an object belongs to the set of 
extension or not. An effective way of teaching concepts is to highlight 
the essence of the concepts by classifying the varying objects of the 
extension in terms of their invariant features. 

In the set of extension of concept, although logically all the objects 
are equivalent, certain objects have special positions. For example, a 
certain figure is the standard representation for the relevant concept due 
to the visual perception or initial awareness for the learners, as shown in 
Figure 2: 


Standard figures 


Non-standard figures w i > ) x 


Perpendicular Parallelogram Height of triangle 


Figure 2. Geometrical standard figure and non-standard figure variation 


It is helpful to make use of standard figure for mastering concepts 
accurately, but the standard figure also limits the flexibility of thinking 
and even narrows the extension of the concepts. An effective way to 
overcome the disadvantage of use of standard figures is to highlight the 
essential features of the concepts through varying unessential features by 
providing different non-standard figures. 
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2.1.3 Non-concept variation 


Connotation and denotation (extension) of a concept are two opposite yet 
complementary aspects. If the connotation is clarified, the extension is 
defined and vice versa. Therefore, teaching concepts should emphasize 
clarifying the connotation and differentiating the boundary of the set of 
objects in the extension. There are relationships among different 
concepts as shown in Figure 3. 


a 


Figure 3. Relationship among concepts 


The figure illustrates the relationships among different concepts. For 
example, B is the superordinate concept of A, C is the subordinate 
concept of A, A and D are intersected, while A and E are contradictory. 
Thus, it is necessary to clarify the differences between a concept and its 
relevant concepts in order to clarify the connotation of the concept. 

Using “non-concept variation” can effectively achieve this aim. For 
instance, in two-dimensional geometry, through comparing non-concept 
figure and concept figure, the essence of a concept can be clarified and 
highlighted visually, as shown in Figure 4. 
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Concept figure non-concept figure 


Adjacent angle da L > IZ ee 


Opposite angle 


Angle at the 
circumference 


Figure 4. Non-concept figure variations for 
discerning the essence of concepts (L. Gu, 1981) 


There are many forms of non-concept figure variations. 
Demonstrating counterexamples is one commonly used method of non- 
concept figure variations, as illustrated in Figure 5. 


“Is the line “Is the quadrilateral 
perpendicular to where the two 
the radius the diagonals are 
tangent of the perpendicular a 
circle ?” rhombus?” 


Figure 5. Counterexamples 


The left clearly demonstrates that the line perpendicular to the radius 
is not necessarily a tangent of the circle, while the right convincingly 
indicates that the quadrilateral where the two diagonals are perpendicular 
is not necessarily a rhombus. 


2.2 Procedural variation: Progressively unfolding mathematics 
activities 


Mathematics teaching consists of two types of activities. One is teaching 
declarative knowledge (i.e., concept). The other is teaching procedural 
knowledge (i.e., process). Since the procedural knowledge (problem 
solving and meta-cognitive strategies) is dynamic, using the conceptual 
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variation which is static does not enable to enhance learning process. 
Thus, L. Gu (1981) adopted “procedural variation” to broaden the 
concept of variation so as to tackle teaching of procedural knowledge. 

It is a fundamental fact that there is a hierarchical system in 
unfolding mathematics activities, which includes different steps to arrive 
at a solution or different strategies to solve problems. By procedural 
variation, the students can arrive at solutions to a problem and form 
connections among different concepts step by step or from multiple 
approaches. The functions of procedural variation are illustrated below. 


2.2.1 Enhancing the formation of concepts 


When the concept is regarded as a static object, the conceptual variation 
is used as an effective way of teaching. However, a concept is formed 
through a certain process of development which is also an important 
aspect of understanding the concept. To master a concept, it is helpful to 
allow students to experience the process of the formation of the concept 
and in particular to realize the need of introducing the new concept. Take 
as an example the teaching of the concept of “equation”. There are two 
difficulties in learning the concept: one is the idea of “balance” and the 
other is the meaning of “unknown”. If students are just asked to 
memorize the definition of an equation: “the expression which includes 
unknowns and the equal sign is called an equation”, and then to discern 
the same equations from a set of expressions, the students might give 
correct judgment on whether an expression with an equal sign is an 
equation or not, understand the extension formally, but not understand 
the essence of the equation properly. An experienced teacher may adopt 
“procedural variation” to help students establish the concept 
progressively as follows: 


Scaffolding 1: Representing the unknown by concrete things. 

For example, “James pays 2 $D for buying three rubbers and the 
seller gives him 2 coins in change (1/10 $D). How much is for each 
rubber?” The following expression can present the question visually. 


2D - fe] fo] fo] = 2c o 2D - 3f] = 2c (1) 
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Scaffolding 2: Symbolizing the unknowns. 


2D - 3x =2C (2) 
or 


20-3x=2 (3) 


To some extent, the three expressions above represent the three 
stages of development of the algebraic symbol system: iconic algebra, 
simplified algebra, and symbolic algebra. By doing this, it not only helps 
students experience the simplicity of using symbol to represent numbers, 
but also provides a concrete model of the “equation” concept. But at this 
stage, the understanding of unknown is still associated with concrete 
objects. For example, the students might associate the x in (2) and (3) 
with a concrete price of rubbers, but not as a general symbol. In order to 
develop the abstract concept of x, it is helpful to set the further 
scaffolding: 


Scaffolding 3: Replacing unknown x with symbolic “n”. 
20 -30=2 (4) 


Although the equation (4) is far removed from the form of equation 
than the equation (3) in terms of the appearance, in fact, the “o” in 
equation (4) is of more general meaning than the x in equation (3). It can 
be imaged as a box for numbers; the students are furthermore asked to 
find the numbers, which make the equation tenable. In this way, it 
enables the students to understand that the number is the value of the 
unknown. Thus, equation (3) is a special case of equation (4). Moreover, 
it might help students to understand that the x in equation (3) not only 
symbolizes the particular object but presents a symbol which can be 
replaced by any number as the “no” in equation (4). Through working 
with this game, students not only understand the essence of “unknown” 
but also experience the basic idea of balance. 

There is an essential difference between procedural variation and 
conceptual variation. The former aims at providing a process for 
formation of concept stage by stage, while the latter serves as an 
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2.2.2 Scaffolding for problem solving 


The fundamental principle of solving problems is to convert unsolved 
problems into solved problems, complicated problems to simple ones 
(Pólya, 1945). Since there is no clear relationship between unsolved 
(complicated) problems and solved simple problems, it is necessary to 
pave certain ways for implementing this transformation. It can be 
demonstrated in the following diagram: 


Transferring | Variation? |....----------- 
Deducing 


Deducing 


Transferring 


Deducing 


Known- 
problem 


Figure 6. Variation for solving problems 


It is a crucial phase in helping students to solve problems by using 
variation as the scaffolding of transferring problems in China. Students’ 
experience in solving problems is manifested by the richness of varying 
problems and the variety of transferring strategies. The following is an 
example of application of procedural variation in problem solving. 

As shown in Figure 7, ABCD is a trapezium A 


and BC//AD. If the areas of AAOD and ABOC are Lx 


Sı and S, it is to be proved that the area of the a Lo, 


trapezium ABCD, S = S, +2./S\S, +S,- Figure 7. 

In order to solve this problem, it is necessary to find the relationships 
between the area of trapezium and the areas of two given triangles. 
Moreover, as the trapezium can be separated into four triangles, the 
original problem therefore can be converted into finding the relationships 
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between the areas of AAOB and ACOD and the given areas of triangles 
Sı and $% Thus, the key to solve the problem is to create the variations of 
problem which are related to the area relationships between given 
triangles and unknown triangles. The analysis of the following diagrams 
will offer the scaffolding for solving the original problem’. 


Figure 8. Multiple analysis of the configuration of the same diagram (L. Gu, 1981) 


It was found that multiple analyses of the configuration of a problem 
not only helps students clarify the process of solving the problem and the 
structure of the problem, but is also an effective way of experiencing 
problem solving and enhancing the competency of solving other 
problems (L. Gu, 1994). 


2.2.3 Establishing a system of mathematics experience 


The purpose of creating the procedural variation is to develop the variety 
of methods of doing activities and the hierarchy of unfolding activities. 


* Take Figure 8@ for example, it is easy to find that the area of AAOB is equal to the 
area of ACOD. Let S* = area of AAOB, then S*/S, = AO/OC and S*/S;=CO/AO. Thus, 
(S*)/S_ S, = 1, namely, (S*)"= S, S, Considering S = Sı + S,+2S*, the result will be 
proved immediately. 
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Every mathematics activity consists of one or a series of procedural 
variations, which include steps and strategies for transferring/exploring. 
All these variations are made up of a system of experiences and 
strategies hierarchically and could be internalized into an important part 
of cognitive structure. 

The knowledge system (i.e., concept system) consists of the logical 
structure of concepts/proposition, while the activity system (i.e., process) 
reflects the learner’s own subjective experiences in problem solving. The 
cognitive structure includes concept knowledge and process knowledge. 
The richness and effectiveness of the process system are important for 
upgrading cognitive structure. 

The variations for constructing a particular experience system (i.e., 
process ability) are derived from three dimensions of problem solving: (1) 
varying a problem: varying the original one as a scaffolding or extending 
the original problem by varying the conditions, changing the results and 
generalization, (2) multiple methods of solving a problem by varying the 
different processes of solving a problem and associating different 
methods of solving a problem, and (3) multiple applications of a method 
by applying the same method to a group of similar problems. 

To be concise, in the process of the formation of concepts, the 
procedural variation reveals the logical, historical, and psychological 
processes of formation of concepts and therefore enhances students’ 
learning stage by stage. During the process of solving problems, 
procedural variation manifests a series of concepts or propositions for 
scaffolding or the strategies and experiences for doing activities, thus 
fostering students’ methods of solving problems with multiple stages or 
multiple options; in the process of the formation of cognitive structure, a 
hierarchical system of experience or strategies is formed by creating the 
procedural variation; the separated activity experience is therefore re- 
organized into an integration. 

In other words, the purpose of the procedural variation is to form a 
hierarchical system of experiencing process through forming concepts or 
solving stages of problems. This teaching therefore is definitely not a 
“rote drill”. 


Teaching with Variation 325 


2.2.4 An Empirical study on procedural variation 


Based on the previous analysis, the features and functions of conceptual 
variation and procedural variation are different. The former is static, 
emphasizing the comparison of different objects, thus the essence of 
concept and its extensions are highlighted and clarified by comparing the 
concept objects and non-concept objects. The latter is dynamic, 
emphasizing the connections among different processes, therefore the 
previous knowledge and the new knowledge are connected by providing 
proper scaffolding based on deliberately separating the mathematics 
activities into parts progressively. Thus, regarding procedural variation, 
it is a crucial issue how to design the procedural variation as scaffoldings 
in order to set an appropriate distance between the previous knowledge 
and the new knowledge. In order to measure how distant the to-be- 
explored problem is from the anchoring part of knowledge, (i.e., 
previous knowledge underpinning learning of the new knowledge and 
the exploration of the new problems), based on a teaching experiment 
conducted from 1987 to 1988 in Qingpu, the concept of “potential 
distance” was introduced and discussed (L. Gu, 1994). 

In this experiment, 180 students in grade 8 were tested twice. The 
purpose of these tests was to examine the relationship between the 
“potential distance” and the problem solution. The two tests showed that 
there were different distances between the to-be-explored problem and 
anchoring knowledge, which affected the solving of the problem. Take 
the first test for example. In the test, the students were required to judge 
the relationship between two circles, based on the exploration of the 
relationship between the radii of the two circles and the distance of the 
centers of the two circles, as shown in Table 1. 

The table shows that there are great differences between different 
grades concerning the potential distance when exploring the relationship 
between the two circles. At Junior 1, the students just learnt the length of 
segments without learning geometry formally, the potential distance is 
the longest; at Junior 2, students had learnt the triangles, the distance was 
shortened a little; and at Junior 3, the students had learnt the relationship 
between line and circle, the potential distance is then the shortest. Thus, 
with the increase of the grade, the students’ knowledge is enriched 
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progressively, and hence the potential distance becomes shorter stage by 
stage. 


Table 1 
“Potential Distances” for Students of Different Grades 
Potential distances between the anchoring 
Grade i 
knowledge and the exploring problems 


Junior |), |23 a a anaa a > 


: 4----------------- > 


New 
problem 


Junior 3 


The experiment shows that the more distant the previous knowledge 
is from the new problem, the more difficult the task is. That means the 
knowledge and experience constitute the basis for solving a new problem. 
A shorter potential distance is helpful for students to understand and 
master the new knowledge, while a longer potential distance is useful for 
developing students’ exploring competency. A successful teacher is 
adept at working within appropriate “potential distance” related to the 
learners’ previous knowledge and experience and able to consider a 
suitable arrangement which can promote learning. That is the soul of the 
effective teaching (L. Gu, 1994). 

The “potential distance” experiment is helpful for the understanding 
of procedural variation. It could be concluded that in the hierarchically 
organized procedural variation in teaching, by organizing proper pu dian’ 


3 The meaning and function of scaffolding will be explained in Section 2 of this Chapter. 
There are two Chinese words which mean the same thing as scaffoldings. One is pu dian 
(42) which is rooted in China and means a certain kind of support by which someone 
can do what s/he can’t achieve without the support. For example, if a child wants to get 
something higher than his height, a block or a ladder is used for helping him/her to get it. 
The other is jiao shou jia (H7F3X) which is translated from the scaffolding directly. 
Since jiao shou jia is more vivid than pu dian, recently, the former is used more common 
than the latter. However, we adopt pu dian because of its culture origin. 
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(B48, i.e. scaffolding), the potential distance between the previous 
knowledge and the new knowledge can be adjusted so as to make the 
teaching either inquiry-oriented or acquisition-oriented. This is a critical 
point for reforming traditional teaching methods. 


3 Theoretical Interpretations 


In the previous sections, based on experience and experiment, teaching 
with variation, with its classifications and applications in teaching, was 
discussed in detail. The rationale of teaching with variation will now be 
argued from a point of view of the psychology of education and the 
theory of mathematics learning. 


3.1 Meaningful learning 


There are different understandings and descriptions of learning from 
different perspectives. For instance, the radical constructivists argue that 
knowledge can not be transmitted from teacher to students and it can 
only be developed through students’ own experiences. Yet, the social- 
constructivism, however, suggests that students can learn something 
from their own experiences and interaction between peers aided by the 
help of teachers within the zone proximal development (ZPD) (Gredler, 
2001). Since traditional mathematics teaching in China emphasized 
transmission of subject matter knowledge and constructing of subject 
knowledge systematically, Ausubel’s (1968) theory of meaningful 
learning was selected as the point of departure for the analysis of this 
study. Ausubel asserts that meaningful learning takes place only when 
the non-arbitrary and substantive relationship is established between 
learners’ prior knowledge and the new knowledge. 

This relationship substantiates the connection between the new 
knowledge and certain special aspects of the pre-knowledge, such as a 
figure, a symbol or a concept and an example in the cognitive structure 
of the learners. The question then arises as to how to help students 
establish the internal relationship, and how one can judge if the students 
have established this kind of relationship. The following discussion 
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attempts to address these issues. 


3.1.1 Conceptual variation and the substantial connection 


By using “conceptual variation”, the students can learn concepts from 
multiple perspectives: from concrete to abstract, from special to general, 
highlighting the essential features and clarifying the connotation of 
concept by excluding the obstruction of backgrounds. Thus, through 
conceptual variation, students could be helped to understand the essence 
of concepts and establish the substantial relationship. 


3.1.2 Procedural variation and nonarbitrary relationship 


By creating “procedural variation”, the students can understand the 
origins of the knowledge and in which way and where it can be applied. 
Well-structured knowledge would thus be constructed. By creating this 
variation, it can help students to form concepts, solve problems, 
construct a system of activity experience, and further help students to 
comprehend different components of knowledge and upgrade the 
structure of knowledge; in the meantime, a non-arbitrary relationship 
between new knowledge and previous knowledge is built. 


3.1.3 Assessing meaningful learning 


How can one judge if students have established the substantive 
relationships between the new knowledge and previous knowledge? One 
effective way is to provide students with a group of variations of 
problems and the necessary knowledge to solve these problems. If the 
students can solve these kinds of problems correctly, then it can be 
concluded that the students understand the essence of these concepts. 


3.2 Relationship between the two variations 
3.2.1 Duality of mathematical object 


According to Sfard (1991), many mathematical concepts can be 
conceived in two fundamentally different ways: structurally — as objects, 
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and operationally—as processes. Seeing a mathematical entity as an 
object means being capable of referring to it as if it was a real thing—a 
static structure, existing somewhere in space and time. In contrast, 
interpreting a notion as a process implies regarding it as a potential rather 
than actual entity, which comes into existence upon request in a 
sequence of actions. Thus, whereas the structural conception is static, 
instantaneous, and integrative, the operational is dynamic, sequential, 
and detailed. These two approaches, although ostensibly incompatible, 
are in fact complementary (Sfard, 1991). She argued that usually the 
model of learning can be refined as follows: “if the conjecture on 
operational origins of mathematical objects is true, then first there must 
be a process performed on the already familiar objects, then the idea of 
turning this process into an autonomous entity should emerge, and finally 
the ability to see this new entity as an integrated, object-like whole must 
be acquired” (p. 18). Moreover, a mathematical concept is a node of a 
series of concepts: a concept is the operational result of the sub-concepts 
—structural object, or the operational material for forming its super- 
concepts. The following section will demonstrate that seeing a concept 
both as a process and as an object is indispensable for a deep 
understanding of mathematics. 


3.2.2 Mathematization and situationalization 


One method of learning concept is by formalizing a mathematical 
concept through manipulation of physical objects. We can examine 
learning division with residual as an example (Figure 9). Usually, the 
learning of this concept can be divided into two phases: formalizing and 
searching for the meaning. 

The teacher can introduce the “residual” and “division with residual” 
by using children’ experience in distributing beans. For example, if 
seven beans are distributed into three plates evenly, how many beans are 
in each plate and how many are left? Then, the remainder is the residual, 
and the trial of putting beans in each plate is regarded as “trial 
quotient”, .... In this way, the transformation from the physical objects to 
the arithmetical form is referred to as a formalizing process, while the 
process from the arithmetical form to interpretation is called “searching 
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for meaning”. Furthermore, mathematizing* is the scaffolding among 
concrete, semi-concrete, semi-abstract, and abstract, and is also shifted 
between physical objects and arithmetic forms. Experiencing the process 
of mathematizing, not only enhances students’ understanding of 
“division with residual” but also benefits students’ searching for the rules 
in the arithmetical forms. For example, when students are asked to find 
the relationships among the dividend, divisor, quotient, and residual, they 
could say that “divisor time quotient plus the residual is equal to the 
dividend” and could also explain that the reason why “the residual is less 
than the divisor” is that “if the residual is larger than the divisor, then the 
number of the remaining beans is larger than the numbers of plates, thus, 
each plate can be allocated at least one bean”. 


Arithmetic expression 
Formalizing 


WOISTATG] 

JUIONE) ences 

[EMPISIY eee 
pod 


Searching for 
the meaning 


Figure 9. Formation and application of division with residual 


There is a big gap between the physical and arithmetic form. It is 
crucial whether or not teachers can build a bridge between them in their 
teaching. A experienced teacher might utilize the following processes: 
first, the teacher demonstrates the ways of distributing beans concretely, 
then, the students are asked to contemplate the process of distributing 
beans, when the beans and plates are moved away. After repeating this 
process, the gap might be filled automatically. This way of dealing with 
“division with residual” can be illustrated by the following diagram 


“ Please refer to the relevant explanation of the “mathematization” in “Revisiting 
Mathematics Education: China Lecture”, by H. Freudenthal, 1990. 


Teaching with Variation 331 


(Figure 10) which manifests the three forms of representation suggested 
by Bruner (1964), namely, enactive, iconic, and symbolic. Moreover, the 
iconic representation is an important medium for realizing the 
transformation from active representation to symbolic representation. 


(Mathematizing) 
Dee ie tpt Og tec ee ah eed gg rae ot pe i NP et we Heyy, T 
i v 
Enactive ~~~ Iconic ———— Symbolic 
Bean Distributing in mind Arithmetic 
+—__ > ; - 
(Concrete) (Semi-concrete) expression 
A ' 


(Searching for meaning) 
Figure 10. “Distributing bean” and representations 


3.2.3 Cognitive conflict and logical development 


In order to solve the cognitive conflict caused by the operations within 
existing concepts, a new concept has to be introduced. One example of 
this is the introduction of irrational number. 


e Introduction and trial. If students master the rational number 
concept, they are asked to construct an isosceles right-angled 
triangle with leg 1 and measure the length of the hypotenuse 
(denoted as V2 ). 

Fist of all, the students try to estimate with decimal fraction 
stage by stage as follows: 


1< V2 <2,1.4< V2 <1.5,1.41 < VZ < 1.42, and so on, 
ad infinitum.. 

© Conflict. It seems that the length of the hypotenuse cannot be 
represented by a rational number. However if it is a rational 
number, it can be represented as a ratio of two whole 


numbers without any common factors. Thus 2 =” (there 
n 


332 How Chinese Learn Mathematics: Perspectives from Insiders 


are no common factors between m and n). 

Squaring: m° = 2n”. 

The m is then definitely an even number, thus m = 2k and 
therefore, (2k)? = 2n? , namely, 2k? = n°. 

Then, n is also an even number. This is contradictory to the 
assumption that there are no common factors between m and 
n. 

Hence, J2 is not a rational number. 

è Constructing irrational number. What do we mean by V2 ? 
It is necessary to define the new object and therefore the 
irrational number has to be introduced. The irrational 
number can for instance, be defined by Dedekin partition or 
Cauchy rational sequence and so on. 


It was argued that a mathematical concept is a node of a series of 
concepts: a concept is the operational result of the sub-concepts — 
structural object — or the operational material for forming its super- 
concepts. 

To summarize, the mathematical learning objects can be conceived 
as both operational processes and structural objects. The former presents 
the features of development of a mathematical object, while the latter 
manifests the essential features of a mathematical object. 

First of all, creating conceptual variation is helpful for students to 
uncover the essential features of the concept, define the connotation of 
the concept, and further understand the concept. That is to say that it 
could help students understand the structural aspects of the concept. 
Creating procedural variation is then helpful for students to establish the 
connection between the new knowledge and previous knowledge and 
construct a suitable structure of knowledge. By creating the two 
variations, we thus enhance the understanding of the two aspects of a 
mathematical object: operational process and structural object; the two 
aspects of a mathematical object are meanwhile complementary. 


3.3 Theory construction 


Conceptual variation and procedural variation are two fundamental 
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teaching strategies. The conceptual variation aims at helping students 
understand concepts from multiple perspectives while the procedural 
variation helps students to establish the internal connection between what 
they know already and the object of learning. Thus, these two aspects are 
critical and complementary. In fact, the two types of variations, which 
are based on the analysis of experiences of and experiments with 
mathematics teaching in China, can be supported and interpreted by 
certain Western theories such as Dienes’ theory of mathematics learning 
(Dienes, 1973), Marton’s theory of variation (Bowden & Marton, 1998; 
Marton & Booth, 1997), and the scaffolding theory (Bruner, 1985; Wood, 
Bruner, & Ross, 1976). The following sections examine these theories 
and further justify the rationale of the two variation strategies. 


3.3.1 Diene's theory of mathematics teaching and learning 


Drawing heavily on Piagetian theory (Piaget, 1952) and having worked 
with Bruner on an experimental mathematics project at Harvard, Dienes 
has developed a theory of mathematics learning. According to Dienes, 
mathematics is about structural relationships between concepts 
connected with numbers (pure mathematics) together with their 
applications to problems arising in the world (applied mathematics). The 
learning of mathematics means to apprehend such relationships together 
with their symbolization and to acquire the ability to apply the resulting 
concepts to real situations. 

Dienes (1973) suggested four principles of mathematics learning: (1) 
Dynamic principle, (2) Constructivity principle, (3) Mathematical 
variability principle, and (4) Perceptual variability principle. In particular, 
he further explained the last two principles as follows: 

According to mathematical variability principle, concepts involving 
variables should be learnt by experiences involving the largest possible 
number of variables. To give the maximum amount of experience and 
structures to encourage the growth of the concept, it seems a priori 
desirable that all possible variables should be made to vary while 
keeping the concept intact. For example, in order to learn the concept of 
a parallelogram, it will be helpful to vary the shape by changing the 
angles and lengths of the opposite sides and the positions, as long as we 
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keep the opposite sides parallel. Clearly, a set of congruent 
parallelograms placed in the same position would not be a suitable set of 
experiences for the growth of the concept. 

With respect to perceptual variability, by providing tasks which look 
quite different but have essentially the same conceptual structure, it is 
assumed that there will be a separation of the structure of concept from 
its different embodiments. In other words, it will be desirable to vary the 
perceptual representation while keeping the conceptual structure 
invariant. For example, parallelograms can be drawn on paper, made out 
of two congruent wooden triangles, traced with pegs on pegboard, found 
in wallpaper patterns, and so on. Learners learn what there is in common 
among these different representations and it is this common feature 
which is the mathematical concept. 


3.3.2 Marton’s theory of variation 
3.3.2.1 Meaning of learning 


This theory - still being developed - has grown over three decades of 
research on learning in different fields. Steps in its development are 
described in more detail by Marton and Booth (1997) and Marton et al. 
(2004). A central idea of the theory is how we act in the world is a 
function of how we see the world. So if we want to enable our students 
to act in the world in powerful ways, we have to enable them to see the 
world in powerful ways. To see something in a powerful way amounts to 
discerning its critical features and focusing them simultaneously. 
“Critical features” are critical in relation to what the learner is trying to 
achieve. Whether or not the learners can discern critical features and 
learn to discern critical features in a certain situation depends on what 
varies and what is invariant in that situation; the reason being that we can 
only discern that which varies. 

We would not be able to see the “greenness of green” or grasp the 
idea of color if we lived in a world where everything had the same green 
color. We would not able to feel our happiness if we were equally happy 
all the time. We would not be able to experience what distinguishes a 
wine from other wines if it was the first glass of wine we had. We would 
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only experience what distinguishes wine from other kind of drinks we 
had previously. Drinking the first glass of wine and always drinking the 
same wine is incidentally the same from this particular point of view. 

The reason is, according to the theory, that we do not notice people, 
things, or characteristics of people or things, and so on, but we notice 
differences between people, things, or differences in the characteristics 
of people or things. We might think that being dark, tall, bright, for 
example, are characteristics of a certain individual, but what we actually 
notice is the way in which this particular individual differs from other 
individuals. If everybody were equally dark, tall, and bright, these 
qualities would simply disappear. When we see certain qualities in 
someone we meet the first time, we really feel that this individual has 
these or those qualities, but what we actually see is how this particular 
individual differs from all other individuals that we have come across 
earlier in our lives. This is exactly why we see, experience the same 
people, things, and situations differently: We notice how they differ from 
the people, things, and situations we have come across earlier and we, as 
people, have certainly not come across exactly the same people, things, 
situations even if just now we happen to look at the same person, thing, 
or situation. 

This is why you can never teach a child what three is, without 
making him aware of what is not three, e.g., one, two, or four, etc. A 
necessary condition for learning any number in a certain situation is that 
there is a variation in numbers in that situation. (We are very well aware 
of the fact that children learn numbers across situations and there is 
always sufficient variation in numbers in our surroundings.) Numbers 
have two critical features: “many-ness” (corresponding to their 
cardinality) and sequential position (corresponding to their ordinality). 

Each number represents a certain value in these two dimensions; 
characteristic for three is its “threeness” and its “thirdness”. But such 
qualities are (experientially) not inherent in any single number; they 
reflect how every single number differs from other numbers. We cannot 
thus consider a single number in isolation and sense its “many-ness” and 
serial position; in themselves, they have none. We have to be aware of 
the other numbers simultaneously in order to firstly sense “many-ness” 
and sequential position as dimensions of variation and secondly to sense 
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the specific values in those dimensions (“threeness” and “thirdness”) by 
means of contrast with any other single number. 

What the theory suggests is that for any specific capability that we 
might wish to develop in students, they must experience a certain pattern 
of variation/invariance in order to develop that capability. If such a 
pattern is present in the class, it is still no guarantee that every student 
will experience it. But if it is absent, it is guaranteed that none of them 
can possibly experience it. (That is due to what can be experienced 
during a certain lesson or a certain sequence of lessons. The students can, 
however, experience this pattern of variation/invariance derived from 
what they have encountered during and outside of the lessons.) 

Every situation has, of course, its pattern of variation/invariance and 
every teacher makes use of such patterns all the time. It can, however, be 
done in different ways and done more or less consciously. What the 
present theory can possibly be used for is a more conscious and thus 
hopefully more rational use of variation/invariance. 

The basic idea is, of course, that different patterns of variation make 
different things possible for the students to experience. It is assumed that 
the students will be more likely to learn what is possible to learn than 
what is not. 

Here, we briefly characterize some common patterns of 
variation/invariance. 


3.3.2.2 Patterns of variation/invariance 


1. The most common pattern is probably what we might call 
generalization. What is invariant is a concept (parallelogram, “3”, 
etc.), a method of solution, and so on. What varies are the different 
instances of the concept (e.g., “three apples, ni 
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three cups”, “three 
cats”, etc.) or different cases to which the method of solution is 
applied (e.g., finding the unknown side in a right-angled triangle by 
using Pythagoras theorem when the other two sides are known). In 
such cases, the focus is on that which is invariant (concept or method 
of solution) and the idea is to separate what is critical for the concept 
or solution method in question from what is irrelevant (other features 
of instances on cases). 
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In the opposite pattern of variation/invariance, the one which is 
highlighted in the theory discussed here, what is to be discerned and 
what is figural, is that which varies and what is invariant is 
background. We call this separation, because two or more aspects 
are separated by letting some vary, while others remain invariant. 
One example of this is the discernment of “many-ness” and serial 
positions discussed above. They can not be experienced without 
experience variation in number (and hence variation in “many- 
nesses” and serial positions). In order to grasp them not only do the 
numbers have to vary, but other features have to be invariant. If a 
child always saw two pigs, three cats, four cows, and never the other 
way around, he or she would not be able to separate “pig-ness” from 
“two-ness”, “cat-ness” from “three-ness”, and “cow-ness” from 
“four-ness”. But if she compares two pigs with three pigs and four 
pigs, both “many-ness” and serial positions can easily be separated 
from the irrelevant fact that it is pigs we are counting. 

In a similar way in order to grasp the idea of “method of 
solution”, there must be more than one method for solving the very 
same problem. If the students encounter one method only for every 
kind of problem, they cannot possibly separate the “method of 
solution” from “the kind of problems”. It is only possible for them to 
do so if the former varies, while the latter is invariant. Otherwise, 
they are bound to see the way of solving the problem that they are 
engaged in as the method of solution and not as a method of solution. 
An example of this was given above with reference to Japanese and 
Chinese classrooms. 

By means of the pattern of variation/invariance, two or more aspects 
(or dimensions of variation) are separated from each other. The focus 
is on the aspect that varies (or the aspects that vary). But we may be 
interested in different aspects of certain instances or cases, or in 
specific “values” in the dimensions of variation under consideration 
(such as 1, 2, 3, ... as regarding “many-ness” and sequential 
positions or a particular method of solution as regarding “methods of 
solution for a certain kind of problems”). Here an instance or a case 
is compared with one or more instances or cases where what is 
invariant recedes to background, while that which varies becomes 
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visible. The pattern of variation/invariance might be exactly the same 
as in the case of “separation” above, but the focus here is not on the 
dimension of variation, but on a particular value in that dimension 
(such as on “three-ness” and “third-ness” instead of “many-ness” and 
serial positions and on a particular method of solving a certain kind 
of problems instead of on “methods of solving a certain kind of 
problems”). This we call contrast. 


3.3.3 Dienes and Marton’s theories and conceptual variation 


Dienes theory seems to focus mainly on the pattern of 
variation/invariance, identified as generalization by Marton. In addition, 
the patterns of separation and contrast in Marton’s notions resemble 
“highlighting the essences of concept by contrasting non-conceptual 
figures” discussed early. Therefore, both Dienes and Marton elaborated 
the conceptual variation from different perspectives. Although in 
Dienes’ theory, the process of forming concepts was emphasized as a 
“dynamic principle”, in L. Gu’s theory, the process of developing 
concepts and solving problems was treated as procedural variation. Thus, 
L. Gu’s theory seems to broaden the concept of variation. It is quite 
interesting that these three theories derived from different cultures but 
concerned with relatively similar notions of variation for fostering 
mathematics learning and teaching. It may imply that the notion of 
variation is a crucial aspect of mathematics learning and teaching. 


3.3.4 Scaffolding theory and procedural variation 


Vygotsky describes learning by using the concept zone of proximal 
development (ZPD), which was defined as follows: 


The distance between the actual developmental level as 
determined by independent problem solving and the level of 
potential development as determined through problem solving 
under adult guidance or in collaboration with more capable peers 
(Vygotsky, 1978, p. 86). 
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In particular, he emphasizes the role of support by adults and the 
exchanges among more capable peers in establishing and widening the 
zone of proximal development and finally enhancing the development of 
learners’ potential ability. It was the attention given to how teachers help 
students to develop the potential ability that resulted in the establishment 
of the theory of scaffolding. 


3.3.4.1 The view of teaching inherent in “scaffolding theory” 


Based on the ZPD theory, Wood et al. (1976) adopted the word 
“scaffolding” to describe how children learn under the guidance of the 
adult. By offering scaffold, the components of a task which require the 
capability beyond the scope of learners are controlled by the adult and 
the children can focus on those parts of the task which can be solved by 
their own efforts. Therefore, learners can complete the task, which 
require a high cognitive demand. They can achieve the performance 
which is impossible without the guidance of adults. According to Bruner 
(1985), scaffolding in teaching means a process: a more capable person 
helps children to progress from the current level to the potential level. 

As a tool of teaching, scaffolding is durative and temporary. In the 
process of teaching, when the children have made enough progress 
within the scope of scaffolding, the scaffolding is unnecessary and needs 
to be moved away. On the other hand, with the requirement of learning 
new knowledge, new scaffolding needs to be built in a proper position 
within ZPD. The scaffolding, which assists students in building new 
knowledge and developing creativity, not only enlightens students in 
their understanding, but also guides them to move toward the particular 
answers, which are expected by the teachers. 


3.3.4.2 “Scaffolding” and procedural variation teaching strategy 


The notions of scaffolding emphasize how teachers establish appropriate 
and dynamic “scaffolding” to enhance student’s development within the 
ZPD, and suggest relevant teaching strategies. Although this theory just 
provides general descriptions and suggestion, it can be also used for 
justifying the procedural variation. There are two different types of 
scaffoldings in terms of the functions of teaching: one is affective and 
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the other is cognitive. Regarding the cognitive function, it mainly 
reduces the difficulties, clarifies the critical points, focuses on and 
demonstrates the process of solving problems. 

One concept is worthy of note: pu dian (i.e., procedural variation), 
which is commonly used in Chinese classroom teaching and similar to 
the scaffolding in the West. Similar to the word scaffold, the word pu 
dian is derived from the description of daily life. For example, by putting 
blocks or stones together as a pu dian, a person can pick fruit from a tree 
which cannot be reached without the pu dian. The implication for 
teaching is by establishing pu dian, the students can complete the tasks 
which cannot be done without the pu dian. In this sense, there is fairly 
close similarity between the theory of scaffolding in the West and pu 
dian in China. However, the procedural variation pays much attention to 
the process and hierarchy. 


3.3.5 Basic ideas of teaching with variation 


Based on the previous discussions, “teaching with variation” can be 
summarized by way of examining the following aspects: 


3.3.5.1 Meaningful learning and two types of variations 


The previous discussions have attempted to argue that through the 
strategies of variation, students would be helped to understand the 
essential features of mathematical objects and establish the substantive 
connection between the new object of learning and previous knowledge. 
If meaningful learning is to establish non-arbitrary and substantive 
connection between the new knowledge and previous knowledge, then 
teaching with variation can foster meaningful learning. 


3.3.5.2 Internal relationship between the two variations 


Each of the two variations serves each aspect of duality of a 
mathematical object respectively. Conceptual variation aims at 
constituting a space of variation for students to experience critical 
aspects of the object of learning, and enhancing the understanding of the 
essential feature of the object, while the procedural variation intends to 
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pave the way to help students establish the substantive connections 
between the new object of learning and the previous knowledge. The 
duality of the mathematics object can be seen when the two variations 
serve different aspects of the object complementarily and different 
strategies serve different purposes in the light of the different situations. 


3.3.5.3 Implication for teaching 


There are two strategies to implement teaching with variation: 
conceptual variation teaching and procedural variation teaching. By 
conceptual variation strategy is meant the aim of constituting a space of 
variation which focuses on the critical aspects of the objects of learning. 
Through procedural variation strategy, students are helped in the 
establishing of the substantive connections between the new object of 
learning and the previous knowledge by providing certain scaffoldings 
and further improving their development within ZPD. 


4 Implication and Discussion 


4.1 Rethinking Chinese mathematics classrooms 


As demonstrated above, the teaching with variation, a popular 
mathematics teaching method in China caters for two objectives of 
mathematics teaching: First, understanding mathematics objects 
(concepts and principles) from multiple perspectives by adopting 
conceptual variation, secondly, unfolding the mathematics activities 
progressively by using procedural variation. In line with this point of 
view, the features of Chinese mathematics classrooms are examined 
below. 

In Chinese classrooms where emphasis is placed on constructing 
subject knowledge systematically (Zhang, S. Li, & J. Li, 2003), it is 
critical to set a suitable “potential distance” and space of variation in 
order to implement effective teaching. Probably, the superficial 
phenomena such as large size of classrooms in China, where the teacher 
controls the class activities and prefers to explain the content clearly and 
effectively, would induce the Western researchers to characterize 
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Chinese classrooms as being teacher-centered with students learning 
passively. However, when investigating how the lessons are organized 
and how students involve themselves in the process of learning, it was 
found that by adopting teaching with variation, even with large classes, 
students could still actively involve themselves in the process of learning 
and achieve a meaningful learning. Moreover, it is possible to avoid rote 
learning by adopting a certain strategy of variation. Thus, the “paradox 
of Chinese learners” might originally be a misperception by Western 
scholars due to the limitation of their philosophies and theories (Biggs & 
Watkins, 2001). 


4.2 Discussion 


Based on the analysis of Chinese classrooms from the perspective of 
teaching with variation, some characteristics of Chinese mathematics 
classrooms were identified and a paradox of Chinese learners was 
revisited. However, we would argue that it is the teaching with variation 
that makes the mathematics teaching meaningful in Chinese classrooms 
if it is used properly, yet also makes the mathematics teaching passive 
and rote-oriented if it is used improperly. 

One could argue, of course, that the approach to teaching 
mathematics was developed in a particular part of China and therefore 
hardly representative for what we might refer to as “Chinese Pedagogy”. 
But, we should remember that this theory was developed mainly 
inductively and hence it is more an attempt to characterize — rather than 
prescribe — good practice in Chinese mathematics teaching. 
Furthermore, Ko and Marton (2004) argue that what is considered good 
practice in the Chinese context must necessarily include the constitution 
of necessary patterns of variation/invariance. Otherwise, the students 
would not be able to learn what they are expected to learn and what they 
actually learn in reality. 

By making explicit principles used (not always consciously) by 
successful educators, others can learn and develop their capabilities to 
teach further. 
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4.2.1 Concerning exploration: Setting proper potential distance 


In the traditional Chinese classrooms, the systematic subject knowledge 
is emphasized and the teacher also plays a key role in the teaching. It was 
found that through certain strategies of variation, students could 
understand and master subject matters systematically and effectively. 
However, some internationally comparative studies showed that although 
Chinese students always performed excellently in solving routine 
problems, compared with their counterparts in the West, it is not 
necessarily the case when solving daily life situations involving open- 
ended problems (Cai, 2001). One should be aware that if teaching with 
variation is not used appropriately, such as inadequate scaffolding being 
offered too slowly, students’ learning would not be challenged and 
possibly become passive. Thus, it is important to stress the process of 
exploring knowledge and solving everyday life and open-ended 
problems. From the perspective of teaching with variation, these attempts 
can be implemented in the process of teaching. Through designing a far 
more potential distance or larger stages of scaffoldings, learning could be 
made more challenging, and teaching could creatively foster the ability 
of problem solving by providing more open-ended problems. 


4.2.2 Concerning experience: Constructing appropriate space of 
variation 


“The space of learning” (Marton et al., 2004) consists of different 
dimensions of variation in critical aspects of the objects of learning that 
constrain and make learning possible. The richness of this space will 
affect the extent and degree of understanding the objects of learning. If 
the space is too small, it may provide students with incomplete 
conditions resulting in a narrowness of understanding. On the other hand, 
if the space is too broad, which students may be able to explore 
extensively, it is also possible to distract students’ attentions from 
understanding and mastering of the essence of the concept. Therefore, in 
the teaching with variation, the space of learning constituted jointly by 
the teacher and students is of crucial importance for understanding what 
the students learn and what they cannot possibly learn (cf N. Y. Wong, 
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Marton, K. M. Wong, & Lam, 2002). 

In general, in order to prepare students for future involving varying 
conditions, we have to create opportunities for them during their school 
years to encounter conditions that vary in critical respects. 


Acknowledgements 


Ference Marton’s participation in the writing of this chapter was 
financially supported by the Swedish Research Council and The Bank of 
Sweden Tercentenary Foundation. 


References 


Ausubel, D. P. (1968). Educational psychology: A cognitive view. New York: Holt, 
Rinehart & Winston. 

Beaton, A. E., Ina, V. S. M., Michael, O. M., Eugenio, J. G., Dana, L. K., & Teresa, A. S. 
(1996). Mathematics achievement in the middle school years: IEA’s Third 
Mathematics and Science Study (TIMSS). Chestnut Hill, MA: TIMSS International 
Study Center, Boston College. 

Biggs, J. B. (1991). Approaches to learning in secondary and tertiary students in Hong 
Kong: Some comparative studies. Educational Research Journal, 6, 27-39. 

Biggs, J. B. (1994). What are effective schools? Lessons from East and West (The 
Radford Memorial Lecture). Australian Educational Researcher, 2], 19-39. 

Biggs, J. B., & Watkins, D. A. (1996). The Chinese learner in retrospect. In D. A. 
Watkins & J. B. Biggs (Eds.), The Chinese learner: Cultural, psychological, and 
contextual influences (pp. 269-285). Hong Kong: Comparative Education Research 
Center, The University of Hong Kong; Melbourne, Australia: Australian Council for 
Education Research. 

Biggs, J. B., & Watkins, D. A. (2001). Insight into teaching the Chinese learner. In D. A. 
Watkins & J. B. Biggs (Eds.), Teaching the Chinese learner: Psychological and 
pedagogical perspectives (pp. 277-300). Hong Kong: Comparative Education 
Research Center, the University of Hong Kong; Melboume, Australia: Australian 
Council for Education Research. 

Bowden, J., & Marton, F. (1998). The university of learning. London: Kogan Page. 

Bruner, J. S. (1964). Some theorem on instruction illustrated with reference to 


Teaching with Variation 345 


mathematics. In E. R. Hilgard (Ed.), Theories of learning and instruction (pp. 306- 
335). Chicago, IL: University of Chicago Press. 

Bruner, J. S. (1985). Vygotsky: A historical and conceptual perspective. In J. V. Wertsch 
(Ed.), Culture, communication and cognition: Vygotsky perspective (pp. 21-34). 
Cambridge, UK: Cambridge University Press. 

Cai, J. (2001). Improving mathematics learning: Lessons from cross-national studies of 
U.S. and Chinese students. Phi Delta Kappan, 82(5), 400-405. 

Dienes, Z. P. (1973). A theory of mathematics learning. In F. J., Crosswhite, J. L. 
Highins, A. R. Osborne, & R. J. Shunway (Eds.), Teaching mathematics: 
Psychological foundation(pp. 137-148). Ohio: Charles A. Jones Publishing 
Company. 

Freudenthal, H. (1990). Revisiting mathematics education: China lectures. Dordrecht, 
The Netherlands: Kluwer Academic Publishers. 

Ginsberg, E. (1992). Not just a matter of English. HERDSA News, 14(1), 6-8. 

Gredler, M. E. (2001). Learning and instruction: Theory into practice (4th ed.). 
Columbus, OH: Merrill Prentice Hall. 

Gu, L. (1981). The visual effect and psychological implication of transformation of 
figures in geometry {In Chinese WA AIG EJLA F HARA X]. 
Paper presented at annual conference of Shanghai Mathematics Association. 

Gu, L. (1994). Theory of teaching experiment: The methodology and teaching principle 
of Oingpu (In Chinese F EKRIDI AF IA SEE Ht]. Beijing: Educational 
Science Press, 

Gu, M. (1999). Education directory [In Chinese #8 Ai JL]. Shanghai: Shanghai 
Education Press. 

Huang, R. (2002). Mathematics teaching in Hong Kong and Shanghai: A classroom 
analysis from the perspective of variation. Unpublished doctoral dissertation, The 
University of Hong Kong, Hong Kong. 

Kember, D., & Gow, L. (1991). A challenge to the anecdotal stereotype of the Asian 
student. Studies in Higher Education, 16(2), 117-128. 

Ko, P. Y., & Marton, F. (2004). Variation and the secret of the Virtuoso. In F. Marton, A. 
B. M. Tsui, P. P. M. Chik, P. Y. Ko, M. L. Mok, I. A. C. Mok, et al. (Eds.), 
Classroom discourse and the space of learning. Mahwah, NJ: Lawrence Erlbaum. 

Lapointe A. E., Mead, N. A., & Askew, J. M. (1992). Learning mathematics. Princeton, 
NJ: Educational Testing Service. 

Lee, S. Y. (1998). Mathematics learning and teaching in the school context: Reflections 
from cross-cultural comparisons. In S. G. Garis & H. M. Wellman (Eds.), Global 
prospects for education: Development, culture, and schooling (pp. 45-77). 
Washington, DC: American Psychological Association. 

Leung, F. K. S. (1995). The mathematics classroom in Beijing, Hong Kong and London. 
Educational Studies in Mathematics, 29, 197-325. 

Leung, F. K. S. (2001). In search of an East Asian identify in mathematics education. 
Educational Studies in Mathematics, 47, 35-51. 

Ma, L. (1999). Knowing and teaching elementary mathematics: Teachers' understanding 
of fundamental mathematics in China and the United States. Mahwah, NJ: 
Lawrence Erlbaum Associates. 

Marton, F. (1999, August). Variatio est mater studiorum [Variation is the mother of 
learning]. Opening address presented at the 8th EARLI conference, Göteborg, 
Sweden. 


346 How Chinese Learn Mathematics: Perspectives from Insiders 


Marton, F., & Booth, S. (1997). Learning and awareness. Mahwah, NJ: Lawrence 
Erlbaum Associates, Publishers. 

Marton, F., Dall'Alba, G., & Lai, K. T. (1993). The paradox of the Chinese learner 
(Occasional Paper 93.1). Melbourne, Australia: Educational Research and 
Development Unit, Royal Melbourne Institute of Technology. 

Marton, F., Dall’Alba, G., & Tse, L. K. (1996). Memorizing and understanding: The keys 
to the paradox? In D. A. Watkins & J. B. Biggs (Eds.). The Chinese learner: 
Cultural, psychological, and contextual influences. Hong Kong: Comparative 
Education Research Center, The University of Hong Kong; Melbourne, Australia: 
Australian Council for Education Research. 

Marton, F., Tsui, A. B. M., Chik, P. P. M., Ko, P. Y., Lo, M. L., Mok, I. A. C., et al. 
(2004). Classroom discourse and the space of learning. Mahwah, NJ: Lawrence 
Erlbaum Associates. 

Morris, P., Adamson, R., Au, M. L., Chan, K. K., Chang, W.Y., Ko, P. Y., et al. (1996). 
Target oriented curriculum evaluation project (interim report). Hong Kong: 
INSTEP, Faculty of Education, The University of Hong Kong. 

Mullis, I. V. S., Martin, M. O., Gonzalez, E. J., Gregory, K. D., Garden, R. A., O’Connor, 
K. M., et al. (2000). TIMSS 1999 internal mathematical report: Findings from IEA’s 
report of the Third International Mathematics and Science Study at the eight grade. 
Cherstnut Hill, MA: TIMSS International Study Center, Boston College. 

Mullis, I. V., Michael, O. M., Albert, E. B., Eugenio, J. G., Dana, L. K., & Teresa, A. S. 
(1997). Mathematics achievement in the primary school years: IEA's Third 
International Mathematics and Science Study (TIMSS). Cherstnut Hill, MA: TIMSS 
International Study Center, Boston College. 

Piaget, J. (1952). The child’s conception of number. London: Educational Supply 
Association Ltd. 

Paine, L. W. (1990).The teacher as virtuoso: A Chinese model for teaching. Teachers 
College Record, 92 (1), 49-81. 

Paine, L. W. (2002, April). Learning to teach through joining a community of practice in 
Shanghai: Curriculum control and public scrutiny of teaching as context for teacher 
learning. Paper presented at the American Education Research Association Annual 
Meeting, New Orleans, USA. 

Pólya, G. (1945). How to solve it. Princeton, NJ: Princeton University Press. 

Rovio-Johansson, A. (1999). Being good at teaching: Exploring different ways of 
handling the same subject in higher education. Sweden: ACTA Universitatis 
Gothoburgensis. 

Sfard, A. (1991). On the dual nature of mathematics conception: Reflections on processes 
and objects as different sides of the same coin. Educational Studies in Mathematics, 
22(1), 1-36. 

Stevenson, H. W., Chen, C., & Lee, S. Y. (1993). Mathematics achievement of Chinese, 
Japanese, and American children: Ten years later. Science, 25(9), 53-59. 

Stevenson, H. W., & Lee, S. Y. (1995). The East Asian version of whole-class teaching. 
Education Policy, 9, 152-168. 

Stevenson, H. W., & Stigler, J. W. (1992). The learning gap: Why our schools are failing 
and what we can learn from Japanese and Chinese education. New York: Summit 
Books. 

Stigler, J. W., & Hiebert, J. (1999). The teaching gap: The best ideas from world’s 
teachers for improving education in classroom. New York: The Free Press. 


Teaching with Variation 347 


Vygotsky, L. S. (1978). Mind in society: The development of higher psychological 
processes. Cambridge, MA: Harvard University Press. 

Watkins, D. A., & Biggs, J. B. (2001). The paradox of the Chinese learner and beyond. In 
D. A. Watkins & J. B. Biggs (Eds.), The Chinese learner: Cultural, psychological, 
and contextual influences (pp. 3-26). Hong Kong: Comparative Education Research 
Centre, The University of Hong Kong; Melbourne, Australia: Australian Council for 
Education Research 

Wong, N. Y., Marton, F., Wong, K. M., & Lam, C. C. (2002). The lived space of 
mathematics learning. Journal of Mathematical Behavior, 21(1), 25- 47. 

Wood, D., Bruner, J. S., & Ross, G. (1976). The role of tutoring in problem solving. 
Journal of Child Psychology and Psychiatry, 17(2), 89-100. 

Zhang, D., Li, S., & Li, J. (2003). An introduction to mathematics education [In Chinese 
°F AH FC]. Beijing: Higher Education press. 

Zheng, Y. (2001). Mathematics education: From theory to practice [In Chinese W% 
A: AHAA]. Shanghai: Shanghai Educational Press. 


Chapter 13 


Cracking the Paradox of Chinese 
Learners: Looking into the Mathematics 
Classrooms in Hong Kong and Shanghai 


HUANG Rongjin LEUNG Koon Shing Frederick 


This chapter presents the findings of a study on the mathematics 
classrooms in Hong Kong and Shanghai in an attempt to explore a so- 
called Paradox of Chinese Learners. Eight Hong Kong lessons and 
eleven Shanghai lessons in which Pythagoras’ theorem was taught were 
examined in great detail from the perspective of variation. It was found 
that in both cities the teachers (1) tended to emphasize exploration of 
the theorem, (2) seemed to emphasize exercises with variation, and (3) 
controlled the classroom activities but they still encouraged students to 
engage well in the process of learning. The findings suggest that good 
teaching seems to take place in the Chinese classrooms despite their 
large class size, and further challenge the very idea of the paradox of 
Chinese learners. Furthermore, they demonstrate that exploration of 
Chinese mathematics pedagogy should be done with caution because of 
intra-cultural differences. 


Key words: paradox of Chinese learner, perspective of variation, 
Chinese mathematics classroom, classroom interaction 


1 Background 


The paradox of the Chinese learners that their seemingly unfavorable 
learning environment produces students who outperform their 
counterparts in the West has been well recognized (Biggs & Watkins, 
1996; Gu, Huang, & Marton, this volume; Marton, Dal’ Alba, & Lai, 
1993), and the paradox has been explored by researchers from various 
perspectives (Lapointe, Mead, & Askew, 1992; W. O. Lee, 1996; Leung, 
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1995, 1998, 2001; Stevenson, Chen, & S. Y. Lee, 1993; Stevenson & 
Stigler, 1992; Watkins & Biggs, 1996). It is suggested that factors such 
as cultural beliefs, curriculum, and teacher competence all play different 
roles in students’ academic success or failure (Leung, 1998; Ma, 1999; 
Stevenson & Stigler, 1992; Wong, 1998). 

Both teachers and classroom settings play an important role in 
helping students construct their mathematical concepts. In order to 
explore the paradox mentioned above, this study attempts to look at what 
really happened in mathematics classrooms by investigating the ways 
Pythagoras’ theorem was handled basing on a theory of learning. This 
theory was proposed by Gu et al. (this volume) on the basis of. 
experiments and theoretical reflection. Gu et al. suggest that teaching by 
creating certain dimensions of variation is a feature of mathematics 
classrooms in China which may be helpful for understanding the 
effective teaching despite the large class size. According to this theory, 
discernment is a fundamental constituent of learning and students can 
never discern anything without experiencing a certain necessary pattern 
of variation (see section 2.1 for details). This research focuses on the 
following two questions: 


1. What patterns of variation do mathematics teachers in Hong 
Kong and Shanghai create for students to experience? 

2. How do mathematics teachers in Hong Kong and Shanghai 
help students involve in the process of learning? 


2 Theory and Methodology 
2.1 Theory of variation 


Based on the experience and some longitudinal experiments in China and 
heavily influenced by cognitive theory and constructivism, a theory of 
mathematics teaching/learning, called Theory of Variation, has been 
developed (Bowden & Marton, 1998; Huang, 2002; Gu, 1994; Gu et al., 
this volume; Marton & Booth, 1997). According to this theory, 
meaningful learning is to enable learners to establish a substantial and 
non-arbitrary connection between the new and their previous knowledge 
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(Ausubel, 1968), and classroom activities are to help students establish 
this kind of connection by experiencing certain dimensions of variation. 
This theory suggests that two types of variation are helpful for 
meaningful learning (Gu et al., this volume). One is called “conceptual 
variation”, and the other is called “procedural variation”. 

Conceptual variation consists of two parts. One part is composed of 
varying the connotation of a concept: standard variation and non- 
standard variation. The other part consists of highlighting the substantial 
features of the concept by contrasting with counterexamples or non- 
conceptual diagrams. The function of this variation is to provide learners 
with multiple experiences from different perspectives. 

Procedural variation is concerned with the process of forming a 
concept logically or historically, arriving at solutions to problems 
(scaffolding, transformation), and forming knowledge structure 
(relationship among different concepts). The function of procedural 
variation is to help learners acquire knowledge step by step, develop 
learners’ experience in problem solving progressively, and form well- 
structured knowledge. Furthermore, these notions are supported by 
Dienes’ (1973) theory of mathematical learning, Vygotsky’s (1978) 
notion of zone of proximal development, and Sfard’s (1991) duality of 
mathematical concept. According to this theory, the space of variation 
consists of different dimensions of variation in the classroom, and they 
form the necessary condition for students’ learning in relation to certain 
learning objectives. For the teacher, it is critical to consider how to create 
a proper space of variation focusing on critical aspects of the learning 
object through appropriate activities. For the learner, it is important to 
experience the space of variation through participating in constituting the 
space of variation. In this study, we will focus on what and how the 
space of variation is constituted. 


2.2 Participants 


In this study, the Chinese cities of Hong Kong and Shanghai were 
selected as two cases to be investigated. Within each setting, several 
lessons were purposefully selected, as discussed below. 
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2.2.1 The Hong Kong lessons 


The Hong Kong videos from the TIMSS 1999 Video Study on the 
teaching of Pythagoras’ theorem were collected. Thus, the Hong Kong 
data for the present study consists of the following: (1) eight CDs of the 
sampled lessons, (2) questionnaires for understanding teachers’ 
background, instructional practices, attitude, and professional 
development, and (3) sample of students’ work in the lessons: samples of 
text pages, worksheets and other materials used in the lessons, and 
samples of tests that the teachers used to evaluate students’ 
understanding of the concepts learnt. 


2.2.2 The Shanghai lessons 


Correspondingly, adopting the procedure of videotaping designed by the 
TIMSS 1999 Video Study, eleven Shanghai lessons from nine different 
schools were videotaped. Supplementary documents like those in Hong 
Kong were collected as well. The background of the teachers and the 
lessons in the two cities is described in Table 1. 


Table | 
Background of the Videotaped Lessons in Hong Kong and Shanghai 


Total number of lessons 
Average duration of lessons 
Average number of students 
High 


Low 
Bachelor’s degree 


Years of teaching 


Background of schools 


Background of teachers 


! According to “Education Indicators for the Hong Kong School Education System in 
1999 Abridged Report” (Education Department, 2000), the average class size and the 
average duration of the lessons in Hong Kong were 37.8 students per class and 40 
minutes per lesson respectively, and the bachelor’s degree ratio was 84.3% (referring to 
highest degree teachers hold”); while according to “Shanghai Education Yearbook 2002” 
(Shanghai Municipal Education Commission, 2003), the average class size in Shanghai 
was 46.6 students, the average duration of lessons was 45 minutes, and the bachelor’s 
degree ratio was about 36%. 
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2.3 Data analysis 
2.3.1 Transcription 


The CDs of the Hong Kong lessons and relevant multimedia database 
with English transcripts from LessonLab, Inc. of Los Angeles were 
already available to the researchers. For Shanghai, all videos of the 
lessons were digitized into CDs. The teachers who delivered the lessons 
respectively transcribed the CDs verbatim in Chinese and the data 
analysis mainly depended on the Chinese transcripts and the original 
CDs. During the process of data analysis, the CDs were referred to from 
time to time to ensure that the description represented the reality as 
closely as possible. 


2.3.2 Coding 


The coding focused on the following aspects: 


e Approach and dimension of variation 
e Classroom interaction 


Since the coding of the first aspect is more inductive in nature, it will 
be illustrated in the relevant Results sections in this chapter and will not 
be described here. 

Regarding classroom interaction, different dichotomies of patterns of 
interaction were found, for example, traditional approach versus 
constructivist approaches (Cestari, 1998), funneling versus focusing 
(Wood, 1994, 1998; Voigt, 1995), and univocal versus dialogic (Wertsch 
& Toma, 1995). According to Cestari (1998), in the traditional approach, 
the teacher tends to make more frequent use of statements, encourage 
students to memorize by imitation and repetition drill, and emphasize the 
final product and the correctness of students’ answers; whereas the 
teacher using a constructivist approach tends to make use of students’ 
questions and feedback for the subsequent teaching, encourage students 
to find the solutions by their own efforts, emphasize the process of 
achieving the solutions, and value student’s mistakes as a suitable 
condition for learning. In the funnel pattern of interaction in Wood’s 
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(1998) classification, students’ thinking focuses on trying to figure out 
the response that the teacher wants instead of thinking mathematically 
for himself. On the other hand, in the focusing pattern of interaction, 
students learn as they participate more equally in the dialogue, in which 
a high level of interaction between teacher and students creates 
opportunities for the latter to reflect on their own thinking. According to 
the previous descriptions of different dichotomies on the patterns of 
interaction, it was found that these dichotomies essentially described a 
similar scenario: one refers to knowledge transmission, while the other 
refers to knowledge construction. Hence, in this study, the researchers 
adopted the vivid metaphor of funneling versus focusing. 


3 Results 


The findings will be presented in two parts. The first part is concerned 
with the patterns of space of variation for students to experience 
Pythagoras’ theorem and the second part focuses on the patterns of 
classroom interaction. 


3.1 Patterns of variation 


After a close look at all the sampled lessons, it was found that the lessons 
in both cities included the following stages: introduction, justification 
and practicing (see Huang, 2002, for details). The dimensions of 
variation created at each stage will be illustrated below. 


3.1.1 Introduction of the theorem 


3.1.1.1 Approaches to discovery 


Two main approaches for exploring the theorem were found: discovering 
the side relationship directly (D1) and discovering the side relationship 
via the area relationship (D2). Within each approach, some dimensions 
of variation were created, as shown in Table 2. 
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Pythagoras’ Theorem 


Frequency* 


(8 (11) 
Approach Making conjecture on side 
Di relationship through calculating 2 

triplets. 


Deducing the side relationship via 
examining the area relationship 
Approach | through manipulating puzzles 


Ca E 
D2 Discovering and proving the theorem 
at the same time via investigating area 
relationship 


* The sum of frequency of approach of exploration is not equal to the total of the teachers 
because there are teachers who just told the theorem as a fact to students directly. This 
direct approach is excluded from this count. 


The striking difference between Hong Kong and Shanghai is that the 
teachers in Hong Kong preferred approach D2 (63%), while the teachers 
in Shanghai preferred approach D1 (55%). The typical approaches to 
discovering the theorem in the two cities will be illustrated below. 


3.1.1.2 The typical Hong Kong approach 


In four lessons, the theorem was explored through playing very similar 
games as follows: 


Given a bag containing five pieces of puzzles and a 
diagram as shown on the right, students are asked to 


e fit the 5 pieces into square C in the diagram in 
the shortest time; 

e rearrange the above 5 pieces into two smaller 
squares A and B in the diagram 


By solving the puzzle in different ways, the invariant area 
relationship — the area of the square on the hypotenuse is equal to the 
sum of the areas of the two smaller squares on the two adjacent sides — 
can be discerned. Moreover, by associating with the area formula of the 
square, the relationship among the areas of the three squares was 
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transformed into the relationship among the lengths of the three sides of 
the right-angled triangle, which is Pythagoras’ Theorem. 


3.1.1.3 The typical Shanghai approach 


There were five lessons in which Pythagoras’ theorem was explored by 
investigating special triplets. There were two key steps for making a 
conjecture on the side relationship among the three sides of a right- 
angled triangle. One is the creation of the triplets and the other is the use 
of the triplets. Take lesson SH04 for example. In the lesson, students 
were asked to draw several right-angled triangles given two adjacent 
sides and they were asked to measure the hypotenuses: 


1. Given that two adjacent sides are 3cm and 4cm respectively, 
measure the hypotenuse; 

2. Given that two adjacent sides are 6cm and 8cm respectively, 
measure the hypotenuse; 

3. Given that two adjacent sides are Scm and 12cm respectively, 
measure the hypotenuse. 


After completing these activities, the students were asked to give 
their answers aloud. Then the teacher summarized that in any right- 
angled triangle, if the two adjacent sides were given, then the hypotenuse 
could be found. Thus three triplets (3, 4, 5), (6, 8, 10) and (5, 12, 13) 
were created through the activities. 

Essentially, the purpose of examining the side relationship from 
different triplets is to discover the invariant relationship: the square of 
the hypotenuse is equal to the sum of the squares of the adjacent sides. 
However, how the class activities were conducted for discovering this 
relationship in the lessons was different. In some lessons, students were 
asked to make conjectures after group discussion and check their 
conjectures by examining the triplets. In other lessons, teachers 
demonstrated this special relationship with different triplets and induced 
the conjectures. 
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How does the difference in the two typical ways of discovering the 
theorem contribute to students’ learning? This issue will be discussed 
below. 


3.1.1.4 Geometrical representation versus numerical operation 


In the typical Hong Kong approach, students can discern and separate the 
area relationship (the sum of the areas of the squares constructed from 
the two adjacent sides is equal to the area of the square constructed from 
the hypotenuse in a right-angled triangle) by manipulating the puzzles 
differently (different ways of fitting by different groups). By creating 
this dimension of variation, i.e., different ways of fitting the puzzle, it is 
possible for students to discover the area relationship. Then through 
appropriate transformation of the area relationship into the side 
relationship, it is possible to find out the side relationship, namely, 
Pythagoras’ Theorem. Essentially, what the students experienced 
differently is the variation in area relationship, which actually is the 
geometrical representation of the theorem. 

In contrast, what Shanghai students experienced differently is the 
variation in side relationships, which was discovered by investigating 
different Pythagoras’ triplets numerically. Thus, the numerical aspect is 
the focus in this approach. 

So the Hong Kong teachers attempted to explore the theorem from a 
geometrical aspect, while the Shanghai teachers attempted to explore the 
theorem from a numerical aspect. Therefore, it could result in different 
spaces of variation. For Hong Kong students, the theorem was 
manifested not only in a mathematical formula but also in a visual 
geometrical presentation. For Shanghai students, the theorem might not 
be associated with any geometrical presentation. 


3.1.2 Justification of the theorem 


This part mainly focuses on the way in which Pythagoras’ theorem is 
justified in Hong Kong and Shanghai classrooms. Justification refers to 
providing reasons why the theorem is true. The validity of a proof does 
not depend on a formal presentation within a more or less axiomatic- 
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deductive setting, not on the written form, but on the logical coherence 
of conceptual relationships that are not only to convince others that the 
theorem is true, but also to explain why it is true (Cooney, Brown, 
Dossey, Schrage, & Wittmann, 1996; Hanna, 1990, 1998, 2001). “Proof” 
in this study is grouped into two categories. One is called mathematical 
proof, in which the theorem is proved deductively and logically by using 
geometrical properties and theories or the operations of algebraic 
expressions. The other is called “verification”, in which the theorem is 
shown to be true by using certain evidences such as solving a puzzle or 
demonstrating some cases. 


3.1.2.1 Approaches to justification 


The approaches to justification can be summarized in Table 3. 


Table 3 
Distribution of the Ways of Justification 


Frequency* 


Ways of justification 


Visual 
verification 


Mathematical 


proof Multiple proofs 


* The sum of the ways of justification is not equal to the total of the teachers since there 
are some teachers who gave different kinds of way of justification. 


The most prominent difference between these two cities regarding 
justification is that the Shanghai teachers paid considerable attention to 
the introduction of mathematical proofs. On the contrary, the Hong 
Kong teachers seemed to hold different attitudes toward justification. Six 
out of the eight teachers tended to verify the theorem either through 
exploring activities for discovering the theorem or certain other activities 
for verifying the theorem once it was found (see Table 3). 


3.1.2.2 Verification versus mathematical proof 


According to Table 3, the typical way of justification in Hong Kong is 
visual verification (six out of the eight teachers), while the typical way of 
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justification in Shanghai is mathematical proof (all the teachers), 
especially multiple proofs (eight out of the eleven teachers). The 
following illustrates these two types of justification. 


The typical Hong Kong way — verification 


If we consider certain exploring activities as verification, it was found 
that six out of the eight teachers verified the theorem visually (some 
teachers did not justify the theorem at this stage, but they verified the 
theorem by exploring the theorem at the previous stage). The typical way 
of verification was demonstrated in section 3.1.1, which serves as both 
discovering and verifying. 


The typical Shanghai way — mathematical proof 


All the Shanghai teachers introduced mathematical proof. In particular, 
nine of them introduced multiple mathematical proofs. At this stage, 
three dimensions of variation were identified. Firstly, in the heuristic 
approach (procedural variation), a special case was investigated as a trial 
first and then the general situation was investigated. Secondly, a 
diagram, which was crucial for the introduction of the proof, was either 
taken with its structure and orientation for granted or justified visually 
and logically. Thirdly, multiple proofs were introduced. Since these three 
dimensions are interrelated, some of them appeared simultaneously in 
some lessons. The following section illustrates how these dimensions of 
variation are constituted in a lesson (SH09). 


3.1.2.3 Procedural variation: from special to general 


There were three lessons in which the teacher intentionally organized 
activities for investigating the cases from special to general for students 
to explore the proof progressively. 

In lesson SH09, after students had made conjectures on the side 
relationship based on group activities, they were asked to prove the 
conjecture by examining a special case and then exploring the proof in 
the general situation. 

Firstly, the teacher divided the class into groups of four and students 
were asked to put some congruent isosceles right-angled triangles into 
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a square. After that, they were asked to project their diagrams on the 
screen as shown in Figures 1(1) and 1(2). Based on students’ calculations 
on the areas of the squares in two diagrams, the special 
relationship: 2a? =c’ , i.e., a7 +a’? =c’ was found, where a is the 
adjacent side and c is the hypotenuse of the isosceles right-angled 
triangle. 


sD. 
P oe ae 
Ek eee 
| x a 
| w 
z m ais wah _ + S me = ARNEY ae 
Figure 1 (1) Figure 1 (2) Figure 1 (3) Figure ] (4) 


Secondly, the students were asked to play a similar game with four 
congruent right-angled triangles. After finishing this activity in 
groups, two diagrams were projected on the screen by students (Figure 
1(3) and Figure 1 (4)). Students also gave their explanations of the 
figures. 

The teacher constituted two dimensions of variations for students to 
learn the proofs. One was the heuristic approach: investigating the cases 
from special to general. This approach could not only help students 
discover the theorem easily but also, more importantly, provide an 
opportunity for students to experience an important way of mathematical 
thinking. Another was introducing multiple proofs. Two different proofs 
were discussed. By introducing two different proofs, it was possible for 
students to separate a strategy, dissecting area method, from the two 
particular proofs, according to the theory of variation. 


3.1.2.4 Does the same proof mean the same thing? 


To a certain extent, the Hong Kong teachers also paid attention to the 
introduction of mathematical proof (three out of the eight lessons). In 
order to understand what really happened when a proof was introduced 
in mathematical classrooms in Hong Kong and Shanghai, a proof, which 
was introduced by the teachers in both cities, was examined in detail. In 
this proof, the students were required to find the area of a square by the 
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method of dissecting area, simplifying the expression, and finally 
deducing Pythagoras’ Theorem. It was found that only two teachers from 
Hong Kong introduced this proof, while ten out of the eleven Shanghai 
teachers introduced the same proof. From each city, a lesson (HK4 and 
SH02) in which the proof was introduced in the same way is discussed in 
detail below. 

The teacher in lesson HK4 introduced the proof by following a semi- 
structured worksheet as follows: 


Consider a square PORS with side a + b and prove Pythagoras’ 
Theorem by finding the area of PORS with two different 


methods. 
P a+b Q An wo b Q 
a 
+b 
a Z 
x 
a b 
R s` b Y a R 


Method 1: Find the area of PORS directly. 

Method 2: Hint: Join WX, XY, YZ, and ZW. PORS is divided into 
four __, and, one WXYZ. 
Let the hypotenuse of the right-angled triangle WPZ 
be c, then Area of PORS = 


The Shanghai teacher’s approach is as follows: 


The students were asked to fit the squares together by using four 
congruent right-angled triangles. Then, they were asked to 
calculate the areas of the squares, and think about the proof of 
the theorem in groups. After that, students were encouraged to 
verbalize the steps of calculating the area of a square by using 
different methods, and the teacher wrote the proof on the 
blackboard: 
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S large square — S small squares +45 triangles 
i 
(a+b)? =c? riro 


Simplifying: a? + b° =c? 


From a mathematical point of view, the two methods of the proof are 
the same in essence. However, it may make differences in students’ 
learning when the proof is introduced differently. Firstly, the following 
excerpts, Table 4, demonstrate the kind of classroom interactions when 
one method of calculating the area of the square was introduced. 


Table 4 
Excerpts of a Hong Kong Lesson (HK4) and a Shanghai Lesson (SH02) 
HK4 A SH02 

The first method (namely, caiculating the | After students created a figure by using 

area of PORS directly) was discussed. | four given congruent right-angled 

After the students have found that the | triangles, the teacher presented the 

square PORS was divided into four | diagram on a small blackboard (see figure 

congruent right-angled triangles (see | 2(2)). Then the students were asked to 
figure 2(1)), the discussion then moved | calculate the area of the diagrams with 
| on to the following episode. _ | different methods, as shown below. 

1. T: Congruent. Right. So you may 1. T: This is what he put. He cut a big 
say, PORS, now this time, after you square outside and a small square 
joined the four sides, you will have inside. Then put the big one on the 
to divide it into four congruent right- small one. Ensure that the vertexes 
angled triangles. of the small square are on the four 

2. T: So PQRS is divided into four sides of the big one. Would you 
congruent right-angled triangles and please prove it? (Nominating a 
also, another figure, WXYZ, that's student) 

a? 2. S: Sorry, I can’t. 

3. Ss: Square. 3. T: You have put it (together), but 

4. T: Square. Se now, this is the second you can’t prove it? Who can? You, 
method. The second method in please. 
finding about the area of this square | 4. S: (Coming to the front and proving 
with the side a plus b, so now, this on the blackboard) 
time, how to find about its area? S targe square = (a + bY- 

5. T: There are four congruent 5. T: How do you know that this side is 
triangles. [They are] Right-angled a? 
triangles with the side, base is 4, 6. S: Because the two triangles are 
height is? congruent. 

6 Ss: I. 7. T: How to prove they are congruent? 
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10. 


ll. 
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T: b. You know the area ab over two 
for each triangle. And then four of 
them. Plus? 

Ss: ¢ square. 

T: c square, right. The smaller 
square that is inside. So you may 
find, there're two ab plus c square. 
Two ab plus c square. How about 
the last step? By considering the two 
different methods in finding the 
area of the same square, what do 
you find? 

T: Method one, you find a square 
plus two ab plus b square. How 
about the second one? Method two 
you find two ab plus c square. So 
what do you find? 

T: Oh, both sides there're two ab, so 
you cancel this, and finally you find 
a squared plus b squared is c 
squared. Is it? 


wW 
P Q 
Z 
X 
S R 
Y 
Figure 2(1) 


12. 


13. 
14. 
15. 


16. 


17. 


. T: You’ve all forgotten. How to 


Don’t be nervous. 
S: I’ve forgotten. 
T: He’s forgotten. Please give him 
a hand. Go back to your seat, 
please. Tao Li. 
S: P’ve forgotten. 


prove? Liu Wenju, would you 
please prove it? Be brave. 

S: There’s one that is equal. 
Z14+22=90°, 21+23=90°, 
22=23. 

T: What’s the reason? : 
S: (Together) the complementary 
angles are equal. 

S: We can get congruence 
according to ASA. 

T: With the same reason, we can 
get the four triangles equal. Now 
continue, please. 


S:S large square (a F by : 


Hh 


a 


Figure 2(2) 


Space of variation. There are two critical aspects in this proof as 
stated in the worksheet. One aspect is to dissect the square into one 
smaller square and four congruent right-angled triangles. Another aspect 
is to calculate the area of the square by two different methods and 
simplify the expression of an area relationship into a side relationship. 

Regarding the first aspect, in the Hong Kong lesson, the students got 
used to following the teacher’s instructions and the worksheet seemed to 
limit students’ thinking. Furthermore, the teacher did not provide 
justification as to why the central figure was a square. However, in the 
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Shanghai lesson, the students were not only asked to present the 
diagram, but also to justify the statement on the diagram. In this sense, a 
dimension of variation for experiencing the diagram was created: taking 
for granted and justifying the diagram logically. 

Regarding the second aspect, basically the Hong Kong teacher stated 
the relevant formulae and simplified the expression on his own. Thus, 
the students were seldom given a chance to express their own 
understanding and thinking. On the contrary, the Shanghai teacher 
always let the students express verbally the formula and the relevant 
transformation. In this regard, the Shanghai lesson seemed to have 
created more space for students to verbalize the process of deductive 
reasoning. 


3.1.3 Practicing or applying the theorem 
3.1.3.1 Distribution of problems 


According to Gu (1994), problems can be classified according to three 
basic elements. The initial status (A) is the condition of the problem. The 
process of solving the problem (B) is the transition of approaching the 
conclusion based on existing knowledge, experience, and the given 
conditions. The final stage (C) is the conclusion. A problem is 
considered as a prototype if it consists of an obvious condition, 
conclusion and solving process familiar to the students. The prototypes 
can be transformed by removing one or two of the three components or 
introducing components which obscure students’ perception. Such 
transformed exercises are called closed and open variation respectively. 
Furthermore, Gu (1994) simplifies Bloom’s taxonomy of teaching 
objectives (i.e., knowledge, comprehension, application, analysis, 
synthesis, and evaluation) into three types of objectives based on an 
experiment with 3,000 students of the same grade in secondary schools. 
The three types of objectives are memorization (including knowledge 
and calculation), interpretation (including comprehension and 
application), and exploration (analysis and synthesis and evaluation). 
Moreover, it has been found that the three types of teaching objectives 
can be achieved by providing students with three kinds of problems 
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respectively. Based on the purposes of the problems, they can be 
classified exhaustively into three different categories: memorization, 
interpretation, and exploration. However, after looking at all the lessons 
in Hong Kong, it was found that there was no problem at the 
memorization level, but there were some problems which did not belong 
to any of the three categories. These were problems which served the 
purpose of preparing for the learning of Pythagoras’ Theorem, such as 
problems in calculating square roots etc. This kind of problems was 
entitled prerequisite problems in this chapter. The frequencies of the 
problems used in the sampled lessons in the two cities are shown in 
Figure 3. 


Prerequisite Interpretation Exploration 


Figure 3. The distribution of problems at different levels 


The above figure shows that, in the Hong Kong lessons, more than 
40% of the problems are at the prerequisite level, more than half of the 
problems are at the interpretation level (called “basic level”), and fewer 
than one tenth of the problems fall into the exploration level. In the 
Shanghai lessons, there is no problem at the prerequisite level and more 
than half of the problems are at the exploration level. It seems that the 
Hong Kong teachers tended to practice at the prerequisite and basic level 
while the Shanghai teachers prefer to practice at the basic level and 
higher level. 
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3.1.3.2 Feature of practicing: Explicit variation versus implicit variation 


In this study, the researchers adopted an implicit-explicit distinction to 
differentiate between the ways of varying problems. If the changes from 
a prototype problem (in which the learnt knowledge can be applied 
directly) to its variations are identified visually and concretely (such as 
variations in numerical values, positions of figures etc., but the 
conditions for applying the relevant knowledge still are explicit), then 
this kind of variation is regarded as explicit. On the other hand, if the 
changes from the original problem to its variations have to be discerned 
by analysis abstractly and logically (such as variation in parameter, 
subtle change or omission of certain conditions, or change of contexts, or 
reckoning on certain strategies etc., thus the conditions or strategies for 
applying the relevant knowledge are implicit), then this kind of variation 
is characterized as implicit. This implicit-explicit distinction is illustrated 
below. 

Suppose the students were just taught Pythagoras’ theorem and they 
encountered the application of the theorem for the first time. The 
following exercises would illustrate the two types of variations. 


Explicit variation: 


In the following right-angled triangles, the lengths of two sides are 
given. Find the length of the third side and put the answer in the 
appropriate brackets. 


(€) 


2 
13 


() 
fis 
( ) 
( ) NS 
5 
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Implicit variation: 


(1) In a right-angled triangle, if two of its sides are 3 and 4, find 
the length of the third side. 

(2) An army of soldiers wants to attack a castle, which is 
separated from them by a river and a wall. The river is 15 m 
wide and the wall is 20m high. 

a) How can the soldiers reach the top of the wall (if they 
cannot fly over the wall by any means)? 

b) What is the shortest distance to get to the top of the 
wall? 


It was found that in both cities, exercises of both types of variation 
were used. However, the Hong Kong teachers tended to use explicit 
variation in the exercises, while the Shanghai teachers seemed to prefer 
providing implicit variation in the exercises 


3.1.4 Patterns of teaching 


The patterns of teaching in terms of space of variation constituted in 
these sampled lessons are shown in the following diagram. 


Ways of exploring Ways of Verifying Ways of Practicing 


To explore the theorem ; ; ; 
Hong Kong | +! through physical and [2 To verify the [X To practice with 
pattern theorem visually explicit variation 


visual activities 


Mathematics — Visual, verification, explicit variation 


; h ; ; 
Shanghai . e ba AE TS N To prove the To practice with 
pattern è 8 theorem logically implicit variation 


conjecture making 


Mathematics — Abstract, proof, implicit variation 
Figure 4. Two approaches to handling Pythagoras’ Theorem 


A model of the Hong Kong lesson consists of the following stages: 
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e Deducing the side relationship via investigating the area 
relationship by solving puzzles (physical, geometrical, 
visual); 

e Justifying the findings by different methods (mathematical 
proof or visual verification); 

e Assigning class work with explicit variation (varying in 
numerical values and orientations). 


It seems that in the Hong Kong lessons, the nature of mathematics is 
perceived as intuitive and subject to verification and it can be mastered 
by drilling exercise with explicit variation. 

On the other hand, a model of the Shanghai lesson includes the 
following stages: 


e Making a conjecture on the relationship among the three 
sides of right-angled triangles by investigating special 
Pythagoras number triplets (numerical manipulation); 

e Proving the conjecture mathematically (integration of 
geometry and algebra); 

e Providing well-structured exercises with implicit variation 
(broad coverage and internal connections). 


It seems that in the Shanghai lessons, the nature of mathematics is 
perceived as abstract and logical and mathematics can be mastered by 
drilling exercise with implicit variation. 


3.2 Pattern of classroom interaction 


When looking at the way of constituting the space of variation, the 
pattern of classroom interaction can be classified into two types: 
focusing pattern and funnel pattern. From the lessons observed in this 
study, it is found that the former pattern was more prevalent in Hong 
Kong than in Shanghai. Using the two lessons (HK4 and SH02) in 
section 3.1.2 as examples, we can see that in the Hong Kong lesson, the 
teacher attempted to funnel students towards the teacher’s expected 
answer by asking a series of simple and convergent leading questions (2, 
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5, 7 of Table 4). Even though the teacher posed one open-ended question 
(4), in the end, it was broken down into several convergent questions (5, 
7). Meanwhile, the teacher gave clear explanations (9-11) when 
answering the questions he had raised. Based on the above analysis, the 
pattern of interaction in that Hong Kong classroom should be 
characterized as a funnel pattern as defined by Wood (1998). 

In the Shanghai lesson (SH02), through a series of soliciting 
questions which were mainly open-ended (1, 13), the teacher encouraged 
students to focus on the critical aspects and express their own 
explanations. Even though some students encountered difficulties in 
answering the questions, the teacher would ask another student for an 
answer until a desired answer (3, 8, 11) was given. Thus, the pattern of 
interaction in that lesson can be characterized as the “focusing pattern 
of interaction” (Wood, 1998). 

Using this same method of analysis, the sample in Hong Kong all 
seemed to adopt the “funnel pattern” of interaction while the sample in 
Shanghai attempted to adopt different approaches of classroom 
interaction. Four out of the eleven teachers in Shanghai tried to employ 
the “focusing pattern” in which students were encouraged to construct 
their own knowledge through well-designed activities and open-ended 
questions. 

On the whole, although the teachers in both cities emphasized their 
roles in organizing classroom activities and encouraging students to 
engage in the process of learning, the Shanghai teachers seemed to pay 
more attention to students’ explanation than the Hong Kong teachers did. 


4 Findings and Discussion 


4.1 Summary of the findings 


The ways of teaching Pythagoras’ Theorem in Hong Kong and Shanghai 
portrayed in the previous sections show some similarities and 
differences. The main similarities are (1) Emphasizing the exploration 
of the topic, (2) Emphasizing exercises with variation, (3) Teacher 
dominance and student active engagement in the mathematics 
classroom. Meanwhile, some differences were observed: (1) Numerical 
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operation versus physical manipulation. In the activities for exploring 
the theorem, the teachers in Shanghai tended to encourage students to 
make a conjecture based on numerical operations, while the teachers in 
Hong Kong preferred to help students discover the theorem based on 
manipulative operations. (2) Proof versus verification. Either in the 
activity for exploring and proving the theorem or in applying the 
theorem, the teachers in Shanghai tended to use abstract or symbolic 
presentation, while the teachers in Hong Kong tended to employ visual 
and concrete presentation. Furthermore, the teachers in Shanghai 
preferred to prove the theorem mathematically, while the teachers in 
Hong Kong tended to verify the theorem visually. 


4.2 Interpretation of the findings 


It has been argued that conformity is the essence of the Chinese culture 
which has enabled the Chinese people to grow and prosper for thousands 
of years (Abraham, 1989; Chang, 1957). By citing the Chinese dictum 
“without rule and compasses, no square or circle could be drawn’, Y. 
Zheng (2002) argued that although conformity has the implication of rule 
abiding, it is in fact a prerequisite to implement various innovations and 
it may have a fundamental influence on the Chinese pedagogy of 
mathematics, particularly in Mainland China. From this point of view, it 
is understandable why a unified curriculum is advocated and public 
examination is so long-standing in China. Even nowadays, Shanghai and 
Hong Kong still have their respective uniform syllabuses and 
examination systems. When looking at the classroom practice in detail, 
some similarities observed might be traced to a common cultural 
tradition. On the other hand, the differences observed may be attributed 
to the history of Hong Kong, as it was a British colony for more than one 
and a half centuries. The main findings will be interpreted as follows: 


4.2.1 Emphasizing exploring 


The finding that the teachers in both cities emphasized the exploration of 
the theorem seems to be contradictory to many of the observations in 
other studies. For example, Chinese classroom learning is described as 


370 How Chinese Learn Mathematics: Perspectives from Insiders 


rote learning or passive learning (Biggs & Watkins, 1996; Morris et al., 
1996), and teaching strategy in Mainland China is characterized as 
“refined lecture and extensive exercise” before the 1980s (Zhang, S. Li, 
& J. Li, 2003). But in this study, the students made their own findings 
based on certain activities. 

This might have resulted from the efforts in the reform of classroom 
teaching in the past decades. For example, in Hong Kong, under the 
influence of the New Math movement in the 1970s, the activity approach 
to teaching has been advocated and many activities designed by the 
authorities and the teachers are available (Wong, 1993). In Shanghai, the 
new geometry textbook was divided into three stages. At the first stage 
(grades 1-6), the stage of “visual geometry”, the main purpose is to 
recognize different geometric figures and simple properties and 
calculation. The second stage (grades 6 —7), the stage of “experimental 
geometry”, aims to develop proper arguments based on transformation 
and experiment dealing with reasoning implicitly. The third stage (grades 
8-9), the stage of “deductive geometry”, introduces deductive proof 
(Cheng, 2000). The textbook developed according to this design has 
been in use since 1990. Since the teaching in both cities is textbook- 
oriented (Biggs & Watkins, 1996), the observed emphasis on activities 
(or experiment) may be due to these recent changes. 

Another reason may be due to the specificity of the topic. For this 
topic, certain exploratory activities were presented in the textbooks in 
Hong Kong and Shanghai. Also there were some reference materials 
which provided various activities such as playing games and fitting 
figures. Thus, it is easy to design exploring activities if the teachers 
emphasize this kind of activities. 


4.2.2 Emphasizing practice 


The stereotype of teaching in China has been that it emphasizes 
repetitive drills. However, this study suggests that the teachers in the two 
cities emphasize practicing with varying problems. It might be 
interpreted from the following aspects. 

First, in ancient China, the general meaning of “learning” (Æ) or 
“knowing” (4) accounted for learning (2 3J ) while “practice” 
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(drill/exercise) (+J) meant acquisition by practicing. According to Xu 
Shen (iH, 1981), “to learn means to be awaken from ignorance ” (%, 
JETE tE); and “to practice means repeated trial flights by the young bird” 
(>J, %4 K). Thus, practicing is a necessary part of learning. As 
Confucius (1956) said, “Is it not a pleasure, having learned something, to 
try it out at due intervals?” (CT JZ, AAPL?) (Analects, 1. 1). A 
widely accepted axiom, “practice makes perfect” (AAfE4E15), may also 
reflect this philosophy of learning in China. 

Secondly, the long history of an examination culture in China may 
aggravate the importance of practice in learning and affect the 
mathematics teaching to a certain extent (P. Y. Lee, Zhang, & Z. Zheng, 
1997). In Hong Kong and Shanghai, individual examination syllabuses 
exist. The public examination, which must be subject to the same 
examination syllabus, has been conducted year after year. But the test 
paper must avoid overlapping in terms of the test items. Therefore, the 
problems in the test paper always varied with different contexts or forms 
in the same mathematical content. In order to help students achieve high 
performance in those examinations, teachers have to try their best to 
provide different kinds of problems in certain contents extensively so 
that students are able to tackle various problems confined to certain 
domains without feeling strange. This belief is echoed by the Chinese 
saying “remaining essentially the same despite all apparent changes” (77 
4g AN BS ILS). That is to say, it will enable students to solve the problems 
with the same content regardless of the contexts in which the problems 
are embedded if the students master the knowledge and skills by 
practicing with extensive variation of exercises focusing on the same 
content. This may be the reason why the teachers in both cities pay so 
much attention to exercise with variation. 

Thirdly, with regard to varying the problems, it seems that the 
teachers in Shanghai attempt to vary the problems implicitly, while the 
teachers in Hong Kong prefer to vary the problems visually and 
explicitly. This difference may reflect the difference in teachers’ beliefs 
in teaching mathematics. Western teachers believe that learning can be 
made meaningful if the teaching is connected to concrete models, while 
Mainland Chinese teachers believe that abstract representation can 
develop students’ critical thinking and logical reasoning ability (An, 
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Kulm, & Wu, 2002; Becker, Sawada, & Shimizu, 1999; Cai, 2002). It 
may be reasonable to assume that the teachers in Hong Kong tend to 
accept the Western beliefs in this aspect. In this sense, it is 
understandable why the teachers in Hong Kong employed an explicit 
variation of problems, in which the numbers and orientations of 
diagrams were varied. 


4.2.3 Teacher dominance and student active engagement in the 
mathematics classroom 


When looking at the classroom interaction, an apparently contradictory 
scene appears in the mathematics classroom in both cities. On the one 
hand, the teachers organized the lesson and controlled the transaction of 
classroom activities, so that lessons proceeded smoothly. On the other 
hand, the students engaged themselves in the process of learning by well- 
designed activities and a series of leading or open-ended questionings. 

Teachers dominating teaching in Chinese classrooms was well 
documented by many previous studies, and was often associated with 
teacher-centeredness and passive student learning from the perspectives 
of Western researchers (Biggs & Watkins, 1996; Morris et al., 1996; 
Paine, 1990). Nevertheless, recent studies have shown that teacher- 
controlled teaching might not necessarily result in teacher-centered and 
student passive learning. Rather, there were many elements of student- 
centeredness in Chinese classrooms (Mok & Morris, 2001; Cortazzi, 
1998; Cortazzi & Jin, 2001). According to the Western theories, teachers 
dominating the teaching would impede students’ motivation to learn and 
produce low achievement. The question is: How can teacher dominance 
and student-centeredness coexist and work well in the Chinese 
mathematics classrooms? It may be due to some unique cultural values 
or beliefs in China. The following discussion tries to interpret this feature 
in the Chinese mathematics classrooms. 

First, as argued by Stigler and Heibert (1999), the reason why there 
were disruptions in the US classrooms which were seldom found in 
Japanese lessons might be due to different beliefs about the classroom. 
The Japanese believe that the classroom is wholly for student learning 
without being disrupted by others, but the Americans might not hold 
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similar beliefs. It was often found that there were less discipline 
problems and disruptions in Chinese classrooms than in the counterparts 
in the West (Leung, 1995; Stevenson & Stigler, 1992). It may be because 
Chinese and Japanese were influenced by the Confucian tradition so that 
they share a similar belief about the classroom. This assumption can be 
echoed by the Chinese aphorism “Rearing without education is the fault 
of the father, teaching without strictness is the negligence of the teacher” 
(TRARIA IZ). It means that the teacher should take 
the responsibility to teach students strictly when they come to school or 
the classroom. 

Secondly, it may reflect the evolution of the mathematics classroom 
in China. In the past two decades, especially in Shanghai, authorities and 
educators have paid much attention to improving classroom teaching by 
learning from Western theories and practices, which emphasized more 
student-centered learning. It is very important to note that in the Chinese 
setting, while learning from the West, the essence of its own tradition has 
still remained. As argued by Y. Zheng (2002), the evolution of modern 
education in China “is primarily a process of assimilation. That is to say, 
rather than being alienated by foreign factors, the foreign values were 
absorbed and assimilated into the Chinese culture”. This notion was 
supported by the famous slogan of the self-strengthening movement in 
the early twentieth Century, “Chinese learning for basic principle, 
Western learning for practical use” (Y. Zheng, 1999, p.195). Moreover, 
Y. Zheng (2002) argued that there is “a basic feature of Chinese 
mathematics education”. Instead of going to the extremes, Chinese 
mathematics educators prefer to strike a balance between various 
extremes in education, which is the central idea of zhong yong (PEZ 
iH) in the sprit of the Chinese culture (Chang, 1957). 

Thus, it can be argued that through assimilation of student-centered 
teaching strategies into the traditional teacher-centered strategies, a 
unique teaching strategy consisting of both teacher’s control and 
students’ engagement in the learning process emerges in the Chinese 
classrooms. 

Thirdly, how can the teacher and the students work effectively in the 
classroom? It may be that the teacher and the students share certain 
norms about the teacher’s roles and the students’ responsibilities. In 
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particular, Cortazzi and Jin (2001) offered an explanation of the 
uniqueness of the Chinese classrooms from a learning perspective by 
adopting the two concepts of “listening-oriented learning” and “learner- 
trained learning”. “Learner-trained learning” means that students know 
the procedures and react promptly to teachers’ cues so that the teachers 
can switch activities smoothly and without disruption. By “listening- 
oriented learning”, it means that when students listen to the teacher’s 
lectures and other students’ discussions with question and challenge 
actively in their mind, they are learning from the teacher and their fellow 
students in their heads. 

Finally, it may be that the dichotomy between student-centeredness 
and teacher-centeredness was originally too artificial to capture the 
subtle characteristics in the classroom. Particularly in China, whole-class 
teaching is still a dominating method of organizing the lesson, and group 
discussion seldom occurs. It is easy to characterize the teaching strategy 
to be teacher-centered based on superficial features such as the teacher’s 
expository teaching and students’ attentive listening. However, as 
demonstrated in this study and a number of other studies (Cortizzi & Jin, 
2001; Mok & Ko, 2000), elements of student-centeredness often appear 
in the Chinese mathematics classroom. Thus, the researchers tend to 
challenge the validity of the dichotomy of student-centered and teacher- 
centered teaching as a way of describing teaching strategy, at least when 
it is used for the Chinese mathematics classroom. 


4.2.4 Abstract presentation and proof versus concrete presentation and 
verification 


It was found that the teachers in Hong Kong emphasized visual and 
concrete representation for exploring and practicing while the teachers in 
Shanghai preferred to use abstract representation. Correspondingly, the 
Hong Kong teachers emphasized visual verification of the theorem, 
while the Shanghai teachers emphasized mathematical proof. What are 
the possible explanations? 

Firstly, it is argued that although the culture of Confucianism 
seemingly did not emphasize logical inference and deductive 
justification, the method of thinking is convergent, closed, and deductive 


Cracking the Paradox of Chinese Learners 375 


in essence. Thus, mathematics is not emphasized in the Confucian 
culture, but Confucianism does not refuse and deny mathematics. In 
contrast, “the culture of evidential investigation” (444 14) in the Ming 
and Qing Dynasty (1644-1911), which emphasized evidence and logical 
reasoning , gives logical reasoning legitimacy in mathematics. For 
example, “investigating for evidence” usually depends on “reduction to 
absurdity” (J uEY), which enhances the development of “evidence and 
deduction” in mathematics education (Zhang, S. Li, & J. Li, 2003). 
Zhang (2002) argued that this might be a reasonable explanation for why 
Euclidean geometry (adapted from the Elements) has historically been 
valued so much in secondary schools in China although it was adopted 
from the West. 

Secondly, even in the current mathematics curriculum in Shanghai, 
the emphasis is put on abstract presentation and logical deductive 
thinking. It is to be an expected phenomenon that when teaching 
geometry, particularly when teaching Pythagoras’ Theorem, geometric 
proof is stressed since it is believed that geometric proof is a good way to 
develop students’ logical reasoning ability. In the official textbook, two 
different proofs of Pythagoras’ Theorem are introduced. Moreover, the 
teachers clearly manifested their emphasis on the proof in both the 
intended lesson plan and the implemented classroom practice. 

Thirdly, in the textbooks used in Hong Kong, some visual exploring 
activities are presented and one proof is introduced as well. However, the 
teachers in Hong Kong seemed to pay more attention to verifying the 
theorem through exploring activities than proving the theorem explicitly. 


4.3 The paradox revisited 


As described above, the paradox is how East Asian classrooms can 
produce high achieving students in mathematics in a learning 
environment which is perceived to be unfavorable to students’ learning. 
Based on the findings in this study, the following is a discussion of the 
paradox. 
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4.3.1 Good teaching 


This study finds the following characteristics of mathematics classrooms 
in Hong Kong and Shanghai: 


e The teachers emphasized exploring and constructing 
knowledge; 

e The teachers provided exercises with variation; 

e The teachers helped students engage in the process of 
learning. 


Although the class size of the lessons investigated in this study was 
large (more than 40 students) and the teachers controlled the classroom 
activities, it is difficult to associate the above characteristics of 
mathematics classrooms with rote learning and passive learning. Some 
other studies also seemed to support these findings of this study (Mok & 
Ko, 2000; Stevenson & Stigler, 1992). For example, Stevenson and 
Stigler (1992) found that: 


The techniques used by Chinese and Japanese teachers are not 
new to the teaching profession nor are they foreign or exotic. In 
fact, they are ones often recommended by American educators. 
What the Chinese and Japanese examples demonstrated so 
compellingly is that when widely and consistently implemented, 
such practice can produce extraordinary outcomes (p. 198). 


So it may be that the paradox itself is dubious. 


4.3.2 Misperceptions of Chinese teaching 


Biggs and Watkins (2001) further supported the observation here by 
pointing out that “any paradox would exist only if Chinese learners had 
been badly taught, and as far as the teaching we have visited in Mainland 
China and some Hong Kong classrooms is concerned, that is simply not 
true” (p. 290). They explained that the reason for the paradox was due to 
Western researchers’ misperceptions caused by their theoretical 
considerations and perspectives. Different levels of observations were 


Cracking the Paradox of Chinese Learners 377 


suggested in order to understand why the paradox was posed. If we look 
superficial characteristics of the classroom such as large class sizes, 
teacher led teaching, authoritarian teacher and poor resources, teaching 
in China would likely be conceived as poor teaching in the Western 
frame of reference. However, if we look at how teachers encourage 
students to engage in appropriate learning activities, it would be 
concluded that the teaching is more student-centered and there is a 
continuing desire to engage students more effectively. This is achieved 
through a collective and reflective practice, which might be “evolved and 
cohered to form a powerful script” (p. 290). 


4.3.3 Intra-cultural differences 


This study also shows some differences between Hong Kong and 
Shanghai in terms of the ways of handling Pythagoras’ Theorem. For 
example, the Hong Kong teachers preferred to verify the theorem 
visually and vary problems explicitly, while the Shanghai teachers 
preferred to prove the theorem logically and vary problems implicitly. 
As discussed above, this may be due to some intra-cultural differences. 

Some substantial differences in terms of the classroom interaction 
and in-service teacher education were pointed out by Biggs and Watkins 
(2001). Moreover, Mok and Morris (2001) mentioned that one should be 
cautious in using the term “an ‘Asian’ or ‘Confucian’ model of teaching”. 
Thus, when comparing mathematics teaching between Hong Kong and 
Mainland China, the historical and political contexts should be taken into 
consideration in order to have a more thorough understanding of their 
differences. 


5 Concluding Remarks 


Starting from an interest to understand the paradox in Chinese 
mathematics classrooms (that the seemingly un-conducive learning 
environment in China produces unexpectedly high achievement in 
mathematics), the researchers have carried out this study, but an 
unexpected conclusion emerged from this study. The “paradox” does not 
exist because good teaching actually takes place in the Chinese 
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mathematics classrooms. It is also interesting that there are some critical 
similarities found from a content free perspective while there are certain 
striking differences found from a content specific perspective. The most 
impressive findings are the students’ active involvement in tackling 
mathematics contents and solving mathematics problems under teachers’ 
skillful guidance in a large class, which is not easy for Westerners to 
understand according to the very different philosophies and theories. Is 
this phenomenon of teacher control with students’ active engagement in 
the process of learning mathematics in the Chinese classrooms due to 
certain particular philosophy or cultural value in China? The answer to 
this question may provide an important clue to uncover the mystery of 
the teaching and learning of mathematics in China. 
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Chapter 14 


Identifying a Pattern of Teaching: 
An Analysis of a Shanghai Teacher’s Lessons 


LOPEZ-REAL Francis MOK Ah Chee Ida 


LEUNG Koon Shing Frederick MARTON Ference 


Does a national script exist? We have reservations about an affirmative 
answer to this question for two major reasons. First, it is dangerous to 
attempt to identify a teacher’s “script” from a selection of “snapshot” 
lessons. Second, such a characterization may suggest implicitly that a 
teacher’s approach is almost invariable from lesson to lesson. Our 
detailed analysis of a sequence of lessons by a teacher in Shanghai has 
shown that variation between lessons certainly does occur but, despite 
such variation, we can identify a “pattern” of teaching over time that 
characterizes a teacher’s approach. We define a “pattern of teaching” to 
mean: The identifiable features of a teacher’s classroom practice, 
occurring in a repeated manner over a period of time, that together 
constitute the characteristics of the teacher’s style. 


Key words: mathematics teaching, mathematics classroom practice, 
comparative studies 


1 Introduction 


The publication of the results of the Third International Mathematics and 
Science Study (TIMSS) in 1996 and of its follow up study (TIMSS-R) in 
2000 has attracted much attention from the public as well as the 
education sectors worldwide (Law, 1996, 1997; Mullis et al., 2000). In 
these studies, students in Asian countries outperformed their counterparts 
in the West in mathematics. In recent years, the phenomenon referred to 
as “the Asian learner paradox” has been discussed by a number of 
authors (see, for example, Watkins & Biggs, 1996, 2001). Stated briefly, 
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this is the apparent contradiction between the teaching 
methods/environment in Asian schools (i.e., large classes, whole class 
teaching, examination driven teaching, content rather than process 
oriented, emphasis on memorization, etc.) and the fact that Asian 
students have regularly performed better than their Western counterparts 
in comparative studies. The paradox lies in the fact that the above 
characterization of Asian teaching describes features that much research 
shows is not conducive to effective mathematics learning. 

Following the TIMSS study, national norms for teaching practice 
were identified through the analysis of a statistically representative 
sample of videotaped eighth-grade mathematics classes in Japan, 
Germany and the United States and reported in the book “The Teaching 
Gap” (Stigler & Hiebert, 1999). The main thesis of this book is the claim 
that culturally-specific teacher “scripts” were identified by which the 
practices of teachers in the US, Japan, and Germany might be 
differentiated and studied. This is a powerful image, but does a national 
teaching script really exist? The first thing to note is that the Japanese 
lessons described in the video study certainly do not “fit” the Asian 
stereotype. In addition, our own experience of teachers in Hong Kong, 
and elsewhere in Asia suggests that the Japanese “image” as portrayed in 
“The Teaching Gap” is not at all typical. Our own impression of the 
popular pedagogy in Hong Kong is closer to the German model reported 
in “The Teaching Gap” where concepts are carefully explained but the 
“transmission” mode is still dominant (Lopez-Real & Mok, 2002). 

Some disquiet has been expressed by a number of researchers about 
the methodology used in the TIMSS Video Study, particularly 
concerning the taping of just one lesson per teacher. With the hypothesis 
that the actions and associated attitudes, beliefs, and knowledge of 
students constitute a culturally-specific coherent body of learner 
practices, the Learner’s Perspective Study (LPS), a new international 
project led by David Clarke at the University of Melbourne, is underway. 
The LPS project has confirmed a number of international partners to 
collect data at their own expense, namely, Australia, Germany, Japan, the 
US, South Africa, Sweden, Philippines, Israel, and China (Hong Kong 
and Shanghai). An important feature of the project is its documentation 
of the teaching of sequences of lessons rather than single lessons like the 
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TIMSS Video Study. Each class was recorded for a minimum of ten 
consecutive lessons. The documentation enables analysis to capture 
chains of association within a single lesson as well as across several 
lessons. Another important feature of the methodology is the attempt to 
record the lessons from multiple perspectives. Essential features of the 
recording are (i) the on-site mixing of the images from two video 
cameras to provide a split-screen record of both teacher and student 
actions and (ii) the use of the technique of video-stimulated recall in 
interviews conducted immediately after the lesson to obtain participants’. 
reconstructions of the lesson and the meanings which particular events 
held for them personally. Two students were interviewed after each 
lesson. Each teacher participated in three video-stimulated interviews 
and completed two substantial questionnaires before and after 
videotaping, as well as a shorter questionnaire after each videotaped 
lesson. This design enables us to take both the teacher’s and learners’ 
perspectives into consideration in the post-lesson construal of the 
classroom practices (Clarke, 2002). 

The Hong Kong team is responsible for collecting both the Hong 
Kong and Shanghai data and what is discussed in this chapter is taken 
from the Shanghai data. The three lessons discussed in detail were 
consecutive lessons taught by the same teacher. The teacher had more 
than 20 years of teaching experience, graduated in 1982, and was 
designated as a “First Class Teacher in Secondary School” (P — RZ 
Wii) by the Shanghai Academic Title Appraisal Committee (E X T HA 
PERRA) in 1992. In this chapter, we focus on the teacher’s 
perceptions. Drawn from the interview data, we compare this to the 
transcript and video data of the three lessons and finally we try to 
describe the teacher’s pedagogical approach in terms of his “pattern” of 
teaching. 


2 The Teacher’s Perceptions 


2.1 General comments on teaching 


Three interviews were conducted with the teacher and these interviews 
were structured around viewing a taped lesson as described above. 
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However, apart from making specific comments on those parts of the 
lesson that the teacher considered important, he also frequently made 
more general comments about his own teaching style and the 
mathematical pedagogy advocated by his school. For example, at one 
point he claims: 


"You (the interviewer) can see clearly that I have certain 
characteristics or a certain personal style. Basically I would set 
the situational questions and then allow the students to try 
solving them. They would learn the knowledge in the process. 
Basically this is the format, so I think it is very helpful in 
improving the ability of the students." 


The mention of “situational” questions is further elaborated in 
another section of the interview where the teacher is explaining the 
school’s position with regard to teaching mathematics: 


"The first requirement is to create situational questions. So most 
of our lessons adopt this method, for it can stimulate the students 
into becoming more self-motivated, it can cultivate their interest 
to be more active to learn. The second requirement is that it can 
also build the foundation for future activities." 


These dual features of situational questions, or problems, and the 
laying of foundations are often referred to by the teacher during his 
interviews. We shall discuss these two aspects in more detail later. In 
another section he very specifically refers to the theoretical basis for his 
and the school’s approach. Here he tries to explain how he has tried to 
structure a particular lesson (on solving simultaneous equations) 
according to this theory: 


"Actually I was practising what ... Mr. Gu! said in his book. .... 
So in this lesson, it had fulfilled every aspect that our school 
emphasized. For example, we had the situational aspect, that is 


"Refers to Gu Lingyuan, a renowned professor in mathematics education, working in 
Shanghai Academy of Educational Sciences. He is also a co-author of Chapter 13 of this 
volume. 
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the first part in the five parts mentioned by Mr. Gu. The second 
part is the activities for the students to try. I applied it as well. 
The third part is to summarize and conclude. I asked the students 
to do the summary as well. ....The fifth one is reflection. When 
teaching the students, I got some messages through reflection 
eek I would reflect at the appropriate time and correct the 
mistakes." 


Despite the fact that the teacher refers to the five parts of the theory 
but actually mentions only four, this is perhaps less important than the 
fact that he is clearly trying to structure his lesson around a particular 
theoretical framework and that he claims that this is the mathematics 
teaching philosophy of the school. In order to put his comments into 
context, we explain here the 5-component framework for teaching 
identified by the Experimenting Group of Teaching Reform in 
mathematics led by Professor Gu in Qingpu County, Shanghai. This 
framework was based on a longitudinal empirical study and the five 
components are: 


1. Using problems as a starting point for teaching; 
2. Guiding students to develop exploratory activities; 
3. Establishing variation in practice to raise the effectiveness of 
practice; 
4. Summarizing to adopt into the knowledge structure; and 
5. Modifying according to the fine categorization of teaching 
objectives.: 
(Experimenting Group of Teaching Reform in mathematics in 
Qingpu County, Shanghai, 1991) 


As we can see, the component that the teacher omits is that 
concerned with the use of variation to enhance teaching. In fact, there is 
evidence in the lesson videos that he does use variation as a strategy but 
he never refers to this explicitly in the interviews. All the interview 
extracts above give us a picture of this teacher’s general perceptions of 
his and the school’s teaching approach. Let us now examine some 
specific illustrations given by the teacher with regard to the three lessons. 
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2.2 Specific comments on lessons 


In the interviews, the teacher would stop the tape at points that he 
considered to be important in the lesson and give his reasons. Analyzing 
the second lesson on coordinates, the teacher first of all comments on his 
aims and the overall content: 


“This lesson aimed at letting students know how to determine the 
location of a certain point based on its coordinates in a 
coordinate plane. This would let the students know there is a 
corresponding relationship between the points in the plane and 
the coordinates.” 


The lesson he is referring to here is the second in a sequence on 
coordinates, the first having established the concept and how to describe 
a location with correct notation. At various points in this second lesson, 
the teacher highlights where he is trying to generate discussion and 
exploration among the students. For example: 


“Here I gave a question for the students to discuss whether this 
was on the x-axis or the y-axis ... and what were the 
characteristics of the coordinates. During this discussion 
students could get the conclusion through observation. That was 
good for the students to learn from each other.” 


“This example is not in the textbook. I put this one in myself. ..... 
By moving it, I have changed the location. I let the students 
investigate the coordinates of the vertex.” 


“I asked the students to discuss the question first, discussing in 
small groups first, because this question was quite difficult. ...... 
Finally, when we exchanged ideas together, some students said 
they didn’t think comprehensively, they thought of only one 
solution. By exchanging ideas among students, the question was 
solved comprehensively.” 


“This lesson was conducted according to the method I use 
normally, I let students discuss when there is a difficulty, 
discussing in groups.” 
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We certainly have an impression here of a teacher who values the 
importance of peer discussion and is regularly giving students the 
opportunity to explore and discuss in groups. Moreover, we can also see 
that the teacher does not blindly follow the textbook but has used at least 
one example of his own in order to promote some investigation. We may 
also note his use of a problem that has more than one solution and that 
this fact emerges after the small group discussions. 

In his comments on another lesson, concerning the development of 
the elimination method for solving simultaneous equations, the teacher 
first highlights his introductory activity. This lesson is also the second in 
a sequence. This time the sequence was on simultaneous equations and 
the first lesson concentrated on the concept of a system of equations in 
two unknowns. The teacher explains his approach and the students’ 
response: 


"Actually I set a situational question as it can increase the 
interest of the students. .... This question is different from the one 
we have in the book. ..... Judging from the answers of the 
students, they could easily get the results from the numbers I 
gave. They could find out easily, because in the second 
requirement of the question one more student ticket is added. So 
he knows that the two numbers (totals) should be subtracted. It 
helps to build a good foundation for the students about 
elimination by adding/subtracting." 


These comments reinforce the impression given before about his 
approach. Again, we may notice the emphases on structuring the problem 
in such a way that it lays a good foundation and on using a situational 
problem. And once more, it is interesting to note that he has used his own 
problem rather than that in the textbook. The implication is that he feels 
this problem serves his purpose better, perhaps for motivational reasons, 
perhaps for structural reasons, or indeed perhaps both. In another part of 
the interview, the teacher refers to a problem he set for the students at the 
end of the lesson in preparation for the next lesson: 


"Given the equation 2x + 3y = 8, I asked them to set a new 
equation so that it could become part of a system of equations. I 
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hoped that the students would set equations which were related 
to the next lesson and the coefficients were multiples. Actually it 
fulfilled my intention ..... their results included coefficients being 
equal, or contrary (opposite sign), with no multiple or with 
multiples, or both of the equations have to be multiplied with a 
number to make the coefficients equal. This built a good 
foundation for the following lesson.” 


The most interesting feature about this comment is that he is again 
stressing the building of a good foundation for the next stage, but in this 
case it appears to come from quite an “open” situation where presumably 
he cannot be certain of the outcome. Nevertheless, as his next comments 
make clear, he can draw on his previous experience in structuring the 
sequence in this way: 


"It is very seldom that the students would react in a surprising 
way. Why? Frankly speaking ... after years of teaching ..... lam 
very familiar with the content of the lessons and every time I 
would write down the problems in my notebook. When the time 
comes to prepare for the same lesson, I would have known what 
the problem might be, so it is very seldom that anything 
unexpected happens. 


When one of the students changed the coefficients into the same 
or contrary, he multiplied by a fraction. Multiplying only one of 
the equations with a fraction would make the calculation a bit 
troublesome. This method is not mentioned in the textbook. ..... 
This student is creative, so I have encouraged him in the lesson. 
That's good, right! That was totally out of my expectation." 


The reference to writing down problems in his notebook and using 
this when he next teaches the same content illustrates rather vividly that 
this teacher is not only drawing on the theoretical structure referred to 
earlier but is also combining this with his own experiences and 
reflections. It is also fascinating to see that, despite his initial claim that 
the unexpected very seldom occurs, he then goes on to describe a striking 
example of precisely this happening. One suspects that this event will 
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also be written in his notebook and perhaps incorporated in some way 
into his future teaching. 

We have tried to capture in all the above comments, the teacher’s 
perceptions of his own teaching approach and also his perceptions of 
some of the particular lessons that were videotaped and what were the 
important elements of the lessons. In selecting these elements, he has 
tried to illustrate how his own approach, in his view, is actualized in the 
classroom. In the next section, we examine the lessons referred to in 
more detail from the observer’s perspective. We relate this analysis to the 
teacher’s perspective and propose a descriptive model of his pattern of 
teaching. 


3 First Lesson on Coordinates 


As we have described in the introduction, our study is concerned with the 
analysis of sequences of lessons taught by a number of different teachers. 
This is in contrast to the approach used by the TIMSS Video Study 
which was based on a large number of single lessons providing a series 
of individual “snapshots”. In line with the Learners’ Perspective Study, 
we strongly believe that it is impossible to capture a teacher’s individual 
style and approach to teaching unless one can study his/her development 
of a topic over a sequence of lessons. This provides a picture of the 
teacher’s “script” across lessons rather than within a lesson and each 
embedded lesson within the sequence contributes to the overall picture. 

In the particular case we are concerned with in this chapter, the value 
of studying consecutive lessons is well illustrated by considering the first 
two lessons in the sequence on coordinates. We have quoted some of the 
teacher’s comments on the second lesson in the previous section. Our 
own observations of the videotape of that lesson validate the comments 
given by the teacher concerning his regular use of small exploratory 
tasks which generate discussion among the students. However, let us 
now examine the first lesson on coordinates. 

This lesson is the introduction to the concept of coordinates and 
focuses on the description of a point in the coordinate plane as the 
ordered pair (x, y). Throughout the lesson, the emphasis is on the 
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importance of “correct” notation and procedures for describing a point. 
The lesson starts with showing a slide of a row of dots as shown here: 
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The students are then asked to describe the positions of dots A and 
B. There is no logical reason for the row to be labeled 1 and this fact is 
not mentioned. However, the reason becomes clear when the teacher (T) 
shows the next slide which illustrates a grid of 5 rows of 6 dots with two 
of the dots again labeled A and B. Once more, the task is to describe 
their positions. 
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One of the students (Doris) answers: 


Doris: A is at row 5, column 2. B is row 2, column 5. 
T: Oh. Let’s start indicating with columns. 


The teacher’s response is rather striking here and very indicative of 
the way the whole lesson will proceed. There is no comment on whether 
the student’s answer correctly describes the position. There is no attempt 
to discuss the answer with the other students. There is simply the 
statement that we should start with the column without any explanation 
as to why. Doris goes on to give the “correct” description after which the 
teacher shows how this should be written: 


T: Write a comma between the two numbers. Use a bracket for 
the pair of numbers. The first number 2 indicates the column, the 
second number 5 indicates the row. 


Again, we note that there is no attempt to discuss with the students 
how we might write down the description; only the instruction 
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concerning the conventional notation. The fact that this is simply a 
convention is also not mentioned at any time. The next student to 
describe a point uses the same order as Doris and states the row first. The 
teacher responds and goes on to discuss order: 


T: Please sit down. Haven't I just said a sentence about that? We 
use the first number to indicate the column, the second number 
to indicate the row .... Right? .... There is an order for the two 
numbers. So we call such a pair of numbers an ordered pair. 


The choice on the part of the teacher to contrast A (2, 5) with B (5, 
2) is presumably quite deliberate as it highlights the importance of order 
in eliminating any possible ambiguity in the description of a point. But 
again, the question of ambiguity is not mentioned or discussed. The 
emphasis is purely on following a convention. In the next stage of the 
lesson the teacher goes on to define the x, y coordinate axes and the 
common zero position of the two axes as the origin. This is actually a 
significant step from the grid arrangement of dots used previously where 
a zero label was, of course, not relevant. In fact, mathematically we have 
moved from a discrete model to a continuous one. We could say that 
there is an implicit identification of the previous dots in the first case 
with the intersection of grid lines in the second. However, this is not 
explicitly discussed in the lesson. 

The students are next asked to draw the axes defining the rectangular 
coordinate plane on their own worksheets. After some minutes, the 
teacher shows a couple of the students’ examples to the class and asks if 
they are correct or not. To one example the class responds (E = 
everybody): 


E: Incorrect. 

T: Where’s the mistake? 

E: The direction 

T: The direction is wrong. We’ve said the direction for y axis is 
that the part pointing up is positive. He points downwards, 
right? Wrong, okay. 
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In the next stage, a series of points (A to F) is shown in the x-y plane 
and the teacher describes very precisely how the coordinates of point A 
can be found: 


T: To find the column that the point belongs to, then we can 
draw a perpendicular line to x axis passing through point A. This 
perpendicular line is M indicating 3 on the x axis. .... In the 
following, we draw a perpendicular line to y axis passing 
through point A. The perpendicular line is N indicating 4 on the 
y axis. 


The students are then asked how to find the coordinates of the other 
points. Student Dana replies: 


Dana: First, the perpendicular for point B is negative 3. 
T: What do you mean by perpendicular for point B? 
Dana: Um, downward perpendicular from point B. 

T: Downward perpendicular, passing through point B. 


It is very clear from this exchange that the teacher is not only 
concerned with the “correct” procedure but is also very insistent on 
precise language. After some further repetition of the precise language 
and procedure, the teacher asks the students about point C: 


T: Let’s say it together, point C. 

E: Perpendicular line passing through point C to x axis and 
perpendicular line passing through C to y axis, indicating 
negative two, negative three. 


The lesson continues in the same way when looking at the other 
points. The procedure and precise language is repeated many times by 
the teacher. At a later stage, he draws attention again to the written form: 


T: Everybody, please pay attention. I’ve found that some 
classmates have missed the brackets. That is to say, for the 
coordinates of point A, there should be a comma in between the 
two values of the coordinate. We should add a pair of brackets at 
both ends. 
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The lesson progresses with further examples but its tenor continues 
in the same way throughout. How would an observer characterize this 
lesson? It almost seems to epitomize a transmission mode of teaching 
with a heavy emphasis on “form” (e.g. conventional notation), on 
procedures, on repetition and practice, and on rote learning (including 
unison response). However, if we were to base our picture of this teacher 
on this one lesson, it would clearly give an unfair impression, since the 
next lesson follows rather a different pattern. We need to see this lesson 
in the context of its being one in a sequence. Indeed, it is clear from the 
teacher’s own comments in his interviews (quoted earlier) that this lesson 
fits into his notion of the importance of laying a solid foundation. In fact, 
in a later part of the lesson, the students are confronted with the 
coordinates (0, —2.5) and (3.5, —1.5), neither of which seem to pose the 
slightest difficulty for them. From the teacher’s point of view, this may 
be seen as a good justification for his very procedural approach to the 
start of the topic. In the following lesson, he demonstrates the other 
aspects of his theoretical framework by posing many small problems for 
the students to discuss and work on, sometimes in pairs or groups. We 
shall discuss these tasks in more detail in the next section. 


4 Second Lesson on Coordinates 


There are in fact many similarities between the first two lessons on 
coordinates, particularly in terms of their tight structure and the teacher’s 
“control” over the objects of learning. Nevertheless, there are also some 
significant differences which we highlight here. The lesson begins with a 
familiar pattern, similar to that reported in Stigler and Hiebert (1999), of 
a quick revision of the previous lesson’s conclusions. This is then 
followed up by the first new task: 


T: So, now I have a question. If I tell you the coordinate of the 
point D is (3, 4), students, please find out the location of point D. 


The students work individually on this task for a short time and then 
student Emma is called on: 
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T: Okay, Emma, explain to the classmates how you find the 
location of point D. 

Emma: Firstly I've obtained 3 on the x axis .... then, um .... then 
I obtained 4 on the y axis. From the two points, use a dotted line 
to extend upwards from the 3 on the x axis. 

T: Use a dotted line to extend upward? 

Emma: Um, to extend perpendicularly upwards. 

T: On which axis? 

Emma: Perpendicular on the x axis, then perpendicular to the 4 
on y axis, the meeting point of the two lines is point D. 


The task itself is, of course, the exact reversal of the skill learnt in 
the first lesson. Then, a point was shown in the plane and students had to 
determine its coordinates. Now, the coordinates are given and the 
students must determine the position. The short exchange above is rather 
typical of this lesson and, in contrast to the first lesson, there are a 
number of interesting elements to notice. In the first lesson all the 
questions asked by the teacher were “closed” questions. Here, the teacher 
does not simply ask the student for the answer but asks her to explain her 
procedure for getting the answer (i.e., the question is open in nature). In 
addition, the correct procedure established in the first lesson came from 
the teacher, together with many repetitions of the exact language to be 
used. However, here we see that the new procedure comes from the 
student. Moreover, the student’s language is already quite precise and is 
clearly modeled on the language used in the first lesson. Perhaps this 
illustrates a further justification of the teacher’s emphasis on laying a 
foundation. 

Another interesting feature of this exchange is the teacher’s opening 
phrase “So, now I have a question”. Throughout the lesson, a similar 
phrase is used time and again and is a clear “signal” that the students will 
have to think about something new. This again is in contrast to the first 
lesson where many closed questions were asked but were never 
“signaled” in this way. For example, in the task just described, a previous 
point already shown in the plane is A (4, 3). The teacher now continues: 


T: OK, so we've got the location of the point and now I have a 
question. Compare this (3, 4) with the first point A (4, 3). Why 
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aren't they the same point? Both of them have 3 and 4 as the 
numbers. Why aren't the two points the same? 


In fact, the concept of order had already been established in the first 
lesson but here we see the teacher raising it again, this time with a view 
to getting the students to articulate the reasons and necessity for the 
notation. In the next task, the students have to plot a series of points and 
this is followed by having to draw a triangle given the coordinates of its 
vertices. In these two tasks, there are three points that lie on the axes. 
This is clearly deliberate and we can see how the teacher follows up on 
this: 


T: I have a question. In the exercise, points A and C are on the x 
axis. In this figure ... in the last exercise, point E is on the y axis. 
So I want to ask you all, in the coordinate plane, what are the 
characteristics for such a point? ...... Let's discuss. Discuss in 


groups of two. 


The students are now specifically asked to discuss this question and, 
although the focus of the enquiry is clearly very narrow, the emphasis is 
on the students coming up with their own description of the 
characteristics. This is followed up with some whole class discussion 
where the teacher suggests a slight modification to the students’ 
description. For example, one student refers to the “latter” number being 
zero. The teacher asks what this latter number is called and the student 
then changes it to “vertical coordinate”. But it is clear that the teacher is 
now working from the students’ ideas and suggestions. 

In the next task, a square is drawn and then the teacher translates the 
square to new positions, first by a downwards shift of 3 units and then by 
a shift left of 2 units. The students are asked to give the new coordinates 
of the vertices at each stage. This task is conducted purely as an exercise 
in describing the new positions but it can also be seen as laying a 
foundation for the next problem which involves some mental 
visualization. In this next task, the students are given just two points 
belonging to a square, A (5, 0) and B (5, —4), and are asked to determine 
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the coordinates of the other two vertices C and D. Again, the teacher 
encourages the students to work in groups on this task: 


T: I know only the coordinates of A and B. ..... But how about 
the square? We haven't finished drawing it, so where are points 
C and D? What are their coordinates? Four students in one 
group, try and draw, discuss and look into, and find out the 
coordinates of C and D. 


As the groups work, the teacher circulates and comments on the 
students’ work. In some cases, he is correcting errors but, on at least two 
occasions, he is also encouraging them to think further than their original 
solution. For example: 


T: Think about it again. Is this the only way to draw (a square)? 


Later the students are asked to present their solutions and the first 
one shown gives C as (1, 4) and D as (1, 0). The teacher asks if anyone 
found a different solution and Eliza answers: 


Eliza: Our method of drawing is the same as that one, however 
its square is pointing to the right, while ours is pointing to the 
left. 

T: The square is pointing to the left? 

Eliza: Another side of the square. The side AB is drawn at the 
right hand side, CD is to the left hand side. 

T: Would you explain how to draw. 


The pattern of regular “mini-exploration tasks” has continued, with 
discussion among the students first, followed by presentation of 
solutions. We may notice once more the teacher’s insistence that the 
students describe their work as precisely as possible. However, in 
contrast to the first lesson, here the teacher does not impose his own 
description but merely repeats the student’s effort (“The square is 
pointing to the left?”). The implication is clear to the student who then 
attempts to be more precise in her description. This is followed by 
further elaboration and explanation of the solution. 
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The lesson finishes with a little more practice and then a reminder by 
the teacher, stated twice, of the new knowledge/skill acquired in the 
lesson: 


T: Today we’ve learnt how ... we can use the coordinates of a 
point to find the location of the point in the rectangular 
coordinate plane. 


This was a regular feature of his pattern of teaching and the phrase 
“Today we’ve learnt ....” occurred in every lesson recorded. 

The two lessons discussed thus far differ significantly when viewed 
from a de-contextualized, isolated perspective. However, seen as part of 
a sequence and in the light of the teacher’s own philosophy, we can 
identify an overall coherence. A pattern begins to emerge that is a 
combination of foundation/consolidation and mini-exploration. Referring 
back to the teacher’s interview comments, there is one aspect he 
emphasizes which is conspicuous by its absence in these two lessons. 
This is the setting of situational questions/problems. In order to examine 
this aspect of his teaching, in the next section, we analyze another lesson 
of the sequence. 


5 First Lesson on Linear Equations 


The topic of the lesson is “linear equations of two unknowns and 
solutions”. The teacher begins by referring to a problem about stamps: 


Wong Junior goes to the post office to buy several two-dollar 
and one-dollar stamps, at least one of each kind, costing a total 
of ten dollars. How many of each kind of stamps does he get? 


This is indeed a situational problem which creates a context for the 
students to think about possible solutions. The task itself is open in the 
sense that it has different possible solutions. However, it is so simple and 
straightforward that it does not give much opportunity for exploration. 
Without any prescribed methods, the students easily suggest different 
answers by trial and error and they end up with a table of four answers. 
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After this, the teacher guides the students to set up an equation in two 
unknowns to solve the problem and inspect the characteristics (the 
degree and the number of unknowns) of the equation: 


T: Since we’ve learned about equations before, this question can 
be solved by using equations ... lets think about the unknowns 
before the equations are set. So what do you think of the question? 
How to set the unknown? How about setting more than one 
unknown? [Students thinking] 

T: Dan. 

T: Good. Set two unknowns. I can set two-dollar stamps as x, 
one-dollar stamps as y, so according to this question how should 
the equations be set? 

T: x plus y, right? x plus y equals ten, does everyone agree? 

E: No. 

T: Why don t you agree? [Students thinking] 

T: Felix. 

Felix: (...) x plus y is (equal to ten), x stamps plus y stamps 
equals ten, as well as, one is quantity, the other is money. 

T: Using ten, so what should be done? 

Felix: Two x plus y equals ten. 

T: Two x plus y equals ten, in this question we can set two x plus 
y equals ten, right? Okay, let us see. This equation and our linear 
equation in one unknown, from the number of unknowns, 
compare the power of the unknown x and see if there is any 
difference? 

T: Donald. 

Donald: Compare with the system of linear equations in one 
unknown, it has one more unknown. 

T: One more unknown, so how many unknowns are there now? 
Donald: Two unknowns. 

T: Two unknowns, right? Okay, please sit down. 

T: So how about the power of the unknown? 

E: One. 

T: One, right. So we call this kind of equations linear equations 
in two unknowns. Linear equation in two unknowns, if they 
consist of two unknowns and the power of each of the unknowns 
is one, we call this kind of equations linear equations in two 
unknowns. 
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There are two very clear elements in this opening segment of the 
lesson. First, the teacher creates a context, or a “situation” in his own 
words, for the application of equations. After this concrete start and a 
discussion of the solutions, the teacher quickly moves to a generalized, 
abstract representation of the problem. Again, more discussion is 
generated about how to set up the equation and then the focus turns to 
inspecting the number and power of the unknowns. The teacher 
concludes the discussion by introducing the formal name “linear 
equation in two unknowns.” Juxtaposing the two approaches, we observe 
a shift from an authentic context about stamps to a mathematical context 
about the characteristics of equations, establishing the definition of a 
linear equation in two unknowns formally in the latter. It is clear that the 
main purpose of the introductory situational problem, which is hardly 
challenging, is as a vehicle for considering a new mathematical concept. 

Immediately following this, the teacher gives some exercises for 
consolidation of this newly learnt concept. He shows a slide with 6 
equations and asks whether each is a linear equation in two unknowns or 
not: 


1.2x+3=0 2.x+2y-—1=0 3.1/2x=2/3 y+] 
4.2x+5y=z 5.x +2y=1 6. 2xy =5 


The first 5 equations are simple cases and the students easily give the 
correct answers with supporting reasons. When they come to the last 
question “2xy = 5”, the teacher asks the students to discuss in pairs 
before making a judgment. After a few minutes, the teacher resumes the 
whole class discussion again. 


T: Does it belong to the system and for what reason? Okay, let us 
Justify whether it belongs to the system or not, if you think it is, 
please raise your hands. [Some students raising their hands] 

T: Okay. Anyone thinks it is not? We let those who disagree to 
explain. Why is it not? Franc. 

Franc: It is because two xy, xy is an unknown. 

T: x y is an unknown? [Students laughing] 

T: Students laughed, is x y an unknown? 

E: x y are two unknowns. 
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T: If you use this method to justify, of course your justification is 
wrong, right? What else? Freda. 

Freda: The power of each unknown should be one, while two x y 
is a unit, the power of it is two. 

T: The power of this single unit is two, so it is not. Does everyone 
agree? 

E: Agree. 

T: Please sit down, very good, everybody should note, to justify 
whether it is a linear equation in two unknowns, we have to look 
for the power of the unknowns, that is, we must examine the 
conditions of the system. That is to say the power of the unknown. 
The power of the term two x y is two. We know that the power of 
linear equations in one unknown is one. So this equation should 
not be a linear equation in two unknowns. In the six linear 
equations, we can say only question two and three are linear 
equations in two unknowns. Okay, this is our first exercise. 


The teacher’s way of dealing with the sixth question is very different 
from the earlier part of the lesson. The question is relatively more 
complex than the others and the teacher is fully aware of this. This is 
why he encourages the students to discuss in pairs. In the later whole 
class discussion, he starts with a very open manner which is quite 
different from the earlier part of the lesson. He lets the students argue for 
both possibilities and peer comments are invited. A conclusion is drawn 
only after the class has come to a consensus on the degree and the 
number of unknowns in the equation. 

In this lesson we observe a way of introducing a mathematical 
concept with a structural pattern: situation-abstraction-consolidation- 
exploration. The teacher starts from a problem, then shifts to a 
mathematical context formulating the mathematical concept by an 
abstraction from the situation created by the problem. This is followed 
with some consolidation exercise and then with a short exploration on a 
complex problem. 

In the next part of the lesson, this pattern is repeated with a focus on 
the solutions instead of the characteristics of the equations. The teacher 
refers to the stamp problem for a second time and introduces the 
definition of solution. Following this, the class is again asked to do some 
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consolidation exercises on a slide for which the students have to 
determine whether 5 given pairs of values of x and y are solutions of “2x 
+ y = 3”, or not. Following this, the teacher refers to the stamp problem 
for a third time. In this case, he asks the class to remove the equation 
from the context of the stamp problem and generates a whole class 
discussion on the number of solutions for an abstract equation: 


T: Okay, so we can go back to the previous question. We have 
found there are four solutions to the question and I have a 
question for you. Since we supposed x and y are the numbers of 
the stamps and, according to this, we have four solutions. I 
ignore the actual meaning of buying the number of stamps and 
look directly into the equation. Let consider whether two x plus 
y equals ten has only four solutions. 

E: No. 

T: So can you give me an example. [Students thinking] 

T: As you said no, can you give me an example? Set a pair of 
unknowns with values to be a solution of the equation. By the 
way, aren t we being inside it? Dabo. 

Dabo: x equals one over two, y equals nine. 

T: x equals one over two, y equals nine, so let us do the checking 
for him, right or not? 

E: Yes. 

T: It is a solution of the equation, but it is not an answer to the 
question, so can you give another example? 

S: x equals five, y equals zero. 

T: x equals five, y equals zero right? Right, sit down. 

T: You try again. 

S: x equals six, y equals minus two. 

T: x equals six, y equals minus two. Okay or not? 

E: Okay. 

T: Okay, good. So how many solutions are there? 

E: Infinite number. 

T: Infinite number. There are infinite numbers of solutions for 
this equation, so for any linear equations in two unknowns there 
are infinite numbers of solutions. So using a few solutions to 
infer all the solutions, we call this a set of solutions for the linear 
equations in two unknowns. [Showing slides] 
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Although there is no pair work prior to this discussion, the discussion 
shares similar features to those we have already described in a mini- 
exploration, such as genuine invitation of different answers and peer 
comments. The teaching thus far in the lesson is for the purpose of 
understanding the meaning of some mathematical concepts, equations, 
and solutions. The development of the whole lesson evolves from the 
stamp problem which is visited three times and each time with a different 
aspect of the object of learning (the equation, the solution, and infinite 
number of solutions, respectively) being brought to the fore. The 
situation-abstraction-consolidation-exploration pattern is repeated in his 
way of teaching these concepts. 

In the remaining part of the lesson, he teaches the students a 
procedure to solve an equation by rewriting one unknown in terms of the 
other, followed by substitution. As with the first lesson on coordinates, 
his questioning style changes to a very directive mode. There is no 
opportunity to discuss different ways of solving the equations and the 
students have no alternative except to follow the teacher’s guidance 
closely. In addition, the teacher is very demanding in the students’ oral 
representation of how to move the terms in the transformation of the 
equation and the oral representation is well supported with the teacher’s 
writing on the board. This is repeated with another similar question. 
Then the students are asked to do some consolidation exercises in the 
textbook. Comparing this latter part with the earlier part of the lesson, it 
appears that the teacher’s style changes when dealing with different 
kinds of content. He shows the situation-abstraction-consolidation- 
exploration pattern when teaching the meaning of a concept and is very 
directive when teaching a procedure. 


6 Pattern of Teaching 


The three lessons we have discussed above all have rather distinctive 
features and if we were viewing them as single “snapshots”, we might 
well conclude that they represented three different teachers. This 
illustrates very clearly the danger of trying to characterize a teacher’s 
style or “script” by a single lesson observation. The challenge, as 
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researchers and observers, is to consider the lessons as part of a teaching 
sequence and to try to identify whether or not any teaching “pattern” 
emerges. However, before we continue, it is worth pointing out that the 
three lessons analyzed were in fact consecutive lessons, despite the topics 
perhaps appearing unrelated at first sight. The order was Linear 
Equations followed by the two Coordinate lessons. In the fourth lesson of 
this sequence the teacher begins with these opening comments: 


T: In the previous lessons we've learnt about the ... concept of 
linear equations in two unknowns and also the ... concepts of the 
rectangular coordinate plane. We know that after setting up a 
rectangular coordinate plane, the points in the plane can be 
represented by pairs of ordered numbers. ..... So is there any 
connection between the two concepts? Let’s use the equation 2x 
—y = 3 as an example for investigation. 


We can now see these lessons as forming part of a coherent and 
connected whole. In the same way, can we see the teacher’s approach to 
teaching as part of a coherent pattern? 

Before we attempt to describe such a pattern, let us briefly consider 
the characterizations of “typical” mathematics lessons in the US and 
Japan as described in Stigler and Hiebert (1999). The main features of 
the lessons in the US appeared to be demonstration and practice. That is, 
the teacher explained some new technique or concept to the class and this 
was followed up by demonstrating some examples and the students 
practising similar examples. The overall impression is one of very 
procedural mathematics and very directive teaching. In contrast, the main 
features of the Japanese lessons appeared to involve problem-solving and 
discussion. That is, the students were presented with a challenging 
problem to explore at the start of a lesson and after attempting the 
problem, individually or in groups, their solution attempts were 
discussed. We do not want to discuss whether or not these 
characterizations are valid here; indeed, Stigler and Hiebert themselves 
caution about the dangers of over-simplification. Nevertheless, they go 
on to remark “simplified descriptions provide an important starting point 
for complex activities” (p.26). Using the same principle, we suggest that 


An Analysis of a Shanghai Teacher’s Lessons 405 


the contrasting teaching approaches of “directive or transmission 
teaching” and “exploratory teaching” may provide a useful starting point 
for analyzing a particular teacher’s methodology. In this sense, the US 
and Japanese “models” may be considered as close to the two extreme 
positions illustrated in Figure 1. 


“Transmission” Model 


Learning 
i Path 
Starting Target 
Knowledge Knowledge 
"Exploratory" Modei 
(Divergent/ Convergent) 
Learning 

“~. Path 
Starting Sa a os Target 
Knowledge EA z Knowledge 


Figure 1. “Extreme” models of mathematics teaching 


Viewed from this perspective, our analyses of the lessons in the 
previous sections point to some interesting conclusions. As we have 
illustrated, the first lesson on coordinates would place the teacher firmly 
towards the “transmission” end of our Directive/Exploratory contrast. 
But as we have seen from the analyses of the other two lessons, this 
would be a gross distortion of the teacher’s methodological approach. 
Indeed, the second lesson on coordinates provides an immediate contrast. 
In this case, far more of the lesson is conducted in an exploratory mode 
and this is probably the dominant mode of the lesson. In a further 
contrast, the lesson on linear equations is characterized by having a fairly 
even balance between directive and exploratory teaching. If we consider 
the rationales behind his teaching, as professed by the teacher himself, it 
seems clear that he is using a very directive approach when he is “laying 
foundations” or “establishing new procedures”. (In what follows we shall 
take “Foundations” to include new procedures.) It appears that he gives 
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an equal importance in his teaching to both foundations and exploration, 
where the students have the opportunity to discuss and express their own 
ideas. Nevertheless, it is also clear that the overall direction of the 
learning is tightly controlled by the teacher and the explorations are 
never “large, open investigations” but rather “mini-explorations” The 
teacher’s approach could be described as a “foundation & Exploration” 
model as shown in Figure 2. 


"Foundation & Exploration” Modet 


Starting Learning 
Knowledge Path 


See Se EE Target 
Knowledge 


Figure 2. The Shanghai teacher’s approach 


It is important to point out that this “model” does not represent 
equally spaced out elements of foundation-laying and exploration, nor 
are these elements intended to be of equal duration. This is a model that 
represents the teacher’s approach over a sequence of lessons. Thus, 
almost the whole of the first lesson on coordinates can be seen as a 
foundation element within the model, whereas the second coordinate 
lesson mostly consists of exploratory elements. We should also point out 
that this model is intended to broadly describe the feacher’s activity 
during a sequence. Clearly there are other elements in a lesson that are 
not shown in this picture, for example, when the students are engaged in 
classroom practice. At such times, the teacher will often be helping 
individual students, or groups of students, and this may be in a 
“consolidation mode” or in an “exploratory mode”. A more detailed 
picture of the components of the teacher’s approach is shown in Figure 3. 

The diagram illustrates that the starting point for the sequence may 
be concerned with foundation laying but could equally be exploratory. In 
fact, if we consider these three consecutive lessons as part of a complete 
sequence covering the concepts of linear equations in two unknowns 
together with the different possible solution strategies (including a 
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graphical strategy) we see that the whole sequence does indeed start with 
an exploratory element. Further, according to the teacher’s professed 
approach, the mathematics is often introduced through a situational 
context. Thus, both the stages of foundation (or consolidation) and 
exploration may involve a purely mathematical context or may be 
situational. The analysis of the linear equations lesson also illustrated the 
importance of a generalization/abstraction stage. This usually comes 
after an exploratory element but could also come at the end of a 
foundation element. Clearly, this stage is purely mathematical. 


Foundation; Exploration 

Consolidation Abstraction; 

(Directive) Generalization 
Matliematical pa Maal 
and/or 
Situational 


Figure 3. Elaborated picture of the Shanghai teacher’s approach 


In the analysis, we categorized events in the lesson into exploratory, 
directive, summarizing, exercises and practice, and assigning homework. 
(Details of categorizing the events are shown in the appendix). The 
actual breakdown, in terms of sequences and time, for the first five 
lessons taught in this topic is shown in Figure 4. 


As we can see very clearly, the make-up and distribution of activity 
varies considerably from lesson to lesson. Once again this confirms very 
strongly the importance of viewing a teacher’s performance over a 
sequence of lessons rather than a single lesson. We also see that the 
whole sequence, in terms of time, is dominated by three elements, 
namely Foundation/Consolidation, Exploration, and Guided Practice. 
The relative proportions of time for these elements over the five lessons 
is Foundation/Consolidation (32%), Exploration (19%), and Guided 
Practice (45%) making up 96% of the total time. 
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Shanghai Teacher's Approach Key 


Exploratory 
Directive 
(Foundation; 
Consolidation) 


Summarizing 


Exercise/Practice 


Duration of lesson 


Assigning 
Homework 


HUG eo 


LO Lo Le LO LO 


Lesson 


Figure 4. Distribution of the teacher’s approach over five lessons 


However, we should also highlight another significant element in the 
sequence, even though it takes a relatively small amount of time. This is 
the Summarizing element which is in accord with the teacher’s expressed 
beliefs about his teaching. It is striking that a summary is given by the 
teacher at the end of every lesson (in fact, this was true of all the lessons 
recorded) and in the fourth lesson. we see that there was also a 
summarizing element in the middle of the lesson. This is clearly in 
accord with the teacher’s use of Gu’s theory as his guiding principle. We 
have not attempted to incorporate this element into the diagram in Figure 
3, since, in contrast to the Foundation/Consolidation and the Exploratory 
elements, this does occur at rather precise regular intervals (i.e., normally 
at the end of a lesson). As such, it could be misleading to incorporate it 
into a diagram that is not meant to represent equal and regular time 
elements. 


7 Concluding Remarks 


Our detailed analysis of three of this teacher’s lessons has strikingly re- 
affirmed our initial belief that it is not only unrealistic, but indeed 
dangerous, to attempt to identify a teacher’s “script” for a lesson. Such a 


An Analysis of a Shanghai Teacher’s Lessons 409 


characterization carries with it the implicit assumption that a teacher’s 
approach is almost invariable from lesson to lesson. Nevertheless, we 
have tried to show that by using a different lens on the situation (i.e., a 
sequence of lessons rather than a “snapshot” lesson), we may still be able 
to identify a “pattern” of teaching that characterizes a teacher’s approach. 
To be a little more precise, we define a “pattern of teaching” to mean: 
The identifiable features of a teacher’s classroom practice, occurring in 
a repeated manner over a period of time, that together constitute the 
characteristics of the teacher’s style. 

We may illustrate the concept and importance of pattern by 
considering an analogy with a carpet pattern. Suppose we focus on a very 
small element of the carpet. We may find some very interesting features 
to study and analyze within this element but we shall certainly not be 
able to discern the pattern of the carpet. If the pattern is a very simple 
one, we may begin to see it by zooming back a small distance. However, 
the more complex the pattern, the more we need to draw back in order to 
appreciate the overall pattern. The same principle holds with any study of 
a teacher’s pedagogical approach in the classroom. But, of course, we 
must remember that human behavior is not mechanistic, in the way that a 
well-defined carpet pattern is. Humans are complex beings and teaching, 
as a human activity, is also necessarily complex. This is why our 
definition of a pattern of teaching refers to repeated identifiable features 
but this does not imply precise regularity in a temporal sense. 

In this chapter, we have discussed three lessons in detail and also 
taken a brief overall look at a sequence of five lessons. From this, we 
have attempted to describe the pattern of teaching, as defined above, that 
characterizes this particular teacher. Have we “zoomed back” far enough 
to fully describe his teaching pattern? When we have analyzed a 
sequence of ten or fifteen of his lessons, will we be able to add other 


identifiable features to the pattern? Will other teachers in Shanghai 


conform to a similar pattern and how will this compare to teachers in 
Hong Kong and in other parts of the world? These and many other 
exciting questions are inevitably raised by our analysis in this chapter 
and the rich data we now have at our disposal will ensure that much 
fruitful follow-up work remains to be done. 
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Appendix 


Criteria for Categorizing Events 
Demonstrating a Teacher’s Approach 


(B01) Exploratory 

+*+ The focus is on a relatively open or difficult problem which 
has more than one possible answer. 

* The teacher gave a signal for pair discussion. (Sometimes 
this was skipped. The exploration was facilitated directly by 
the teacher in a whole class discussion.) 

¢ A whole class discussion with the following features: 
inviting more than one student to give answers, inviting 
explanations, inviting peer comments. 


(B02) Directive (Foundation; Consolidation) 

* No comment on the student’s answer, no attempt to discuss 
the answer with the other students, simply stating what 
should be done (e.g. the conventional notation). 

+ Emphasis is purely on following a convention. 

* Insistence on precise language. 

+ Repetition of what had been learnt in an earlier lesson or in 
the earlier part of the lesson in a fast pace, using this as a 
foundation for establishing further knowledge. 

¢ Insistence on articulation of procedures. 

¢ Clear and directive definition of a concept or method after an 
illustrative example or discussion. 

* Teacher plays the role of directing students to work on 
problems. 

* Probing for ‘expected’ answers. 

¢ Directive explanation by teacher. 
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(B03) Summarizing 
¢ Teacher does summarizing during the lesson, or to conclude 
the topics or problems discussed. 


(B04) Exercise and Practice (sometimes includes whole class checking 
exercise) 
¢ In the situation of doing textbook exercise, there can be 
teacher talking about/explaining the question, and students 
having seatwork. 
¢ Teacher checks exercise with students. 


(B06) Assigning Homework 
¢ Teacher assigns homework or questions for students to do at 
home. 


Chapter 15 


Differences within Communalities: How 
Is Mathematics Taught in Rural and 
Urban Regions in Mainland China? 


MA Yunpeng ZHAO Dongchen TUO Zhongfei 


Based on a field study of four schools in rural and urban regions in 
northeast China, this chapter describes how Chinese primary school 
teachers teach mathematics and how teachers organize learning 
activities in the classroom in rural and urban primary schools in 
Mainland China. The communalities and differences in rural and urban 
mathematics classrooms were analyzed, which were demonstrated in 
both preparations of lessons and actual teaching. Inspirations for 
improvements of mathematics learning and teaching in Mainland China 
were discussed. 


Key words: mathematics teaching, rural and urban, case study, 
Mainland China 


1. Introduction 


As is well known, the design and implementation of the curriculum in 
primary and secondary schools has been traditionally centralized in 
Mainland China. Not only a national curriculum was laid down, but all 
students in Mainland China used the same set of textbooks published by 
an official publisher since the late 1980s. In the 1990s, the central 
government has attempted to somewhat relax this system. The policies of 
“one syllabus, many textbooks” (—2)% 4X) and “many syllabi, many 
textbooks” (ZAZA) were gradually implemented. Firstly, Zhejiang 
Province and Shanghai City have been allowed to develop their own 
curricula that are different from the national ones. Secondly, more 
publishers have been permitted to publish textbooks. Despite the 
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loosening of central control, the nature of the curriculum development 
system has remained unchanged. The cases of Shanghai and Zhejiang 
could be seen as pilot schemes. The publishers who are granted the right 
to publish textbooks have to base their materials on the national 
curriculum and their outputs have to go through an official review 
process (see Wong, Han, & Lee, this volume). 

Curriculum theorists have widely discussed the comparative 
advantages of a centralized curriculum system and a school-based system 
(Clune, 1993; Morris, 1996; Skilbeck, 1984). A major drawback of a 
centralized system is the fact that it fails to cater for the needs of students 
and schools in different settings. Considering China being a large country 
of approximately 9.60 million square kilometers with notable variations 
in both terrain and climate across different regions, yet most areas in 
China still are using the same syllabus and textbooks published by the 
same publishers. Since September 2001, a reform of the basic education 
curriculum was under experimentation, which imposed a new approach 
that was quite contrary to the idea of a unified curriculum (Basic 
Education Curriculum Material Development Centre, 2001). 

Implementation studies in the West over the past three decades have 
helped educators and teachers gain a great deal of insight into the 
mechanics and the complexity of the implementation process (Fullan, 
1991). Curriculum implementation is affected by a wide range of factors, 
including the nature, clarity and complexity of change, the support of the 
local education authority, the quality and involvement of the teaching 
force, the participation of school principal, the culture of teachers, and 
the support of the central government etc. (Fullan, 1991; Nias, 
Southworth, & Campbell, 1992; Snyder, Bolin, & Zmwalt, 1992). 
Among these factors, the role of teachers, particularly their role in the 
classroom, is of great importance (B. Clarke, D. Clarke, & Sullivan, 
1996; Fullan, 1991). 

Teachers seldom implement a curriculum exactly as stated in 
curriculum documents; rather they tend to make their own adaptations. 
Studying teachers’ decision-making process can therefore help us 
understand how they make changes. Teachers have been found to adopt a 
practical stance in deciding what to teach and how to teach (Doyle & 
Ponder, 1976/77). Their decisions are affected by their knowledge, 
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beliefs and school culture (Calderhead, 1996; B. Clarke et al., 1996; 
Hargreaves, 1992; Nespor, 1987). Teachers without sound professional 
knowledge will have difficulty in adapting a curriculum (Lam, 1996). 
Teachers’ attitudes and beliefs are also important. Competent teachers 
feel that they are capable of shaping students’ performance and they have 
high expectations of their students (Tuckman, 1995). 

Despite the new idea of the government’s allowing more 
school/teacher autonomy of the new curriculum, for so many years, the 
unification of textbook design and management has already affected 
mathematics teaching in Chinese primary schools extensively and 
profoundly. It has both theoretical and practical significance to ask how 
teachers implement the intended curriculum according to the different 
contexts and constraints they are in. Contrasting the situations in urban 
and rural schools in China would let us understand how teachers adapt 
themselves to the centralized curriculum in depth (Lam, Ma, & Wong, 
1999). In this connection, how do Chinese mathematics teachers in 
primary schools understand and implement the curriculum and how do 
they design and organize their own teaching accordingly? How different 
are the teachers in the cities and the rural areas in their knowledge of the 
curriculum and teaching and how do they actually teach in class? How 
do these primary mathematics teachers make decisions during lesson 
preparations and actual teaching and what are the factors affecting their 
decisions? All these important issues in the research of mathematics 
teaching in primary schools in China will be discussed in this chapter. 
The researchers attempt to understand teachers’ perspectives of teaching 
and the factors affecting teachers’ teaching through the analysis of 
teachers’ preparation and their actually teaching. Furthermore, a 
comparison between urban teachers and rural teachers is made. 


2 Methodology 


China has 5.78 million primary school teachers (China Education and 
Research Network, 2002). Mathematics is one of the main subjects in 
primary schools. Currently, some urban schools have specialized 
mathematics teachers, which means that mathematics and language 
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subjects are taught by different teachers. Some other urban schools and 
most rural schools work under the “class-all-round system”, which 
means that mathematics and language subjects of a class are taught by 
the same teacher and very often teachers who work in the rural areas are 
also responsible for moral education and science subjects. Therefore, 
more than half of the total number of teachers, estimated to be 3.5 
million, should be counted as mathematics teachers. According to 
statistics, the percentage of qualified teachers has reached as high as 
97.39% in 2001 (China Education and Research Network, 2002). 
However, the rise does not necessarily mean a proportional improvement 
in teaching quality. The discrepancy is more obvious in the rural regions 
than the urban regions. We took the above factors into account when 
choosing our samples in order to reflect rural primary teachers’ 
characteristics as accurately as possible. 


2.1 Sampling 


In this research, purposive sampling was used. Two representative 
sample schools from each area (urban and rural) were selected based on 
their school size, teacher experience, student demographics, and the 
proportion of the structure of administrators and teachers. The following 
is a brief description of the four schools. 

“Urban-1”', located in Changchun City, Northeast China, is a 
district” school with a relatively high students’ academic standard, 
consisting of 2238 students and 85 teachers. 

“Urban—2” is similar to “Urban—1”, located in Changchun, with a 
relatively high academic standard, consisting of 1422 students and 55 
teachers. 


' Urban-1 denotes the first school in the urban area. Similar notations are used for the 
other three schools. 

? District is one unit level of local government lower than urban region. In the urban 
region, the district government and the district education department administer the 
primary schools and middle schools. 
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“Rural-1”is a village’ school, located in a mountainous area in the 
east of Jilin Province’. There are six grades, one class in each grade, with 
177 students and 9 teachers, including the principal. 

“Rural—2”is similar to “Rural—1”. There are six grades, one class in 
each grade, with 133 students and 11 teachers, including the principal. 

A total of 28 teachers from the four schools are selected as follows. 
For the urban schools, all mathematics teachers in a particular grade 
participated in this study and at least one teacher from each of the other 
grade levels. In Urban—1, grade three is the focal grade, while in Urban-2, 
grade four is the focal grade. The choice was made according to school 
condition and after consultation with the principals. 

For each rural school, since there is only one class and one 
mathematics teacher in each grade, all the teachers were selected to the 
study. 


2.2 Method 


The research was carried out for more than one month on site in each 
school through classroom observations and in-depth interviews. It took a 
total of 14 weeks. 41 lessons were observed and 81 persons were 
interviewed. In addition, we also attended five lesson preparation 
sessions and took part in three education research seminars. 

The interviews were conducted before and after classes. The 
following questions were asked: 


- Please tell me about your general idea and design of this 
lesson. (pre-lesson) 

- How do you think about this lesson? Have you finished what 
you had designed ahead? Is there anything special about the 
class? (post-lesson) 

- How do you prepare for your lesson? 


? Village is the lowest level administrative organization in a rural region under the local 
government. In general, town is above village in the governmental system, while county 
is above town. One village usually includes some rural areas and village schools are 
located in the place where the village governing committee is located. Students living in 
other rural areas must go there to study. 

* Changchun is the capital of Jilin Province. 
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- What are included in your mathematics lesson plan 
generally? 

- In general, what is the basic structure of the lesson and how 
do you allocate your time? 

- What kinds of teaching methods do you adopt? And which 
one do you use most often? 

- What factors would you take into account when you are 
planning and preparing for the lesson? 


The observations included in-class observations and after-class 
observations. In-class observations focused on the activities of the 
teachers and students in the classroom. After-class observations focused 
on various activities which took place outside of the classrooms, such as 
relevant meetings, lesson preparation sessions, and other interactions 
among the teachers, etc. 


3 Lesson Preparation of the Teachers 


In this study, by observing the teachers and talking with them, the 
researchers obtained better understanding of how the teachers prepare for 
the lessons, in terms of formats, methods, effects, and other relevant 
factors. It was found that there were prominent differences in the format 
and method of preparation, and the use of curriculum resources between 
the urban and rural mathematics teachers. 

Preparation is an important component of teaching. In China, 
primary school teachers are required to prepare for lessons and write up a 
lesson plan. A properly prepared lesson does not only reflect the teachers’ 
professional accomplishment, but also reflects the achievement of the 
schools or teaching and research groups’. The study found that almost all 
the schools and teachers conformed to the practice that teachers prepared 
for lessons before teaching. However, the preparation could be 
remarkably different in the urban and rural schools, which could be 
observed in their formats of preparation. 

Basically, the formats of preparation include individual preparation 


> There are one or more teaching and research groups (#44 #1) in most schools in China. 
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and group preparation. The research reveals that urban schools integrate 
both methods, while rural schools always adopt the latter. 


3.1 Lesson preparation in urban schools 


In urban schools, there are usually two to four mathematics teachers in 
one grade and one teacher teaches two classes. In some cases, one 
teacher teaches only one class. The so-called “group preparation” refers 
to the meeting where several teachers in the same grade discuss and 
research on the content of the lesson together, including analyzing the 
possible difficulties of teaching the lesson and give relevant advices to 
each other, etc. The following is a record of group-preparation in 
“Urban-1”. 


A: Next, we are going to talk about the division with zero in the 
middle and at the end of the quotient. It’s not very difficult 
but easy to make mistakes. It’s not hard to explain, but it 
might have problems, especially, with the zero at the end. 

B: It’s easy to make mistakes at the end digit, when there’re 
remainders. 

A: Firstly, see how the quotient is like. Judge how many digits 
are there in the quotient. Secondly, check them again. 

C: I think that under the direction of the teacher, the students can 
tell the number of digits correctly, but, when they’re 
calculating the problem themselves, they might not do that 
very well. 

: Their calculation is a bit slow. They’re not skillful enough. 

: There’re three examples in the unit and they should be taught 
three times. Example 13 should be taught first. 

: It’s easy to miss the zero when the students are calculating. 

: What should we do? Ask the students to check and judge how 
many digits there are in the quotient first? 

C: The students can understand what you said when you’re 
teaching, but when they do the calculation by themselves, 
something would go wrong. 

A: The students work very slowly, because they are not familiar 
with the calculation method. Ask the students to prepare a 
piece of paper and ask them to work on the sums at any time. 


> > 


> y 
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Let the more capable students do quiz competitions and 
reward the quicker students by letting them go out to play. 

C: Two days before, we had a small test. The students could not 
be permitted to go home without finishing the test. The 
capable students in my class took only 10 minutes to finish it, 
but I didn’t know whether I should really let them go away. 

A: I think if they got them all correctly, I will let them go. 


The above record shows that the group-preparation centers on next 
week’s topic, “the division with zero in the middle and at the end of the 
quotient”, and briefly explained how to teach the topic and how to 
improve students’ accuracy and speed of calculation. Teaching methods 
were suggested around the topic and possible difficulties students would 
encounter in their learning were also brought up and analyzed with 
suggested solutions, etc. In general, before the preparation meeting, one 
of the teachers would be responsible for pointing out questions that may 
arise pertaining to the topic, suggesting relevant advices, and addressing 
other issues that may occur. The discussion circles around content and 
technique that students should learn, meanwhile teachers must make sure 
that they have full knowledge in the content, be aware of the possible 
issues, and choose efficient methods. 

Group-preparation is very popular in China’s urban schools, which 
creates a kind of “school culture” and becomes considerably influential 
to the quality of teaching. It is usually held once a week, formally or 
informally. Such activity provides teachers an opportunity to interact 
among themselves. They can raise their ideas regarding the use of 
textbooks and classroom teaching, which could improve teachers’ 
professionalism as well, especially for young teachers. However, the 
study found that teachers paid more attention to the content and 
technique acquisition of students but no emphasis on other teaching goals, 
thus such group discussion seemed to involve only a few number of 
problems. 

Besides group-preparation, teachers also do individual-preparation. 
Teachers are required to get ready for the teaching plan one week ahead 
of the teaching schedule. The teachers usually prepare for lessons 
individually by reading textbooks and teachers’ reference books. The 
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following interviews show how individual preparation is carried out. 


“We dont have enough time to read more during preparations 
but we will consult some reference books before the lessons. We 
write lesson plans at the very beginning and try to keep doing so 
during the semester. But the actual lessons are more or less 
different from the plans. For example, we may come up with new 
problems during the class, especially when we write the plans 
one or two weeks ahead of time, but we don t have so much time 
to write the plans at the end of semester .Although we prepare 
before the lessons, there would still be changes which couldn t be 
predicted when writing the plan.” (US1-Interview-F)° 


Some teachers regard preparing lesson plan as tedious and formalism 


and some teachers have their own methods and habits. 
characteristics can be shown in the following interviews. 


These 


“We're required to finish the plan one week before the lessons, 
but I never have such habits. On the one hand, I dont think there 
is enough time; on the other hand, I used to prepare one day 
ahead of the lesson. If I prepare long before the lesson, I would 
forget something in class. It is because writing the plan is not as 
clear as teaching in class and I can hardly remember anything a 
week later. So what I usually do is to prepare one day ahead of 
the teaching.” 


“Generally, we finish the plan in advance. We all consider it as a 
burden for teachers, so teachers seldom write the plans or really 
use the plan for teaching. The plan was like written for 
inspection only.” (US1-Interview-F) 


3.2 Lesson preparation in rural schools 


Individual-preparation is the main practice in rural schools and 
group-preparation is very unlikely to happen. There is normally only one 
class in each grade, especially in the village. One single teacher is 


6 “US1-interview-F” refers to interview with teacher F in Urban-1. Similar notations are 


used for other teachers. 
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responsible for teaching all the subjects of the class, thus there won’t be 
any other teacher who teaches the same content at the same time and so 
group-discussion is impossible. Hence, individual-preparation is the only 
possible way to prepare for lessons in rural schools, which is similar to 
that in the urban schools, as shown in the following interview: 


“Teachers usually prepare lessons according to the textbooks in 
units, such as reviewing how the word problems (AA) look 
like. The first is multiplication and the second is division. Then 
the teacher will prepare one by one, what questions to ask and 
how to use the two methods of calculation in the sums; these are 
the questions that need to be solved during preparations. These 
preparations also help teachers recognize the goal of this unit 
according to the reference books, including how to allocate time 
in the course of teaching.” (RS1-interview-C) 


The teachers must write the plans beforehand and prepare for lessons 
according to the Ministry of Education. Teachers follow the teaching 
schedule and content which are set in the textbooks and reference books 
and deal with the questions one by one. However, the actual teaching in 
the classroom may not be exactly the same as planned. The plan is more 
like a task for inspection. Of course, it is still important for young 
teachers, as they can get familiar with the textbooks and the design of 
teaching through preparing lessons. Writing up lesson plans is also the 
process of learning from other teachers, including the understanding of 
the teaching methods mentioned in the reference books. 


3.3 Characteristics of the lesson preparation 


Lesson preparation is an important stage in mathematics teaching. It is 
emphasized both in urban and rural schools. To learn how to prepare for 
lessons and write up lesson plans are important tasks in teacher education 
programs, especially during their teaching practice in schools. For new 
teachers, the basic skill they need to master is how to prepare for lessons 
and to learn from the more experienced teachers. The administrators 
(directors and principals) often tell the teachers that “Do not ever enter 
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the classroom without preparations and never teach without the plan”. 
Preparing for lessons has become one of the regulations for teachers. 
Since the lesson plan is something substantial and also easily accessible, 
writing plans equated to having prepared for the lessons. However, due 
to the availability in resources and culture across schools, the differences 
in lesson planning between urban and rural schools become apparent, 
according to the above analyses:. 

First, the form of the preparation is different. Teachers from urban 
schools can join the group-preparation organized by the District Teaching 
and Research Bureau (X #0 %) or by the teachers of the same grade in 
school. They can also prepare the lessons individually. Thus, teachers can 
understand the textbooks and syllabi through different channels using 
different forms of preparation. Group-preparation is very common in 
urban schools, which plays an important role in the improvement of the 
quality of the preparation. In the interviews, many teachers talked about 
how the group-preparation can improve their teaching skills, which are 
especially useful for new teachers. 


“There are group-preparations every week. We think about the 
teaching contents in the syllabus and textbook and the 
prerequisites of learning these contents. We also discuss the 
knowledge base of the student: the target, knowledge, ability, 
moral aspects, difficulties, teaching aid ...... Schools are strict 
on the lesson preparations, and we may spend more time on 
some more complex topics. At the beginning, the teachers were 
not used to the format, but they could adjust themselves to it 
gradually, and felt comfortable later.” (US1-interview-G) 


However, there are few opportunities for teachers in rural schools to 
communicate among themselves. Hence, in the rural areas 
individual-preparation is a common practice. Teachers prepare for 
lessons merely based on their own understanding of textbooks and 
reference books. 

Second difference is in the effectiveness of the preparations. 
Teachers in urban schools have opportunities to engage in group 
discussion and do individual-preparation, therefore they seem to be able 
to write a more formal and complete lesson plan. While for teachers in 
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rural schools, teachers’ reference books are their main, if not only, 
resources for lesson preparation. Since these teachers mainly depend on 
their individual knowledge and experience, much more differences in the 
understanding of content would exist among them. Therefore, the 
preparation in rural schools is relatively limited and monotonous 
compared to that in urban schools. 


4 Teaching in the Mathematics Classroom 


The researchers observed 41 lessons in the four sample schools in the 
study. The analysis of the lessons provides a better understanding of 
mathematics classroom teaching in both urban and rural primary schools. 
The following shows two teaching cases, one from urban school and the 
other from rural school, followed by an analysis from the perspectives of 
lesson structure and teaching method. 


4.1 Teaching cases 


In China, each lesson lasts for 40 minutes in primary schools. There are 
several types of mathematics lessons, including learning new topics, 
doing exercises, reviewing lessons, and taking tests. The following two 
teaching cases are about “learning new topics”. This type of lessons will 
take up two-thirds of all lessons. Most preparations are mainly done for 
this type of lessons, including group- and individual-preparation. 


4.1.1 Teaching case 1 


Teacher: urban school, female, 17 years of teaching experience 
Grade: primary three 


Topic: division word problems (KRAH) 


Teaching episode: 

(a) Introduction (3 minutes and 30 seconds) 

T (Teahcer): There are many kinds of quantitative relationships in our 
daily life. Now we will learn some basic quantitative relationships. 

(Writing on the blackboard) 
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[Question 1] 

T: Let’s recall yesterday’s assignment, to investigate “how much does 
mother spend on 500 grams of vegetables?” 

S (Student): Mother spent 2 yuan on 500g of tomatoes. 

S: Mother spent 1 yuan on 500g of vegetables. 

T: How much does one exercise book cost? 

S: 5 jiao’. 

S: 3 jiao. 

T: Ok, what do we call the amount of money your mother spent on 500g 
of vegetables and you spent on your exercise book? 

S: It is called “unit price”. 

T: Good, (writing on the blackboard). Repeat together. 

S (altogether): Unit price 

[Question 2] 

T: How many meters can you walk per minute? 

S: 20 meters per minute. 

T: That’s too slow. 

S: 50 meters. 

T: OK. So, do you know how many kilometers does the train travel per 
hour? Did you check it? 

S: 60 kilometers. 

S: 65 kilometers. 

T: Ok, so what do we call the distance you or the train travel per hour? 

S: Speed. 

T: Good, speed. Repeat together. 

S (altogether): Speed. 


(b) Teaching new topic (19 minutes and 50 seconds) 

T: Look at the blackboard and read out the problem. 

S: The price of one tape recorder is 320 yuan. How much do four 
recorders cost? 

T: Look for the given condition in the question and the answer needed. 

S: There are two known conditions: first is the price of one recorder, 320 
yuan, and the other is buying 4 recorders. The answer needed is how 
much is needed altogether. 

T: Good, how to solve it? 

S: 320 x 4. 

T: Why? 


7 Ten cents. 
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S: Because the price of one recorder is 320 yuan. The question is how 
much do the 4 recorders cost, that is, how much is four “320 yuan”. 
The answer is 1280 yuan. 

T: Good. The price of one recorder is 320 yuan and what do we call the 
price of one product? What do we call the number of products bought? 
What do we call the amount of money spent on buying the 4 recorders? 
In this problem, how many quantities are there? Discuss it in groups 
and we’ll see which group is the most enthusiastic. 

(Student discussion) (45 seconds) 

T: Which group would like to have a presentation? 

S: There are three conditions: unit price, total amount, and total price. 

T: Does any other group have other opinion? 

S: In this problem, there are three conditions: unit price, amount, and 
total price. 

T: Good. What do we mean when we say a recorder costs 320 yuan? 

S: The cost of one recorder is the “unit price”. 

T: What is the meaning of “unit price”? 

S: The “unit price” is the price of one product. 

T: What is the meaning of “quantity”? 

S: Amount. 

T: What is the meaning of “amount”? 

S: The amount is the number of pieces to be bought. 

T: Are there other kinds of “quantity”? 

S: Total price. 

T: What is the meaning of “total price”? 

S: The total price is how much the recorders cost together. 

T: Good. In this problem, what are the “unit price”, “amount”, and “total 
price”? 

S: The “unit price” is 320 yuan, the “amount” is 4, and the “total price” is 
320 x4 = 1280 yuan. 

T: Correct or not? 

S: Yes. 

T: According to the equation, can you tell me the relationship among the 
“unit price”, “amount”, and “total price”? 

S: unit price x amount = total price. 

T: The following is a revision from what we have learnt before, how to 
rewrite multiplication word problems into division word problems. 
Now, can you change this word problem into division? 

S: Four recorders cost 1280 yuan, so how much does one recorder cost? 
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T: Good, how can we solve it? 

S: 1280 + 4 = 320, the unit is “yuan”. So, one recorder costs 320 yuan. 
T: Can you summarize the equation from this problem? 

S: The total price + the amount = the unit price. 


(c) Exercise (16 minutes and 5 seconds) 

T: Based on the equation “speed x time = distance”, what is “time” equal 
to? What is “speed” equal to? The first one? 

S: time = distance + speed. 

S: speed = distance + time. 

T: Based on the equation “unit price x amount = total price”, what are 
“unit price” and “amount” equal to, respectively? 

S: “unit price” = total price + amount. “amount” = total price + unit 
price. 

T: Based on the equation “efficiency x time = total workload”, what is 
“efficiency” equal to? And what is “time” equal to? 

S: “efficiency” = total workload + time. “time” = total workload + 
efficiency. 


(d) Summary (1 minute 25 seconds) 


4.1.2 Teaching case 2 


Teacher: rural school, male, 12 years of teaching experience 
Grade: primary six 
Topic: division word problems 


Teaching episode: 

(a) Revision (1 minute and 10 seconds) 

T: Let’s review how to solve word problems by equation. What are the 
general steps when we solve word problems? 

S: Understand the meaning of the problem, find out the unknown 
quantity, and then use x to represent it. 

T: This is the first step. 

S: Sort out the relationship of quantities in the question, write out the 
equation, solve the equation, double-check, and write the answer. 

T: Good, someone else? 

S: Understanding the meaning of the problem, find out the unknown 
quantity, and use x to represent it. Sort out the relationship of 
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quantities in the question, write out the equation, solve the equation, 
double-check, and write the answer. 


(b) Teaching new content (12 minutes and 10 seconds) 

T: Now there are two word problems. (The teacher writes the word 
problem on the blackboard, and the students look at the blackboard); 
(1 minute and 30 seconds) 

T: Now, look at this problem and who would like to read it? 

S: The speed of light is 300 thousand kilometers per second. This 
distance is 7 times and twenty thousand kilometers more than the 
length of the equator. Then, how long is the equator? 

T: Good, sit down please. Look at Example 1. Who can solve it? I hope 
you could solve it through equations not in the arithmetic way. 

S: Let the length of the equator be x thousand kilometers and we can 
write the equation: 7x + 20 = 300, 7x = 300 - 20, 7x = 280, x = 40. 

T: Good, sit down please. Let’s take a look if he got it right. (Writing out 
the equation). He said ‘7x + 20 = 300’; is it right? 

S: Yes. 

T: Of course he is right. But in order to show the given condition, what is 

the best way to write an equation? 

S: 300 - 7x = 20 

T: Good, sit down please. 300 - 7x = 20, (writing on the blackboard). Is it 

right or wrong? OK, these two are both right. But the second one 
matched a particular type of equation word problems — the bigger one 
subtracts the smaller one equals to the difference. (The teacher writes 
it on the blackboard and the students repeat after the teacher.) 

T: The first one is easier to solve, then, how to solve the second one? 

S: 7x = 300 - 20, 7x = 280, x = 40. 

T: Good. Do not miss out the answers. 

(The teacher writes the solution on the blackboard) 


(c) Exercise (18 minutes) 

T: Now, we will do some exercises. Turn your textbook to Page 84. 
Please use the exercise book. Equations should be used here. Only 
write the steps but don’t calculate. 


(d) Checking answers (6 minutes) 
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4.2 Analysis of how mathematics lessons are structured 


The study analyzed the form of main class activities of the 41 sampled 
lessons and qualitative statistics was used to describe the different 
characteristics of activities between urban and rural mathematics 
classrooms. The following charts show the amount of time spent on 
different class activities, which help to understand the whole picture of 
classroom activities and their characteristics. 

The analysis of percentages of teaching time allocated for different 
activities (see Figure 1) shows that delivering the new topics took up 
55% of the whole class time and more than 30% of class time was spent 
on exercises in both types of schools. Moreover, rural schools spent more 
time on exercises than urban schools (37% vs. 32%). 
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Figure l. Statistics of time allocation during teaching (%) 


The analysis of different activities (see Figure 2) shows that in both 
urban and rural schools, an average of 15 minutes were spent on general 
questions in the lessons, and the students’ exercises took up about 13 
minutes on average. The two activities altogether took 28 minutes, 70% 
of the whole class time. There is little cultivate questioning, which took 
only about 2 minutes on average. Rural teachers spent more time on 
explanation than urban teachers. However, Figure 2 shows that rural 
teachers did not spent time on discussion and operation, whereas urban 
teachers did so, although time spent was little (Discussion: 1 minute; 
Operation: 2 minutes). 
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Figure 2. Statistics of activities during teaching (seconds) 


4.3 Analysis of mathematics teaching methods 


The above analysis shows the general context of mathematics teaching in 
primary schools. Summarizing together with the interviews, the 
mathematics teaching structure and methods can be inferred. It can be 
seen that there are similarities and differences in mathematics teaching 
between urban and rural schools. 


4.3.1 Common characteristics of mathematics teaching 


The analysis of different activities in mathematics lessons reveals the 
following common characteristics in urban and rural schools. 

Firstly, the new topic is mainly delivered through oral 
communication between teachers and students. The dialogue between 
teachers and students is the main body of teaching. This kind of dialogue 
starts mainly from a question asked by the teachers and goes on in the 
format of “question and answer”. Both the questions and the answers are 
very short. There are few open and inspiring questions that require 
student’s critical thinking. Even in urban schools, simple questions are 
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mostly asked. Dialogues between teachers and students have become a 
traditional or habitual teaching practice, during the lecturing and doing 
exercise in primary schools. Since 1950s, this kind of dialogue has 
become the mainstream in mathematics teaching. Such a teaching 
method shows that teachers and students are sharing the same experience 
and activity, but this sharing is only unilateral communication instead of 
interaction between the two. Students have few opportunities to raise 
questions and the teachers do most of the asking, which greatly limits the 
nurturing of student’s critical thinking and independent problem solving. 

Secondly, the process of teaching and learning centers on examples 
and exercises in the textbook. It can be inferred that teachers depend 
highly upon the textbook. The lessons typically begin with 
teacher-student dialogues following by analyzing in detail one or two 
examples in the textbook, which intends to help students to be familiar 
with the examples and the appropriate methods used. Then, teacher lets 
students do some exercises similar to the examples, giving students 
opportunities to express their understanding. If there is still some time, 
students will be given more tasks to do on their own. In case 2 above, the 
teacher firstly taught Example 1, then questioned the students how to 
solve the example, after that, the teacher asked the students to do 
Example 2 and analyzed the solution to the example. This process of 
teaching centered on these two examples. 

Doing examples and exercises form the core of mathematics teaching, 
therefore many teachers often think and discuss with colleagues about 
the arrangements of examples and the design of exercises during lesson 
preparation and actual teaching. Besides the textbooks, workbooks are 
another main teaching resource, which are also identified as a form of 
textbooks. This aspect shows that teachers are “loyal” to the textbooks. 

During the interview with teachers, many of them talked about their 
faith in the textbook. For example, one teacher said: 


“I teach Example 7 first in this lesson and then do some 
exercises. There is another question, which is the transfiguration 
of Example 7. I ask the students to do it by themselves, and do 
exercises afterwards together. I would let students compete with 
each other and ask one or two students to show their calculation 
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on the blackboard. Initially, I thought of teaching Example 6 and 
Example 7 together when I was preparing for the lessons, but the 
reference book suggested that this is a three-hour lesson, so I 
taught Example 6 yesterday followed by Example 7 today and 
did more exercises afterwards.” (RS1-interview-E) 


The teachers just followed the suggestions of textbooks and seldom 
deviated from it. The teaching methods adopted by the teachers are also a 
kind of imitations of those given in the reference books, especially in 
rural schools. 

Lastly, doing exercise in the classroom occupies a large portion of 
teaching time. Previous quantitative statistics of classroom activities (see 
Figure 1) shows that the exercise session takes more than one-third of 
class time in both urban and rural schools. These exercises include 
independent and teacher-assisted exercises. The latter is more common in 
the classroom. In general, teachers would show students a few exercise 
questions from the textbooks. The whole class will then do some typical 
questions together with teacher leading them to find the solutions. Some 
time will also be given for students to complete other exercises on their 
own. In many classes that we observed, teachers did not let students do 
independent work due to the time constrain, although it was originally 
planned. Teachers usually planned a lot of activities during lesson 
preparations and students’ independent exercise is often arranged at the 
end of the lessons. Whenever any other class activity overruns, students’ 
independent exercise will be shorted or even cancelled. Thus, teachers 
and students often complete exercises together in classes. 

Doing exercises has played an important role in mathematics 
teaching, which is related to teachers’ perceptions of mathematics 
teaching in primary schools. “Practice makes perfect” (AETI) has 
long been an important principle in mathematics teaching. Since 1960s, 
“integration of teaching and exercise” (H4456) and “teach only the 
essential and ensure plenty of practice” HAW £ 2) have been dominant 
in the teaching methods. It is believed that doing more exercises is the 
key to good grades in mathematics. Mathematics teachers pay too much 
attention to the role of exercises under the idea that calculation is the 
core of mathematics teaching. Although the new curriculum reform is 
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trying to change this concept and emphasize the training of students’ 
ability to analyze and solve real life problems, this deep-rooted concept 
of mathematics teaching lasting for many years has made it difficult for 
people to change their minds about doing exercises in the near future. 


43.2 Difference in mathematics teaching between urban and rural 
schools 


The first difference is the format of questions asked by teachers in class. 
Teacher-student dialogue is the main teaching method used; therefore, 
how a question is posted highly influences the teaching quality. When 
reviewing the teaching cases, we found that more inspiring questions 
were asked in urban schools than in rural schools. Questions such as: 
“How to solve this problem?” “Why do you calculate in this way?” and 
“Is there another way to solve the problem?” were frequently asked. 
While in rural schools, these kinds of questions were seldom asked and 
simple dialogues between teachers and students were more likely to 
happen. Take the following questions as examples. When urban teachers 
asked questions like: “Could you tell me why?” and “Let’s recall what 
we have learnt on rewriting multiplication to division and try to do it 
now”, rural teachers would ask questions like: “Who can tell the class 
how to work out Example 1? It should be solved with equation not in the 
arithmetic way” and “Two known conditions are available. When we 
write the equations, the best way is find a given condition directly from 
the question. What conditions can be found in Example 1?” The 
difference in forming the questions matters, as inspiring questions can 
help students to improve their thinking ability and mathematics literacy. 

The second difference is the format of activities in class. Urban 
classrooms make use of various teaching methods and are highly flexible. 
The interviews with urban teachers show that using various methods has 
become a regular practice in their daily teaching. 


“Generally, the teaching method used depends on the teachers’ 
habits. I usually ask the students to do the problems first and 
then ask students who can work out the problems to tell the class 
how to solve it. Students who make mistakes will be required to 
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analyze the reasons. I call this method “trial teaching”. 
Sometimes, I would let students talk over the questions, as there 
are many issues to discuss. Each student may only have little 
time to stand up and talk, but their ability to express themselves 
must be trained through these kind of interactions in class.” 
(US2-interview-A) 


The classroom observation shows that besides dialogues, students in 
urban schools also have many opportunities to engage in other forms of 
activities, such as discussions, demonstrations with teaching aids, group 
activities, observations, and practices, etc. In contrast, rural teachers 
teach in a more monotonous way, mainly through lecturing and asking 
simple questions, while other methods are seldom used. Teachers from 
rural schools usually follow a set pattern and use methods suggested by 
textbooks and reference books. The difference in the forms of class 
activities between urban and rural schools might be caused by the 
different approaches used by the teachers, assuming that the teaching 
contents are the same. 

The third difference is the ability to make adjustments during 
classroom teaching between urban and rural teachers. When students 
come across difficulties in class, urban teachers usually guide students to 
think and encourage them to express their own ideas and allow them to 
come out with a variety of solutions. The teachers in the rural schools are 
more likely to go on with the pre-designed lesson plans and more 
concern with teaching schedule. Urban teachers usually handle students’ 
queries through guiding them to understand further; instead, the teachers 
in the rural schools are more concerned with accomplishing the teaching 
task but less with students’ needs. It seems that urban teachers’ 
“student-oriented” teaching approach and rural teachers’ 
“textbook-oriented” approach might produce different teaching effects. 
The following are the responses of two teachers in urban and rural 
schools respectively, which reflect the above connection. 


“Normally, the students should be able to answer this question, 
but today I dont know why the students did not answer the 
questions correctly. Only a few students can answer correctly. 
Actually, I did not intend to let students discuss today. However, 
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students today seemed not to understand the content well, so I 
asked them to discuss. Normally, if the students can understand 
the problem easily, I will simply lecture; if students have a clear 
mind of their own ideas, I would like them to discuss with each 
other. Sometimes it is beneficial to the students. The students can 
understand quickly after the discussion.” (US1-interview-I) 


“These two examples are not simple. I am afraid that the 
students could not finish them, so I explained to them instead. If 
there was enough time, I would like to ask the students to 
summarize and an exercise should be done. In the self-study 
period today, the students were told to memorize instead of 
discuss. Today we didnt have enough time, so I did the 
explanation”. (RS 1-interview-C) 


The above shows that urban teachers are more flexible in adjusting 
their teaching arrangements: they would deal with students’ difficulties at 
any time when students face problems during teaching. It is especially 
more evident for the more experienced teachers. Rural teachers pay more 
attention to finishing the teaching task. They fear that they cannot finish 
the lesson, so they explain a lot instead of letting students do the thinking 
and talking. Time constrain is usually the main reason for lack of 
exercises in rural schools. For rural teachers, keeping the teaching 
schedule and completing all the teaching tasks are important. 


5 Factors that Influence Mathematics Teaching Method 


There are many differences between mathematics teaching in rural and 
urban schools, and these differences are influenced by many factors, 
which are outlined in the following: 

The first is the size of urban and rural schools. Urban and rural 
schools differ largely in their size, as there are 3-5 classes in each grade 
in urban schools, while in rural schools, especially the village primary 
schools, there is only one class in each grade. Urban schoolteachers have 
more opportunities to interact among colleagues than rural teachers do. 
Urban schools are able to ensure that constant communication is 
substantial among the teachers in the system through means like 


436 How Chinese Learn Mathematics: Perspectives from Insiders 


group-preparation. While in the rural schools, as there is only one class 
in each grade, it is quite impossible for teachers to find suggestions from 
other teachers, not to mention arranging group-preparation. 

The second is the difference in the professionalism of teachers. If the 
school size is an external factor, the professionalism of teacher is an 
inherent factor. Rural teachers differ greatly in knowledge and 
competence from urban teachers. The educational level of rural teachers 
is usually up to junior high school level and some of them attended 
education institutes or colleges on the job. The initial education level of 
urban teachers is usually senior high school or above. The study shows 
that teachers’ understanding about knowledge and the design of teaching 
methods can reveal the difference in teachers’ professionalism. The 
following tables display the differences in subject knowledge and 
pedagogical content knowledge between the urban and rural teachers 
(see Table 1 and Table 2). 


Table 1 
Comparison of Subject Knowledge between Urban and Rural Teachers? 


|| Understanding of the Mastering the focal General understanding 


current content points and difficulties of the textbooks 
Urban 


Accurate 


Inaccurate 
Inaccurate 


Accurate 
Inaccurate 
Accurate 


Table 2 
Comparison of Pedagogical Content Knowledge between Urban and Rural Teachers 
Understanding of the Understanding of the 
mistakes students students’ method 
make easil 


Clear description of 
the teaching process 


15 


The difference in teachers’ professionalism reflects the difference in 
their pedagogical beliefs. Urban and rural teachers both believe that 
students’ computational skills are crucial and put emphasis on the 


8 The data in t he tables are from the interviews with the teachers in the four schools. 
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training of the calculation during classes. They believe that 
computational skills are very important in the study of mathematics (see 
Wong, 2001, this volume). “Practice makes perfect”, therefore, they ask 
students to do a lot of exercises, which is apparent in the interviews with 
the teachers and observations in the classrooms. Urban and rural teachers 
have different beliefs of their expectations on students. Urban teachers 
are more demanding and ask students to learn more and work harder. 
Rural teachers only require the students to learn the content in the 
textbooks without any other further requirement. 

Teachers in the two types of schools also have different attitudes 
towards low achievers. Urban teachers believe that there are both 
personal and institutional reasons for low achievers. They affirm that by 
using appropriate and various ways of teaching can help low achievers’ 
learning. However, rural teachers think that students get poor grades due 
to their low intelligence and their parents’ ignorance, so that they believe 
that no effective way could be used to improve this kind of students’ 
achievement. 

The third difference is teaching culture in schools. School culture is 
an important factor in lesson preparation and classroom teaching. In the 
urban schools, faculties pay more attention to the education reform. 
Some teachers study the reform program and do research on problems 
that arise through daily teaching from their teaching experience. There 
are often public teaching activities about educational research or teaching 
practices. Teachers who do not join in the research can also attend these 
activities. Through these activities, the teachers can learn more teaching 
methods and accumulate valuable experiences. Interviews with the 
teachers and observations in Urban—1 show the relationship between 
teachers’ concepts and researches conducted by the school. For instance, 
the teaching methods advocated by the research team are often tested by 
the pilot teachers; school seminars hosted by expert teachers are also 
incorporated. Obviously, this kind of research-oriented culture has 
affected day-to-day teaching. In the rural schools, even if there are any 
research programs, teachers have few opportunities and aspirations to 
participate. Although the teachers know how to solve the issues occurred 
during teaching, they seldom consider those as research topics or study 
on those issues consciously. Day after day, the teachers impart 
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knowledge according to their understanding of the textbooks. This kind 
of cultural atmosphere is not helpful for teachers to improve their 
professional knowledge and capability. 

In the urban schools, there is a culture of collegial exchange, which 
has great influence on the curriculum decision. The establishment of 
open classes (2: Fi) and seminars held by experienced teachers for 
young teachers (some schools adopt the apprentice system, where new 
teachers are led by their more experienced colleagues) are helpful to 
strengthen the culture. This culture brings more opportunities for 
teachers to understand each other’s teaching design, to share different 
teaching beliefs, and to learn different teaching methods. The research 
shows that this kind of culture is helpful for teachers to improve their 
teaching, especially for the young teachers. The research on Urban—1 and 
Urban-2 shows that many young teachers believe that their professional 
growth is enhanced by such schools’ class observation activities. They 
observe others’ lessons and also have opportunities to be observed by 
others. Some teachers even actively requested the researchers to visit 
their lessons in this study. The teachers believe that their improvement in 
teaching skills is related to such an interaction and exchange. In contrast, 
there are few opportunities for teachers to communicate and study each 
other in rural schools. There was only one activity organized by the 
county during the two months of the study and only a few teachers 
attended the activity. To a certain extent, it limits teachers’ development 
and improvement. 

The fourth difference is the availability of teaching resources. There 
are great differences in the resources used in the lesson preparation of 
urban and rural schools. Besides textbooks and teacher reference books, 
there are plenty of out-of-school resources for the urban teachers, 
including a sufficiently sized library. Both the two urban schools in this 
study have a teachers’ reading room, in which there are more than 10 
kinds of professional periodicals and reference books. The teachers can 
refer to the related materials at any time. Moreover, the cities have 
bookstores and teachers can buy various teacher reference books 
conveniently, such as workbooks for students and other guidance 
materials. Whereas rural schools have limited teaching resources, there 
are no teachers’ reading room and library at all in both two rural sample 
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schools and only one or two kinds of professional periodicals are 
available. Besides teacher reference books, there are no other resources 
available for teaching. The difference of accessibility to teaching 
resources greatly influences teaching results. 


6 Discussion 


Primary mathematics schoolteachers form a big community in China and 
the analysis above only outlined some characteristics of their lesson 
preparation and classroom teaching. Due to the variation in the 
development among the districts, there are great differences between 
developed and developing areas. Though the cases in this chapter cannot 
illustrate the whole scene of mathematics teaching in the country, the 
teachers in the studies are representative in some common situations of 
mathematics teaching in China. The research does not include excellent 
teachers who have created and used new teaching methods and formats. 
This could be a limitation of this study. The new basic education 
curriculum reform issued in 2001 raised many new ideas and methods 
and it has been gradually implemented throughout the country. The new 


> oC 


beliefs, like “care about the development of students”, “everyone learns 
useful mathematics”, “pay more attention to the real life situations”, 
“advocate proactive explorations, communications and co-operations in 
teaching” and so on, have become the new directions for the teachers’ 
endeavor. With further curriculum reforms, it is hoped that mathematics 
teaching in Chinese primary classrooms will make a greater progress 
based on the existing experiences. 

Furthermore, the traditional mode of mathematics teaching is still 
deeply rooted in Chinese teachers’ minds. There is a socially common 
conception among teachers, principals, and parents on the development 
of mathematics of the students, the value of mathematics, and classroom 
teaching. High regards on the practice of computational skills, emphasis 
on basic concepts and skills in teaching, and on lecturing and provision 
of an abundance of both in-class and out-of-class exercises are some of 
those. These are all apparent in the above analyses of both urban and 
rural mathematics classroom teaching. In recent years, some schools 
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began to experiment discovery learning, learning through 
communications, and cooperative learning. Yet, the process of integrating 
these new teaching methods could be long and the process would also 
have vast differences between urban and rural schools. It is hoped that 
through the years of efforts, there could be great improvement in 
connecting mathematics with real life situations and the mode of 
classroom teaching in China, especially in teacher-student interactive 
learning. Moreover, it is believed that the atmosphere of having discourse 
among mathematics teachers, including group-preparation and action 
research, should be maintained and continuously improved. In this way, 
higher order thinking abilities, such as mathematical thinking, problem 
solving, and communication can be fully developed on the strong 
foundation of basic knowledge and basic skills. 


Figure 1. An urban classroom 
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Figure 2. An rural classroom 
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Chapter 16 


Teaching Approach: 
Theoretical or Experimental? 


LI Jun 


Probability is becoming a required part of school mathematics 
curriculum in China. In order to find an appropriate teaching approach, 
both theoretical and experimental approaches were examined in this 
chapter. The results of two studies on the two approaches show that 
each approach has its limitations. When probability was taught in a 
theoretical and formal way, students’ intuitions could not be modified 
directly. When probability was taught in a frequentist and experimental 
way, students’ knowledge of classical probability was not improved 
simultaneously. It is practical to teach both classical and frequentist 
definitions of probability at school level. 


Key words: probability, curriculum development, cognitive framework 


1 Introduction 


Influenced by the worldwide growing movement to introduce elements 
of statistics and probability into school curriculum, the Ministry of 
Education (MOE) of China is pushing a reform to include statistics and 
probability in its elementary and secondary curriculum. In fact, this is not 
the first time in Mainland China to try to include them in its school 
curriculum. In 1980, the MOE once planned to arrange probability as a 
required part of contents for all senior high school students, but failed. 
Until 2001, probability was not taught at school level in most areas of 
China. Only a very few cities, such as Shanghai, have about 8 hours in 
total for the topic in grade 12, following the topic of permutation and 


combination. 
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There are at least three barriers for integrating statistics and 
probability into the school curriculum in China. First, the role of 
statistics and probability in solving real world problems was 
underestimated at that time. There was little use of data, probabilistic 
arguments, and language in newspapers and other media. For many 
people, only mathematicians or gamblers need probability. Second, from 
1983, the MOE adjusted its innovation plan and set probability as an 
optional topic. Then probability was eliminated from National University 
Entrance Examinations. For Shanghai, only four out of 150 marks were 
allotted to probability in its University Entrance Examinations each year. 
In China, the National University Entrance Examination for school 
teachers is described as the baton to a band. With the significance placed 
on the National University Entrance Examinations, it was not surprising 
that probability was not taught or taught for a very short time in practice. 
Third, the teaching approach was highly abstract and formal. Quite a lot 
of senior high school students had difficulties in solving problems with 
complicated permutation and combination calculations shown below: 


1. There are 8 different books, including 3 mathematics books, 
2 foreign language books, and 3 other books. If put these 
books in a row on a bookshelf randomly, then the probability 
that all the mathematics books are put together while both 
foreign language books are also put together is 
(Shanghai Municipal Educational Examinations Authority, 
1996) 

2. There are 4 white marbles and 3 black marbles in a bag. Pull 
out 3 marbles randomly. The probability that you get only 
one black marble is . (Shanghai Municipal 
Educational Examinations Authority, 1998) 


Likely, these tasks are beyond most students’ knowledge and 
abilities as well as teachers. 

Before continuing further, let me first explain the meaning of the 
term “probability”. There are three methods for assigning a probability to 
an event: namely, the classical, frequentist, and subjective definitions of 
“probability” (Johnson, 1992; Konold, 1991). The classical interpretation, 
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or theoretical interpretation, defines the probability of an event as the 
ratio of the number of alternatives favorable to that event to the total 
number of equally likely alternatives. The frequentist interpretation, or 
experimental interpretation, defines probability in terms of the relative 
frequency of occurrence of an event in an infinite, or near infinite, 
number of trials. The subjective interpretation, or intuitive interpretation, 
is a personal evaluation of the likelihood of chance phenomena. The 
initial estimation is subject to adjustment according to new information 
such as the results of actual trials. 

Probability was taught in a theoretical and formal way in the 
Mainland China. The frequentist and experimental definition of 
probability was despised, since it is posterior and inexact. Chinese 
students almost had no experiences of being involved in any concrete 
activities and simulations. Such a situation was also true in some other 
countries at that time. However, in 1977, Efron independently invented a 
resampling technique for handling a variety of complex statistical 
problems (Peterson, 1991). The development and application of that 
technique, especially in assistance of computer simulations, has elevated 
the experimental approach. Educators have suggested and implemented 
some reform projects that could be carried out at school level (Interactive 
Mathematics Program, 1998; Lovitt & Lowe, 1993; National Council of 
Teachers of Mathematics [NCTM], 1992; Newman, Obremski, & 
Scheaffer, 1987; Simon, 1992). A major aim of these projects is to 
provide opportunities for students to gain experiences in stochastic 
situations through problem solving or simulations, either manually or by 
using a computer, before being taught theoretically. Such an approach 
focuses on students’ comprehension and application by the use of real 
data, activities, and visual simulations. It has attracted more and more 
attention in teaching. In this chapter, two studies on these two 
approaches (theoretical and experimental) were reported. Given the 
limited length of this chapter detailed results of the two studies can be 
found in Li (2000). 
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2 Study 1 


The question of interest here is whether students’ understanding of 
probability could be improved naturally without any formal instruction 
on this topic? According to the literature, western students’ knowledge of 
the stability of frequencies was very weak (Fischbein & Gazit, 1984; 
Green, 1983; Piaget & Inhelder, 1951/1975). But did Chinese students 
also have poor understanding of the frequentist probability? Compared to 
students without any formal statistics and probability training, how better 
could the students who were trained under the theoretical approach 
behave when answering chance interpretation and chance comparison 
problems? In 1998, this author conducted a survey in Shanghai. 


2.1 Sample 


The sample was selected to include both students with and without any 
prior instruction in probability. Half of the classes were selected from 
ordinary schools (average schools) and the other half from advanced 
schools (containing about the top 10% of students). A total of 567 
students were enrolled in 12 classes, 3 grades in 7 schools. The numbers 
of students in grades 6, 8, and 12 were 174, 209, and 184 and their 
average ages were about 11, 13, and 17 years old, respectively. The 
grade 12 students were the only group who had received prior instruction 
in probability (about 8 hours using a theoretical non-experimental 
approach to probability). Four classes were selected at each grade. A 
subset of 64 out of the 567 students was further interviewed. 

Before 1997, high schools in Shanghai were classified into two 
streams, advanced and ordinary. But from 1997 on, the classification at 
the junior high level was eliminated. So for the grade 6 students, there 
was no general streaming examination, but as 1998 was the first year 
after the change, one advanced school was permitted to select its new 
grade 6 students from the whole city. One class in grade 6 was selected 
from this school and it was labeled as an advanced class. 
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2.2 Questionnaire 


A total of 83 items (a sample of the items was included in Appendix) 
were used in each class, but each student was only required to answer 
one set of questionnaire, about 9 items (see Table 1). The 83 items 
covered four general categories: Category I — Identification of impossible, 
possible, and certain events; Category II — Interpretation of chance 
values; Category IH - Chance comparison in one-stage experiments; and 
Category IV — Chance comparison in two-stage experiments. 


Table 1 

Overview of the Nine Sets of Questionnaire Used in Study 1 
Set Category I Category II Category IH Category IV 
A 1(1), 2(2), 4(6) | 1(3), 2(4), 3(8) 1(1), (2) 1,6 
B 1(2), 2(1), 4(5)| 2(3), 3(4), 1(8) 1(3), (4) 8 
C 1(3), 3(5),4(1)| 3(3), 1(4), 2(8) 2(1), (2) | 9 
D 1(4), 3(6), 4(2)| 3(2), 1(6), 2(7) [ 2(3) 3,7 
E 1(5), 43), 3(4)| 101), 2(5), 309) 2(4), 5, 9 
F 
G 25), 3(1) | 3(1), 1(5), 2(9) 
H 2(6), 3(2) 1(2), 2(6), 3(7) 3(1), (2) 2, 10 
I 2(4), 3(3) 4(3), (4) 4,5 


Except 9 open-ended items, all the other 74 items were given in 
multiple-choice form, but students were allowed to give an answer that 
did not appear in the options. Moreover, students were also asked to 
provide explanations for their answers. 


2.3 Data coding 


The SOLO (Structure of the Observed Learning Outcome) taxonomy 
(Biggs & Collis, 1982; Collis & Biggs, 1991) was chosen as a cognitive 
framework describing students’ hierarchical responses in this study. The 
students’ responses to each item were labeled at five levels: prestructural 
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(P), unistructural (U), multistructural (M), relational (R) and extended 
abstract (E). The following cognitive framework, Table 2, guided by 
SOLO taxonomy was generated for coding. 


Table 2 
A Cognitive Framework Relating to Different Categories of Items Used in This Study 


Summary Description 


Blank, fully irrelevant, illogical, egotistic answers or inability to become 
engaged in item answers. 


Explains that probability just means may or may not happen and believes 
chance cannot be measured mathematically so chance comparison is 
impossible. 


Considers an incomplete set of outcomes in solving problem. 


May consider all possible outcomes for a one-stage and sometimes for a 
two-stage experiment in qualifying uncertainty or estimating subjective 
chance value. For example, assigns an equal chance to each possible 
outcome for fairness. 


Interprets most likely to happen as meaning it should happen or interprets 
chance by frequency but without fully understanding the role of repetition. 


Uses rudimentary non-proportional reasoning in chance comparison. 


Groups all possible outcomes in favor of a target event together and uses 
ratio as a measure of probability. 


Uses proportional reasoning in chance comparison. 


Knows that a larger number of repetitions is a more reliable predictor and 
expresses the idea of making a few repetitions automatically. 


Assigns a calculated probability value in complicated situations, for 
example, involving two bags, two spinners and bases chance comparison on 
the values. 


Uses a generative strategy to construct sample space in a two- or three-stage 
experiment to work out probability. 


Suggests collecting data from a series of experiments and finding trends 
across sampling. 


In this study, each student was assigned a descriptive understanding 
index, formed by a set of SOLO codes for all his or her written responses. 
All the responses, except for about 4% of them that could not be 
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understood or where students answered another question that could not 
be coded, were labeled with a SOLO level. 


2.4 Results 


Table 3 shows that, both grade 6 and 8 students in the ordinary schools 
had the poorest understanding of probability, grade 6 and 8 students in 
the advanced schools had a slightly better understanding, but not as good 
as the grade 12 students in the ordinary schools. Grade 12 students in the 
advanced schools performed the highest among all the students tested. 


Table 3 
Number of Responses to All the Four Categories’ Items by Response Level and by Grade 


Grade 6 Grade 8 Grade 12 
Number of responses 
in each level or cannot Adv Ord Adv Ord 
Pesnes 463 931 995| 896 799 
Prestructural 12(1) 18 (2) 


Unistructural 91 (10) 


mG» 


Relational 217 (24) 


Extended abstract 5(1) 0 (0) 8 (1) 2 (0) 83 (9) 32 (4) 
Cannot be coded 18 (4) 30 (3) 16 (2) 23(2)} 22 (2) 9 (1) 


*Numbers in brackets represent the proportion of the responses. 


If we ignore the streams and compare the results for grades 6 and 8, 
the two grades without any formal probability training are virtually 
identical. It appears that there is no improvement in developmental level 
at the two grades. 

Table 4 was generated to compare students’ understanding in 
different categories. For all the grades, the lowest percentages of R or E 
responses were observed in Category I. This was mainly due to the fact 
that the items in this category (identification of impossible, possible, and 
certain events) could be answered appropriately without calculating 
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probabilities. Therefore, the majority of responses observed in this 
category are at U or M level. 


Table 4 
Percentages of R or E Level Responses to All Categories’ Items 


Category Streams 


Ordinary 


I 12% 
Advanced 
Ordinary 

H 21% 
Advanced 
Ordinary 

HI 41% 


Advanced 


Ordinary 


44% 


Advanced 


A slightly more but still few R and E responses were observed in 
Category II, where students’ frequentist explanations of probability were 
investigated. In each grade, the vast majority of the responses were 
multistructural responses (for grades 6, 8, and 12, the percentages of M 
responses were 82%, 82%, and 70% respectively). It seems that student 
age, streams, and backgrounds in probability did not play a significant 
role in this category. 

Does the skewed distribution towards the M level is a result of the 
ceiling effect? Table 5 shows that the percentages of items with R and E 
ceiling levels are similar in Categories II and II]. However, Table 4 
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shows that more R level responses were observed in Category III in each 
grade. This means that the skewed distribution observed in Category II is 
not a result of the ceiling effect, but the students’ limited knowledge of 
frequentist probability. Chinese students’ understanding of frequentist 
probability was poor compared to their understanding of classic 
probability. 


Table 5 
Numbers of Items in Each Category that Have a Ceiling Level of M, R, and E 
Ceiling level SUM 
Category | 


Category 2 


Category 3 


Category 4 


Total 


The variation between grade 12 students and the younger students, 
who have had no exposure to probability, appears to be less pronounced 
in Category II (interpretation of chance values) and more pronounced in 
Category IV (chance comparison in two-stage experiments). This result 
is not surprised, given the limited experience that the grade 12 students 
had with the frequentist definition of probability and their probability 
lessons were mainly focused on probability calculations. 


3 Study 2 


Before 2001, probability was not a part of school mathematics for all 
Chinese junior high school students. Is it possible to start the teaching of 
probability earlier if the experimental approach was applied? An activity- 
based short-term teaching intervention was done in Shanghai in 1999. 
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3.1 Sample 


Two ordinary grade 8 classes, one with 23 students and the other with 26 
students, participated in the study. The students’ ages were 13-14 years, 
except for one student who was 15 years old. 


3.2 Questionnaire 


Nine parallel items were used in the pre- and post-test. Eight of them 
were selected directly from the 83 items developed for study | and the 
other one, relating to the frequentist explanation of probability, was new. 
All the students were interviewed individually before and after the two 
tests and all of the interviews were audiotaped. 


3.3 Teaching 


Six 40-minute lessons (twice a week) outside regular class time were 
conducted with the two grade 8 classes. The teaching was activity-based 
combined with whole class discussion. It focused on the misconceptions 
related to identification of impossible, possible, and certain events and 
the frequentist definition of probability observed from Study 1. The two 
classes were taught slightly differently: one with a computer and the 
other without a computer. For the class with computer, once all students 
had finished their trials with dice, coins, and so on, and pooled their data, 
teacher (this author) would ask the students to look at the big screen and 
observe what would happen when she made different trials by computer 
simulations. For another class without visual simulations, the students 
were asked to read the data from a long series of experiments printed at 
the end of their workbooks and they were told that the data were 
computer generated. However, most of the teaching conditions such as 
activities, workbooks, problems for whole class discussion, and teacher 
were the same for the two classes. 
The structure of each day’s lesson is similar, as illustrated below: 


Q 


1. The meaning of the terms “impossible”, “possible”, and 
“certain” were explained by teacher on the first day. On the 
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other days, the main problem that had been solved in the last 
class was briefly reviewed by the teacher. 

2. The main problem being presented was described. 

3. An explanation was given on how to carry out the activity 
and how to record the data. 

4. A presentation outlining some of the wrong conclusions or 
reasons related to the specific task, such as number 6 is the 
hardest number to be rolled, was made and the wrong 
conclusions or reasons printed in their workbooks were 
briefly discussed. 

5. Students did the activity in pairs and recorded the results. 

6. The students’ data were pooled or they were given the 
computer-generated data, depending on time. 

7. The wrong conclusions were discussed again in light of the 
results of the experiment they had completed. 


3.4 Results 


Two of the major findings associated with the teaching are included here. 
First, an activity-based short-term teaching program can help grade 8 
students improve their understanding of probability. Table 6 describes 
the students’ performance in terms of the SOLO analysis of responses. 


Table 6 
Overall Picture of Students’ SOLO Levels in Pre-test and Post-test 


f Post-test 
Percentages of responses ìn each level 


Prestructural 


Unistructural 


Multistructural 


Relational 


Extended abstract 


Second, it appears that studying frequentist probability does not 
necessarily contribute to students’ knowledge of classical probability. In 
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the teaching intervention, the frequentist definition of probability was 
emphasized but the classical definition was not given. After the teaching, 
it was found that some students could use proportional reasoning in 
chance comparison but actually they did not know the real chance values. 


4 Conclusions and Implications 


The following conclusions can be drawn from the two studies: (1) 
Students’ understanding of probability does not improve naturally with 
age - teaching plays an important role; (2) Students’ understanding of 
probability can be improved after instruction; (3) Introducing probability 
in the experimental approach or in the theoretical approach cannot 
replace each other; each has its own role in helping students’ 
understanding of probability; and (4) Students’ cognitive development in 
frequentist probability is slow, if no direct instruction is given. 

What didactical implications can be indicated from the two studies? 
According to the results of Study 2, we can state the first implication, 
that is, it is possible to introduce probability effectively to Chinese 
students at an earlier age by an experimental approach. 

Compared to the tasks selected from National University Entrance 
Examination Test Paper, the chance comparison items given by 
questionnaires are simple. However, about 50% of responses to Category 
IH and IV given by the grade 12 students in Study 1 were at U or M level. 
Many of these responses revealed that students had misconceptions such 
as “chance cannot be measured mathematically” and “equiprobability”. 
The percentages of the grade 12 students used these two misconceptions 
at least once are 19% and 18% respectively (Li & Perira-Mendoza, 2002). 
Therefore, it is possible to learn some basic probability calculations in a 
short time, however, this does not mean the students really believe or 
have confidence in the results of their calculations and abandon their 
intuitions when they are contrary to the theory. In Study 2, after the 
teaching intervention, it was found that the misconception “chance 
cannot be measured mathematically” could be overcome obviously but 
for some students, misconceptions such as “equiprobability” were 
remaining. So the second implication here is in order to modify students’ 
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intuitions, it’s better to spread probability teaching for a few years. 
Concentrate all the probability teaching in a short term does not help 
overcoming some stable misconceptions that students have developed 
from a relatively early age. 

The third implication is that both the frequentist and classical 
definitions of probability should be taught. In Study 1, the grade 12 
students had poor understanding of frequentist probability. In Study 2, 
some of the grade 8 students could use proportional reasoning in chance 
comparison but actually they did not know how to calculate the chance 
values. These facts suggested that both classical and frequentist 
definitions of probability should be taught and both theoretical approach 
and experimental approach are needed at school level. 

Is it now the right time for China to introduce probability into school 
mathematics again? Are not the three main barriers mentioned above 
existed any more now? Fortunately, some changes have taken place 
during the past twenty years. The numerical, experimental approach of 
teaching probability has been introduced into China. Some researchers 
(e.g., Garfield & Ahlgren, 1988; Hawkins & Kapadia, 1984; Konold, 
1991; Shaughnessy, 1993) have recommended teaching strategies to 
improve students’ understanding in probability, One of the teaching 
strategies is related to the creation of situations to encourage students to 
examine, modify, or correct their own beliefs of probability or others’ 
common misuses of probability by the use of real data, activities, and 
visual simulations. They preferred to base the teaching on authentic 
situations rather than abstract and irrelevant contexts. Garfield (1995) 
affirmed these recommendations again but noted the tendency to 
incorporate technology such as computers, calculators, multimedia, and 
internet resources in teaching. These recommendations should be helpful 
and useful for the current curriculum reform in China. 
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Appendix 


Sample Items Used in Questionnaires 


Category I items: 


I] A six-sided normal die is rolled once. Please indicate whether 
the following outcome is impossible, possible or certain to 
happen. Tick where appropriate: 


impossible possible certain 


cc e E 


a) the number rolled is an even number. 
b) the number rolled is smaller than 7. 
c) the number rolled is bigger than 6. 
d) the number rolled is 2. 

e) the number rolled is 6. 

f) the number rolled is not 6. 


Category II items: 


112(1) A mathematician filled a bag with black and white marbles. He 
didn’t really know how many black marbles and white marbles 
were in the bag. After mixing them thoroughly, he took a look 
and predicted that "if I pull out a marble from the bag without 
looking, the chance that it will happen to be white is 80%." 
Which of the following has the closest meaning to “the chance 
that it will happen to be white is 80%”? 

a) the marble pulled out will certainly be white 

b) the marble pulled out will certainly be black 

c) suppose that the game is repeated 10 times, white 
marbles are pulled out around 8 times 
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d) suppose that the game is repeated 10 times, white 
marbles are pulled out exactly 8 times 


112(4) A mathematician filled a bag with black and white marbles. He 
didn’t really know how many black marbles and white marbles 
were in the bag. After mixing them thoroughly, he took a look 
and predicted that "if I pull out a marble from the bag without 
looking, the chance that it will happen to be white is 80%." He 
pulls out a marble. The marble is white. Do you think the 
mathematician’s prediction is accurate or not? 
112(7) A mathematician filled a bag with black and white marbles. He 
didn’t really know how many black marbles and white marbles 
were in the bag. After mixing them thoroughly, he took a look 
and predicted that "if I pull out a marble from the bag without 
looking, the chance that it will happen to be white is 80%." Here 
are five situations. Comparatively speaking, in which situation 
can the mathematician’s prediction be considered very accurate? 
a) pulling out a marble and it happens to be a white 
marble 

b) pulling out a marble and it happens to be a black 
marble 

c) suppose that the game is repeated 10 times, white 
marbles are pulled out 10 times 

d) suppose that the game is repeated 10 times, white 
marbles are pulled out 9 times 

e) suppose that the game is repeated 10 times, white 
marbles are pulled out 8 times 

Category HI items: 

Illi = A class has 20 girls and 22 boys in it. Each pupil’s name is 


written on a piece of paper and all the names are put into a box 
and mixed thoroughly. 


(1) The teacher picks 1 name out of the box casually without 
looking. Which statement below is correct? 
a) it is more likely to pick out a boy’s than a girl’s 
name 
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b) 
c) 


d) 


it is less likely to pick out a boy’s than a girl’s 
name 

it is equally likely to pick out a boy’s as a girl’s 
name 

it is impossible to compare the likelihood of the 
two outcomes 


(2) Return the name into the box and mix thoroughly again. 
Now, the teacher picks 6 names out of the box casually 
without looking. The 6 names are 2 girls and 4 boys. He 
placed the 6 slips on the table, closes his eyes and does 
the 7" draw from among the rest of the slips in the box. 
Which statement below is correct? 


There are 8 red marbles and 16 black marbles in bag A. There 
are 50 red marbles and 70 black marbles in bag B. Mix the 
marbles in each bag thoroughly. Close your eyes and suppose 
you want to pull out a black marble. Which statement below is 


a) 
b) 
c) 
d) 


it is more likely to pick out a boy’s than a girl’s 
name this time 

it is less likely to pick out a boy’s than a girl’s 
name this time 

it is equally likely to pick out a boy’s as a girl’s 
name this time 

it is impossible to compare the likelihood of the 
two outcomes 


correct? 

the likelihood of pulling out a black marble from bag 
A is greater than that from bag B 

the likelihood of pulling out a black marble from bag 
A is less than that from bag B 

the likelihood of pulling out a black marble from bag 
A is the same as that from bag B 

it is impossible to compare the likelihood of the two 
outcomes 


a) 
b) 
c) 


d) 
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Category IV items: 


IV5 


There are 8 red marbles and 16 black marbles in bag A. There 
are 50 red marbles and 70 black marbles in bag B. Mix the 
marbles in each bag thoroughly. Put your hands in two bags and 
pull out a marble from each bag without looking. Which 
statement below is correct? 
a) itis most likely that both marbles are red 
b) it is most likely that both marbles are black 
c) it is most likely that one marble is red and the other 
one is black 
d) it is impossible to indicate which one is the most 
likely among the three outcomes 


Chapter 17 


Capturing the Chinese Way of Teaching: 
The Learning-Questioning and Learning- 
Reviewing Instructional Model 


AN Shuhua 


This study explores the mythical qualities of learning mathematics in 
China by addressing the unique characteristics of Chinese mathematics 
teaching and learning: using the learning-questioning and learning- 
reviewing instructional model to enhance students’ understanding of 
mathematics concepts and reinforce mathematics proficiency. 
Furthermore, this study investigates Chinese teachers’ beliefs in using 
the learning-questioning and learning-reviewing instructional model 
and their impact on teaching and learning mathematics. Four fifth- 
grade mathematics teachers from four schools in a large city in Jiangsu 
Province participated in this study. Data were collected via classroom 
observations and interviews with participating teachers. Findings 
indicate that Chinese teachers were able to apply various methods to 
help students learn mathematics, focusing on questioning and 
reviewing strategies and helping students to understand mathematics 
concepts and develop mathematics proficiency. Furthermore, Chinese 
teachers’ beliefs have a deep impact on their teaching practices: 
teachers believe that conceptual understanding and procedural 
development are equally important in mathematics teaching; teaching 
mathematics is teaching the thinking method. 


Key words: questioning and reviewing, thinking method, teachers’ 
beliefs, prior knowledge, mathematics proficiency 


1 Introduction 


In the past decades, international perspectives in mathematics education 
have been broadly growing in various areas. Many studies have focused 
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on teachers’ knowledge. Ma (1999) focused on mathematical content 
knowledge and advocated that elementary teachers should have profound 
mathematics knowledge, while An (2000) indicated that a connection is 
needed between content and pedagogical knowledge and called to 
enhance mathematics teachers’ pedagogical content knowledge. Other 
studies explored students’ learning and found that Chinese students were 
good at computation skills (J. Cai, 2000, 2001). Evidences from 
international studies, such as the TIMSS and TIMSS-R, indicate that 
teaching is one of the major factors related to students' achievement. 
These studies revealed that Asian students, such as students in Singapore, 
Japan, South Korea, and Hong Kong, scored highest among 41 regions in 
the Third International Mathematics and Science Study (National Center 
for Education Statistics, 1999). To understand why Asian students are 
more proficient in mathematics and to know what vital factor makes 
Asian students successful in learning mathematics, substantial 
international study is needed to explore the characteristics of 
mathematics classroom teaching from an insider’s perspective. 
Furthermore, it is also necessary to investigate the cultural and belief 
systems in mathematics education and to find out the impact of the 
culture and beliefs on mathematics learning and teaching. This 
international study will lead researchers and educators to develop a deep 
understanding of the various aspects of mathematics teaching and 
learning and it will lead teachers to question their own traditional 
teaching practice and bring out better choices in constructing the 
teaching process (Stigler & Perry, 1988). 

The culture and societies in Asian countries, such as China, have 
different philosophies and beliefs compared to the West, regarding the 
teaching and learning of mathematics. This results in different 
approaches to teaching and learning mathematics. Examining these 
different beliefs and approaches provides opportunities for sharing, 
discussing, and debating important issues of mathematics education 
(Robitaille & Travers, 1992) and sparks a light of understanding on how 
to teach and learn mathematics differently and effectively using common 
goals, 

For many years, mathematics learning in China has been mythlike to 
the West; questions on how Chinese students learn mathematics 
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effectively and differently have often been inquired into by international 
studies in recent years. This study attempts to explore the mythlike 
qualities of learning mathematics in China by addressing the special 
characteristics of Chinese mathematics teaching: using the learning- 
questioning and learning-reviewing instructional model to build students’ 
understanding of mathematics concepts and enhance their proficiency in 
mathematical skills. Furthermore, this study investigates Chinese 
teachers' beliefs on the learning-questioning and learning-reviewing 
instructional model and their impact on teaching and learning 
mathematics in elementary schools. 


2  Learning-questioning and Learning-reviewing Instructional 
Model 


2.1 The influence of Chinese culture on mathematics teaching and 
learning 


China’s five thousand years of civilization is greatly respected and 
admired ail over the world. Whitehead (1925) stated, “The more we 
know of Chinese art, Chinese literature, and Chinese philosophy of life, 
the more we admire the heights which that civilization attained” (p. 6). In 
China, Confucius’ philosophy plays an important role in China’s 
civilization and has a deep impact on Chinese education. The successful 
education systems in China, Japan, and Singapore are all based on their 
use of Confucianism (Spring, 1998). 

Under the influence of Confucian philosophy, the Chinese believe 
that learning is honorable, which means in order to be at the top of 
society, one must be a scholar (Ashmore & Cao, 1997). For many 
centuries, Chinese education was characterized as scholar-nurturing 
education. One of the distinctive features of scholar-nurturing education 
was building a solid foundation in education by practicing a rigorous 
examination system (An, 2000). Mathematics education in China was 
equated with proficient and fluent skills that could be used to pass 
rigorous examinations, and ultimately, to apply and solve real world 
problems. 
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Traditional mathematics in China was also influenced by the Nine 
Chapters on the Mathematical Art from the Tang Dynasty (581-618 
A.C.). The salient feature of this book is a sequence of mathematics 
questions, answers, and principles. Specifically, the procedure of this 
model of education is to pose a question, to find the solution to the 
question, to use the principle to explain the problem, and to apply it in 
the real world. The center of this instructional model is the use of the 
questioning strategy, while the emphasis is on the proficiency of 
computations. The teaching model of the Nine Chapters on the 
Mathematical Art had a great impact on the development of mathematics 
education in China. It has brought forward a traditional mathematics 
style that is very useful in application and calculation (Li & Chen, 1995). 


2.2 Inquiry process of learning—questioning and reviewing 


According to Confucianism, to acquire knowledge one needs to not only 
study for knowledge but also question new learning, which requires 
thinking while learning; to retain the knowledge and reinforce 
understanding, one needs to not only learn but also review, which means 
that the learning should integrate “reviewing” into the learning process. 
These beliefs in learning are reflected in the construction of the Chinese 
words for “knowledge” and “learn.” The word “knowledge” in Chinese 
is formed by two verbs: learn (3%) and question ((#]), which address the 
approach to learning: to learn well, one must ask questions; it also 
addresses the approach to teaching: to teach for understanding, one must 
use questions to promote students’ thinking. The Chinese word =% 3J 
(learn) is constructed from two verbs: learn and review, which mean that 
one must consistently review the knowledge that has been learned in 
order to learn well. These two phases of learning indicate 
Confucianism’s belief that in reviewing prior knowledge, one can always 
find new knowledge (X. Cai, & Lai, 1994). Together, learning- 
questioning and learning-reviewing became an important instructional 
model in Chinese mathematics teaching. 

In the process of learning-questioning-learning-reviewing, learning 
becomes a cycle in a process of inquiry. This inquiry process provides a 
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model for effective teaching and learning. To help students acquire 
knowledge, teachers need to pose questions to promote students’ 
thinking, in which students review prior knowledge and make a 
connection to new knowledge and acquire new knowledge; to reinforce 
understanding of new knowledge, teachers engage students in a review 
of new learning and also use questions to support students’ thinking and 
to gain new insight from the review (see Figure 1). In this model of 
learning, teachers ask questions to promote students’ active thinking and 
connect their prior knowledge to the new learning. To achieve 
proficiency in conceptual understanding and procedural development, 
students review regularly and constantly by doing extensive and layered 
practices. Mathematics education in China has followed this pattern for 
classroom teaching and learning for centuries. 


Review Prior Knowledge Connect to New Knowledge 


w 


Question 


Lean — Effective Learning <——— Learn 
>s ~<a 


Reinforce New Knowledge Gain New Insights into the Knowledge 


Figure 1. Inquiry process of learning in China 


This study investigates how Chinese teachers use the unique inquiry 
process of the learning-questioning-learning-reviewing instructional 
model in teaching mathematics in order to enhance students’ 
understanding of mathematics concepts and reinforce students’ 
mathematics proficiency. Moreover, this study examines Chinese 
teachers’ beliefs in this instructional model and their beliefs’ impact on 
teaching in elementary schools in China. 
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3 Methodology 


3.1 Subjects 


The subjects were four fifth-grade mathematics teachers from four 
schools in a large city in Jiangsu Province in China. All teachers had a 
three-year education certificate from Normal Schools after finishing nine 
years of primary and junior high school education; some of them also 
had a three-year university diploma. They had an average of 15 credit 
hours in mathematics courses in college or at a Normal School. Their 
average length of teaching experience was seven years. The subjects 
were selected according to the following criteria: (1) currently teaching 
mathematics in fifth- to sixth- grades, (2) having at least three years of 
teaching experience at the fifth- to sixth- grade levels, (3) teaching in 
schools that have typical characteristics of public schools in China, and 
(4) willing to provide the data relevant to the reliability and validity of 
this study, including classroom observations and interviews. 


3.2 Procedures 


Data were collected via observations and interviews with participating 
teachers in four schools in China. 


3.2.1 Classroom observation 


The observations were conducted at a pre-arranged date and time and 
each teacher was observed once. Field notes and audiotape recordings 
were conducted during the classroom observations by using an 
Instructional Criteria Observation Checklist as a guide for observation. 
The Checklist was constructed using the criteria for analyzing the 
instructional quality of mathematics textbooks (American Association 
for the Advancement of Science, 2000). The goals of the observations 
were to explore how Chinese teachers teach mathematics in classrooms, 
and to identify some effective strategies in mathematics teaching. 


468 How Chinese Learn mathematics: Perspectives from Insiders 


3.2.2 Interviews 


After each observation, an interview was conducted by using a set of 
interview questions. The interview was conducted in each teacher’s 
office and it took 30 minutes for each interview. The sample interview 
questions related to teaching strategies and included the following: What 
is your primary focus in teaching mathematics? What do you think is the 
most effective teaching method? What teaching methods do you usually 
use? How do you know about your students’ thinking and 
understanding? How do you promote students’ ability to think? Describe 
the type of questions you ask. These sample questions have as the 
objectives of the interviews to examine teachers’ beliefs about teaching 
strategies and the impacts of these beliefs on their teaching practice, and 
to confirm the learning-questioning and learning-reviewing instructional 
model as one of the effective teaching approaches in the observed 
Chinese mathematics classrooms. 


3.3 Data analysis 


Transcriptions were made of the observations and interviews. The 
responses to the interview questions and the field notes and checklists 
from the observations were also analyzed through the use of concept 
mapping to identify teaching strategies and clarify teachers’ key beliefs 
and their impacts on teaching practices. The results of data analysis 
confirmed that the teachers’ responses to the interview questions about 
the learning-questioning and learning-reviewing instructional model 
were consistent with their actual classroom practices. 


4 Results 


A report of classroom observations on the instructional model of the 
learning-questioning-learning-reviewing process and a discussion of 
teachers’ beliefs and their impacts on mathematics teaching are included 
below. 
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4.1 Observation of classroom teaching 


The duration of observation of classroom teaching was 45 minutes for 
each class. The following were selected sample segments of classroom 
teaching in this study. These samples are presented in two planning 
variations in this study: (1) learning-questioning and learning-reviewing 
at the beginning of the new lesson and (2) learning-questioning and 
learning-reviewing during the new lesson. 


4.1.1 Beginning of the lesson — Connection of prior knowledge using 
question strategies 


In order to help students learn new concepts and skills, all four teachers 
integrated question strategies into their teaching. They designed layered 
questions in a logical and sequential order. These questions promoted 
students’ recall of prior knowledge and its relation to new learning. 
Furthermore, the questions encouraged and supported students’ thinking. 
The following examples addressed how Chinese teachers used the 
question strategy at the beginning of the new lesson. 

Ms. Ren’s class. A fifth-grade teacher with 14 years of teaching 
experience knew the importance of promoting students’ thinking. In the 
lesson on comparison of volumes and surface areas of rectangular 
prisms, Ms. Ren first related the lesson to prior knowledge on how to 
find surface area and volume and then posed three questions on the 
blackboard to introduce the comparison of the volume and the surface 
area of rectangular prisms: 


1. What is the meaning of the surface area of a rectangular 
prism? What about the volume of the rectangular prism? 

2. What is the basic unit of the surface area for a rectangular 
prism? Of the volume? 

3. To calculate the surface area of the rectangular prism, what 
sides do we need to measure? What about volume? 


To help students understand the questions, she had a student read the 
problem to the class first and grouped the students by four to observe the 
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rectangular prisms they made on paper; they then discussed these three 
questions. 

In order to know students’ thinking, Ms. Ren asked two students to 
report the results of the group discussion. To reinforce students’ 
understanding, Ms. Ren summarized their key points: The differences 
between the surface area and the volume of a rectangular prism are in 
meaning, basic units, and methods of calculation; to find the surface area 
and volume of rectangular prisms, we need to measure the length, width, 
and height. 

In this lesson segment, Ms. Ren posed three questions linked closely 
to the central point of the new lesson. Question 1 connected students’ 
prior knowledge on finding the surface area with their knowledge on 
volume; questions 2 and 3 encouraged students to think about the 
differences of the basic units and of the calculations for surface area and 
for volume. By having students discuss and answer these questions, Ms. 
Ren provided a connection for students to learn new knowledge by 
comparing the volume and the surface area of rectangular prisms. 

Ms. Jing’s class. Ms. Jing has been teaching for four years, and like 
Ms. Ren, she also connected students’ prior knowledge to the new lesson 
first. The topic of the lesson was to change fractions into decimals using 
terminating and non-terminating concepts. 

The first introductory activity was to have students solve a set of five 
fractions orally. 

She asked, “How do you change the following fractions to 
decimals?”, and had students change the following fractions to decimals: 


3 7 9 35 125 
10° 100’ 100’ 100’ 1000 


These five fractions with denominators in powers of 10 directed 
students to recall a simple way of changing fractions into decimals. 
However, after students answered the questions, Ms. Jing asked, “If 
fractions do not have denominators like 10, 100, 1000... how can we 
change these fractions into decimals?” This question encouraged students 
to think further about changing fractions into decimals and connected 
students’ knowledge to the new lesson. 

She showed a second set of fractions with different denominators and 
asked, “How do you change the following fractions into decimals?” and 
“How many ways can you solve them?” 
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4° 25° 40°14 9 

These questions promoted students thinking for finding different 
ways to change fractions into decimals: (1) using division and (2) for 
some problems, changing denominators to 100. 

In the above teaching, Ms. Jing designed two sets of different levels 
of fractions to connect the new lesson of changing fractions into 
decimals. By answering questions and solving these problems, students 
were ready to explore changing fractions using terminating and non- 
terminating concepts. 


4.1.2 Beginning the new lesson — Connection of prior knowledge using 
the review process 


All Chinese teachers were able to design a set of problems for students to 
review at the beginning of the new lesson. All teachers not only had 
students solve problems but also required students to solve them orally 
(mentally), so students were always ready for the new lesson. 

Ms. Bao’s class. As a fifth-grade mathematics teacher for eight 
years, Ms. Bao likes to provide a set of problems to students and call on 
them to answer questions orally before starting the new lesson. For 
example, at the beginning of the lesson on finding simple ways to add or 
subtract fractions, she asked students to do the following eight problems: 


2 1 3 1 7 tł 7 8 
Zag —+—, — +, 1—+— 
3 6 4 2 8 4 10 10 
5 8 3 1 5. 3 3 3 
=+ —+=, —+=> l—-+- 
9 9 4 6 12 8 4 5 


In two minutes, the students answered the questions one by one and 
all students got right answers. 

After finding out students’ prior knowledge, Ms. Bao had students 
complete a problem orally from the book; whoever finished first stood up 
until the entire group (row) of students finished. She then told the groups 
to sit down and asked students in each group to explain how they got 
their answer. This activity took about five minutes. 

Next, she gave two problems for all the students to complete 
independently in five minutes. She then asked the students who did a 
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problem right to raise their hands and present their reasoning to the 
whole class. She asked students, “How did you arrive at the answer?” 
and “Why did you solve it using this method?” She showed two students’ 
work on the projector. By having students compare their strategies of 
problem solving for these two problems, Ms. Bao provided an 
opportunity for students to think of different ways to solve problems. 

With the above 12-minute review and practice of prior knowledge, 
Ms. Bao spent about 1/4 of the class time retrieving and aiding in 
retaining students’ prior knowledge. Not only did it enhance students’ 
proficiency in fraction addition and subtraction, but it also created a solid 
readiness for students to start the new lesson on finding simple ways to 
add or subtract fractions. 


4.1.3 During the new lesson — Focus on the thinking method using 
question strategies 


During the lesson, Chinese teachers focused on training the “thinking 
method” using carefully designed questions to promote students thinking 
in a critical and logical way. The “thinking method” in mathematics 
teaching in this study is reflected in how teachers elicited and supported 
students’ thinking by connecting students’ understanding of prior 
knowledge to the new knowledge and directing students to compare and 
contrast different ways of problem solving. 

Ms. Fang’s Class. After reviewing prior knowledge and practicing 
orally, Ms. Fang started the new lesson on mixed operations of fractions 
and decimals with Example 4 on the pre-prepared small blackboard: 


es 
4 5 


She asked, “If there are fractions and decimals in the problem, how 
do you solve it?” 

Two students shared their answers with procedures from two 
methods on the blackboard: 


3:63 22.5 75.63 140! 5 52: E 


pace epee =4—-—— 
4 100 5 100 100 100 100 25 
3.75 —0.63 + 1.4=3.12+ 1.4 = 4.52 
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Then Ms. Fang asked, “Which way is easier? Why?” This question 
elicited students’ thinking in comparing the two methods and identifying 
the better way to solve the problem. Most students were able to identify 
the second way as an easier way because in the first way they have to 
change the mixed numbers and the decimal into fractions and reduce the 
fraction. Ms. Fang summarized students’ responses, “If fractions can be 
changed to terminating decimals, then mixed operation problems can be 
solved by changing the fraction into a decimal. It is a simpler way.” 

To further confirm and reinforce students’ understanding, Ms. Fang 
gave two problems for students to practice using the easy way and asked, 
“If the fraction cannot be changed to a terminating decimal, how can you 
get an accurate result?” Ms. Fang provided Example 5: 


er oe 
6 4 


From doing the problem and comparing it with Example 4, students 


found that 32 could not be changed into a terminating decimal to get an 


accurate result; the fraction way is a good way to do Example 5. 

In the above lesson segment, Ms. Fang used various questions to 
elicit students’ thinking and used carefully designed problems to support 
and extend students’ thinking. By comparing Examples 4 and 5, Ms. 
Fang fostered students’ “thinking method” on mixed operations and 
supported students’ thinking at a high level of decision making using the 
best approach for solving the problem. 


4.1.4 During the new lesson ~ Reinforce understanding and enhance 
proficiency by the review process 


To reinforce students’ understanding of new learning and enhance their 
proficiency in mathematics, Chinese teachers liked to provide intensive 
practice at different levels, immediately followed by new learning. 

Ms. Jing’s class. To enhance students’ proficiency in changing 
fractions into decimals, Ms. Jing had students do the following 10 
fractions in three minutes: 1/2, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 1/8, 1/20, and 
1/25. 
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She required all students to quickly remember these basic facts in 
one minute. Then she asked the students to give the answers again one by 
one. All students answered simultaneously. 

To reinforce understanding of new learning, Ms. Jing ended the class 
with a set of problems. She asked students to determine which fraction 
could be changed into a terminating decimal: 


7 4 
gp as 320.67, 45432. 
515 8 2 4 6 


By answering orally and simultaneously, students showed their 
proficiency and understanding. She summarized the key points of the 
lesson. This practice not only reviewed the new knowledge, but also 
strengthened students’ understanding. 


4.2 Teachers’ beliefs 


The above samples of Chinese classroom teaching addressed how 
Chinese teachers integrated the learning-questioning and learning- 
reviewing instruction model to enhance students’ learning of 
mathematics, focusing on using oral and layered practice to promote 
students’ thinking, reinforce their understanding, and help students 
achieve proficiency in mathematics. What are the beliefs about learning- 
questioning and learning-reviewing strategies of these teachers? The 
following Chinese teachers’ beliefs explained why they used learning- 
questioning and learning-reviewing strategies to enhance students’ 
learning. 


4.2.1 Primary focus on teaching mathematics 


In responding to the question of the primary focus in mathematics 
teaching, Chinese teachers believe that both conceptual understanding 
and procedural development are important. Ms. Jing describes her point 
of view on the importance of both types of knowledge: 


Skills cannot be separated from concepts. Depending on the 
lesson being taught, I decide to focus on the concepts or the 
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procedure. In today’s lesson, I focused on skill development; I 
had students discover rather than instill knowledge into the 
students. Usually proficiency relates to skills and the mastery 
method relates to concepts. 


Ms. Jing expects her students to master basic skills and learn 
thinking methods. In order to develop basic skills in her students, Ms. 
Jing requires them to have clear concepts and do intensive practice. 
However, she does not emphasize the result but the thinking process. In. 
order to concentrate on the thinking methods in teaching, she designs and 
selects good practice problems for her students. 

Ms. Fang’s primary focus in teaching mathematics is the 
development of conceptual understanding. She said, “Only if students 
have conceptual understanding can they answer questions; by answering 
questions, students develop skills.” Therefore, she helps students develop 
skills through practice with all kinds of problems. 


4.2.2 Thinking method and thinking ability 


Thinking method in mathematics learning is referred to as “approaches 
of thinking in mathematics” in this study. Thinking method is not just a 
one-dimensional way of thinking; it includes understanding and analysis 
of a problem from various angles, comparing and contrasting different 
strategies, reasoning and justification for the strategies, making a 
decision for the best approach, and reflecting on problem solving. All 
Chinese teachers in this study believe that teaching mathematics is 
teaching a “thinking method.” For example, Ms. Ren considers that 
mathematics teaching is easier than teaching other subjects, because “‘it 
teaches methods.” She believes that she is teaching a thinking method 
when she teaches mathematics. 

Ms. Bao has no doubts about the belief that teaching mathematics is 
similar to teaching a method: “Students should learn methods (skills) and 
enhance their thinking ability” and “When students can solve problems 
that involve critical thinking, they feel successful”. In order to enhance 
students’ thinking methods, she believes that students should “learn basic 
knowledge points and practice techniques.” 
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With rich knowledge of “thinking methods,” students will develop 
strong thinking ability. Most teachers view “thinking ability” in broad 
terms. Ms. Jing addresses the importance of thinking ability in students’ 
lives, “I like to teach mathematics because mathematics learning helps 
students to develop thinking abilities that they can use in all areas of 
life.” 

To enhance students’ thinking ability, Ms. Fang uses practice and 
questions. She designs practice problems in layers, from easy to difficult. 
By working on the problems and answering questions orally, students 
engage in the thinking process and communicate their opinions. “This 
training of thinking, using both written and oral practice, will improve 
students’ abilities to think for themselves and extend their thinking to a 
higher level.” To know the character of an individual student’s thinking, 
Ms. Fang likes to “ask several ways of solving one problem and try to 
find a unique approach from the student.” 


4.2.3 Question and review strategies 


In this study, Chinese teachers believe that to teach mathematics 
effectively, a teacher should design different levels of questions to 
promote and support students’ thinking. To learn new knowledge and 
reinforce new learning, teachers should guide students in reviewing prior 
knowledge for readiness of new learning and review the new knowledge 
to gain new insight. 

To promote students’ ability to think through question strategies, Ms. 
Fang likes to design practice problems and questions with layers, from 
easy to difficult, and have students answer them orally. By answering 
questions, the students solve problems mentally and express their 
opinions openly. Ms. Fang believes that this training of thinking, using 
both written and oral practice, will improve students’ ability to think. 

To promote students’ thinking by answering questions, Ms. Jing 
encourages students to engage in the learning process actively. She 
explained, “Mathematics is abstract; if students actively engage in the 
learning process, students will think about questions and try to answer 
questions. Understanding how students think is very important to the 
teacher.” 
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Teachers in this study used a review strategy in various forms to help 
students review and learn new knowledge in the learning process. To Ms. 
Fang, new knowledge of mathematics is relatively easy to teach, because 
the new lesson is only taught for about five to six minutes every day; the 
rest of the time is spent reviewing prior lessons and with practice 
problems. She pays much attention to helping students review and 
reinforcing prior knowledge before starting a new lesson. She believes 
that if students’ prior knowledge reaches a certain level of proficiency 
and fluency, new knowledge will be mastered easily. 

Ms. Bao uses oral practice and oral competition activities as a form 
of review every day. During morning independent study time, students 
have 15-20 minutes to practice orally. In mathematics class, before 
starting a new lesson, she always gives a set of problems for students to 
do orally. For example, in the observed class in this study, she had 
students answer eight problems orally before the new lesson. During the 
lesson, she usually has an oral competition to reinforce conceptual 
understanding and proficiency in basic skills. Students who got the right 
answer stood up until the whole group was standing up. This activity 
increased the students’ interest in learning mathematics, gave students a 
chance to stretch, and promoted fluency in concepts and skills. 

Ms. Jing believes in a strong connection between prior and new 
knowledge. She said, “I hope my students do not say ‘new’ for every 
day’s lesson; students should be able to connect the prior knowledge to 
the new.” 


5 Discussion 


The results in this study indicate that the process of learning-questioning- 
learning-reviewing is an effective learning process for promoting 
students’ mathematics thinking, reinforcing understanding, and 
enhancing proficiency in mathematics. Moreover, Chinese mathematics 
teachers’ beliefs have a deep impact on their teaching practices. 
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5.1 Inquiry process of learning mathematics — learning and 
questioning 


Asking questions is one of the effective ways to engage students in 
learning and it promotes students’ thinking. Probing questions can guide 
students in developing a deep conceptual understanding and raise their 
thinking to a higher order. Probing questions are effective in identifying 
student errors through engaging students in reasoning and thinking 
processes (Carroll, 1999). In addition, questions assess learning, promote 
discussion, and provide direction for teachers in planning. Posing 
questions in mathematics teaching is one of the features of Chinese 
education, which reflects the main focus of the Nine Chapters on the 
Mathematical Art. Using these guidelines, Chinese teachers are urged to 
develop and use sequences of questions during planning and use these 
questions throughout instruction. In this study, the questioning strategy 
was displayed extensively in the observations of Chinese teachers’ 
mathematics classrooms. For example, Ms. Ren posed three questions on 
the blackboard at the beginning of class to connect prior knowledge to 
new learning and promote students’ thinking. During the lesson, Ms. Jing 
posed the questions, “How can we determine if a fraction is terminating 
or non-terminating? What factor affects the result?”, to guide students in 
observing the solved problems and engage them in an inquiry learning 
process. By asking “Why do you do it in this way?’, Ms. Bao 
encouraged students to reason and explain their thinking. Questions, such 
as “Is there any other way?”, encouraged students to think in different 
ways and expand their knowledge. Furthermore, Chinese teachers not 
only asked focusing questions to identify each student’s thinking, but 
also understood students’ thinking in different ways. For example, Ms. 
Fang’s questions, “Which way is easier? Why?”, also directed students 
toward comparing and contrasting different ways of problem solving and 
to make a right decision in problem solving and extend their thinking 
toward a higher level in mathematics. 


5.2 Inquiry process of learning mathematics — learning and reviewing 


The observation of classroom teaching in this study showed that Chinese 
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teachers spent at least one-fourth of their time reviewing prior knowledge 
at the beginning of class and reinforcing new knowledge during the 
lesson. The review process not only promotes continuity and helps attain 
a more comprehensive view of topics previously covered, but also is a 
diagnostic tool that helps teachers identify students’ strengths and 
weaknesses as well as provide valuable insight for future instruction 
(Suydam, 1984). 

In the introduction of new concepts, all the Chinese teachers were 
able to connect to students’ prior knowledge; it helped students not only 
understand and reinforce the knowledge being taught but also to picture 
mathematics as an integrated whole rather than as separate knowledge. 
The classroom observation with Ms. Bao showed that she understood the 
importance of prior knowledge in students’ learning. She provided a total 
of 11 problems for students to review and make a connection with prior 
and new knowledge. To increase students’ proficiency level in adding 
simple fractions, she asked students to answer questions orally and 
quickly. Ms. Jing also posed two sets of five questions for her students to 
review at the beginning of the lesson, connecting the new lesson 
gradually and developing conceptual understanding and skills step by 
step. To reinforce new knowledge, Ms. Jing had students do 10 basic 
conceptual and skill problems in three minutes during the new lesson. To 
help students reach a proficiency level, Ms. Jing again required students 
to quickly remember basic facts from these 10 problems in one minute. 
Then she asked the students to give the answers again one by one 
simultaneously. 

Reviewing prior knowledge and connecting it to new learning 
develops generalizations and helps students solidify what they have 
learned, and allows them to transfer the knowledge to new situations 
(Suydam, 1984). Linking the new and prior knowledge in context also 
helps students know why and how to learn the new topic and grasp new 
knowledge with better understanding. This strategy is supported by the 
National Council of Teachers of Mathematics (NCTM, 1989): 
“Connection among topics will instill in students an expectation that the 
ideas they learn are useful in solving other problems and exploring other 
mathematical concepts” (p. 84). Furthermore “Because students learn by 
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connecting new ideas to prior knowledge, teachers must understand what 
their students already know” (NCTM, 2000, p. 18). 


5.3 The impact of teachers’ beliefs 


Educators from many countries agreed that mathematics teachers’ beliefs 
have a powerful impact on their teaching (Ernest, 1989). The results of 
this study confirmed the impact of Chinese teachers’ beliefs on their 
teaching. However, Chinese historical and cultural development 
influences teachers’ beliefs. In this study, the learning-questioning and 
learning-reviewing instructional model is identified as one of the 
characteristics of Chinese mathematics teaching and learning. Chinese 
teachers believe that conceptual understanding and procedural 
development are equally important in mathematics teaching; teaching 
mathematics is to teach thinking methods and enhance thinking abilities. 
To help students develop conceptual understanding and achieve 
proficiency, mathematics teachers need to direct students’ learning using 
the inquiry process of the learning-questioning-learning-reviewing 
model. In this process of inquiry in learning, students learn methods of 
thinking, make connections, reinforce their understanding, gain insights 
into new knowledge, and enhance their abilities in problem solving. 
Importantly, this learning process helps students build a strong and solid 
foundation of basic concepts and skills, which is a bridge to achieving 
proficiency in mathematics. 


5.4 Conclusion 


This study examined the influence of Chinese culture and teachers’ 
beliefs on the development of the unique characteristics of Chinese 
mathematics teaching and learning: using the learning-questioning and 
learning-reviewing instructional model. The results of this study indicate 
that the learning-questioning and learning-reviewing process is an 
effective approach to enhance students’ understanding of mathematics 
concepts and reinforce mathematics proficiency in mathematics 
classrooms. 
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There is limitation as to how the results can be applied to teachers in 
China because the samples of subjects included only four teachers in four 
schools in one city in China. Therefore, this study cannot be generalized 
to all mathematics teachers in China. However, the results of this study 
provided insight on how to use the questioning and reviewing strategies 
in teaching and learning mathematics and how teachers’ beliefs impact 
their mathematics instruction. 
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Chapter 18 


The Effects of Different Representations 
on Mathematics Learning of Chinese Children 


XU Binyan 


This chapter reports an experimental program on mathematics learning 
in one primary school in Shanghai, China. The following research 
questions were addressed: By means of different representations, could 
Chinese children exhibit their individual cognitive structures 
(functional versus predicative)? What effects did the different 
representations have on children’s constructing mathematics concepts? 
Could the children be facilitated to actively learn and think, and to self 
reflect on their learning process? In the experimental program, children 
were encouraged to select partial representation by solving 
mathematics problems. It was shown that children could think in 
relation or in function of mathematics objects and learn to reflect on 
their learning process. They could experience the benefits of external 
representations and manifest the interest in active learning. 


Key words: different representations, mathematics learning, Chinese 
children 


1 Introduction 


This research is based upon more than 10-year cooperation with 
professors and the research group from the University of Osnabrueck in 
Germany. Since the end of 1988, I have studied as a doctoral graduate 
student in the University of Osnabrueck, guided by Schwank and 
Cohor-Fresenborg, who researched for a long time the cognitive 
structures and strategies in solving mathematics problems and 
constructing mathematics concepts. In particular, Schwank has put 
forward the theory about functional versus predicative cognitive 
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structures. Through several experiments, we have found that this theory 
strongly explain different individual behaviors which would be observed. 
I have also selected such project as my PhD dissertation, namely, I have 
studied functional versus predicative cognitive structures of Chinese 
children by constructing the algorithm concepts. According to the 
conclusion of my PhD dissertation, we can see that Chinese children are 
also able to exhibit different cognitive structures. The different cognitive 
structures are independent from culture context. My research could lead 
to many discussions in the field of Chinese mathematics education: How 
can we understand children’s mathematics learning process? How can we 
organize lessons to facilitate effective learning by means of the different 
representations? After completing my PhD dissertation studies, I returned 
to my University (East China Normal University). While my advisors 
Schwank and Cohors-Fresenborg encouraged me to continue my 
research, my colleagues also encouraged me to continue to study how 
primary school children learn mathematics. The following research work 
has showed our efforts in this research field, which informed us how 
Chinese children construct mathematics concepts by means of different 
representations and what role do external representations play in 
learning. 

In contrast to the traditional situation of learning mathematics of our 
Chinese children, through this program, children were able to understand 
basic ideas by constructing and operating the computer program; 
children were able to pay more attention to the process of forming 
mathematics concepts; children were brought up to think actively and 
initiatively and became good at reflective thinking. 


2 Theoretical Background 


The cognitive-oriented mathematics education has been more and more 
valued. From the international point, von Glasersfeld, one of the 
outrunners, who apply themselves to research the individual difference, 
wrote in 1983 an article and pointed out: “we come to see knowledge and 
competence as products of the individual 5 conceptual organization of the 
individual 5 experience, the teachers role will no longer be to dispense 


Effects of Different Representations on Mathematics Learning 485 


‘truth’ but rather to help and guide the student in the conceptual 
organization of certain areas of experience.” (von Glasersfeld, 1993, pp. 
66-67). He emphasized that we must consider in-depth individual 
cognitive structure while teaching knowledge and competence, so that 
learners will acquire knowledge by dint of their special experience. 

In addition, Davis (1992) proposed to pay attention to mental 
representation by studying mathematics education. He mentioned that 
the focal point of didactic research is to investigate how teachers help 
students to understand problem, pose and solve the problem, and make 
use of representations of problem. He pointed out that more cognition 
science oriented research was needed. Children should be treated as 
individuals and their mental representation while working with problems 
should be analyzed. 

In such a research field, the theory proposed by Schwank from 
Germany is also significant and revelatory. As early as 1986, she has 
already mentioned individual diversity of cognitive structure in her paper 
“cognitive structures of algorithmic thinking” (Schwank, 1986). Since 
then, she has been working on the individual diversity both in the 
theoretical and practical sense with her international research group work. 
Schwank (1993) differentiates predicative structure from functional 
cognitive structure, by saying that a preference for a predicative 
cognitive structure in a given situation means the expression of a static 
relation or the focusing on the structure and its description, whereas a 
preference for a functional cognitive structure has a distinctive 
consciousness for processes and thinking in effects. In the following 
figure, Schwank expound her theory about different cognitive structures. 

In addition, Schwank pointed out that when facing same problem 
situations, the individual will solve problems according to different 
cognitive orientations. When the external representation fits a preferred 
cognitive structure of an individual, a resonance between this external 
representation and the preferred cognitive structure will be formed 
(Schwank, 1990a). In such a case, problem solving will be most effective 
and active. In our project, we intend to construct a similar situation, in 
which children can have a chance to learn effectively and actively. 
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Problem given in a specific microword 


Cognitive grasping by means of 
the preferred activated cognitive structure 


Grasping Grasping 
structures/concepts structures/concepts 
by means of by means of 
predicates/relations functions/operations 

between different on different — 
(mathematical) objects (mathematical) objects 


Thinking in Effects 


Development of an Development of an 
Internal conceptual Internal conceptual 
representation for representation for 

Statie grasping Dynamic grasping 


Figure 1. Predicative versus functional cognitive organization (Schwank, 1999, p. 87) 
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3 Research Question and Hypotheses 


In my dissertation (Xu, 1994), I studied the cognitive structures of 
Chinese children during solving the problems about algorithm, by means 
of three different external representations (Schwank, 1990b, pp. 18-19, 
see also the appendix of this chapter). We found that Chinese children 
manifested their individual cognitive structures: some preferred 
functional thinking, while some were good at predicative thinking. We 
observed that different representations played special roles in children’s 
learning process. 

In this experimental program, we further analyzed whether Chinese 
children could exhibit their individual cognitive structures (functional 
versus predicative) by means of different representations, what effects 
the different representations had on constructing mathematics concepts, 
and whether the children could be facilitated to actively learn and think, 
and to self reflect on their learning process. 

After experiencing the three different tools, the children in our 
project were encouraged to select representations, which they preferred, 
in solving mathematics problems. It was shown that some children 
preferred thinking in structures of mathematics objects, while others 
preferred thinking in function of mathematics objects. In such a learning 
environment, Chinese children were challenged, they needed to adjust 
themselves from previous passive learning and teaching strategy, they 
could learn to reflect on their learning process, they were able to 
experience the benefits of external representations and show interest in 
active learning. 


4 Method 
4.1 Participants 


The participants in our project included 30 fourth graders, who came 
from the First Center Primary School in Hongkou District, Shanghai, 
China. After being briefed about the goals of the elective course, these 
children volunteered to take part in the course. Most of them were good 
at or interested in computers. 
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4.2 Design 


The experimental program was designed as an elective curriculum in the 
school, which consisted of 10 sessions. Each session lasted about one 
hour. During first four sessions, children would learn and experience 
different representations, while organizing algorithmic activities (e.g., 
addition or subtraction algorithms). From the fifth to ninth session, 
children would need to analyze or construct problems and then select 
representation to solve these complex problems. During these sessions, 
children worked with computers and observed how computers used 
algorithms, which they had constructed. In the last session, children 
would play a game, in which they made use of knowledge, which they 
had learned. 


4.3 Procedure 


According to the design, we conducted one session per week and each 
session was screened. After that, all films were analyzed. We tried to 
understand children’s behavior in both verbal and nonverbal activities. 
After each session was conducted, we discussed with school teachers and 
our research group to make a adjustment to the instructional design so 
that children would not be fastened by traditional instructional ideas. 


5 Results of the Project 


e In this project, we found that there was individual difference in 
mathematics thinking during problem solving. We concluded that 
children have their individual cognitive structure (functional or 
predicative cognitive structure). By means of three different 
representations, we observed that some children preferred to consider 
statistic characters, for example, the number of sticks in the box, or 
the number shown on the switch with rotating number counter. But 
some children were good at analyzing dynamic process. For example, 
they considered how and why the number changed and how to 
control the process. 
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Situation I. Children studied/acted in the third session. After each group 
had built one algorithmic machine (circle orbit) with Dynamic Labyrinth 
(Cohors-Fresenborg, 1976; see the appendix of this chapter), teacher 
showed the children the orbits built by each group. After which, the 
children compared and discussed the different orbits and came to 
recognize how algorithmic problem would be used on each circle orbit. 
Two children (S1, S2) discussed with the teacher (T): 


T: Now let us look at the two orbits. Is it built by the third 
group or the fifth group? 

S1: Yes, our group made it. Let me show you how we do the 
addition. [S1 put 2 in the switch 1, put 4 in the switch 2. 
Now he is shifting the stick in the orbit.] 

T: Ok, try it. 

S1: Can you see, now it is 1, here is 5, now it is 0, here is 6. So I 
have finished it. 2 plus 4 is 6, now here is 6, our orbit is 
correct. 

S2: But the way is too long, I think our orbit is better. We can 
shift the switch 1, then quickly to the switch 2, I am shifting 
the switch 2, again I am shifting the stick to the switch 1, the 
number has been changed, go ahead. 

S1: But we have reached the same outcome. 


Situation If. Children worked in the seventh session. These children had 
knowledge with addition of two numbers. Here, children would be asked 
to construct addition algorithms of three numbers. Children could select 
one of the three different representations, which they have knowledge of. 
At the end, children should come out with a program of this algorithm. 
One student (S) wanted to work at first, but she selected the box. 


S: I will make the addition of 3, 5, and 7. Now, I am putting 3 
sticks into the box, 5 sticks into another box, and 7 sticks 
into this box. 3 plus 5 plus 7. I take one stick, here I put one 
stick, I take one stick, put one stick, take one stick, put one 
stick. Now I am looking at another boxes. [S is doing it.] 

T: Why do you start your work with other boxes? 

S: There is no sticks. 

T: How do you know it? 
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S: There is only 3 sticks, I have counted it, when I have taken 
them. 


Observation and comment: Now lets analyze the first situation. 
According to their verbal expressions, we could conclude that the first 
student (S1) paid more attention to the number status in the switch with 
the rotating counter, while he shifted sticks in his orbit. That is to say, he 
didn’t consider another position, which also played an important role in 
using the algorithms. For him, the most crucial was to know whether the 
solution was correct. We believed that this student was good at thinking 
in static condition and also good at getting solution, but he didn’t 
consider much about the approach. When we looked at the second 
situation, we could also conclude that the student (S) preferred to 
consider static elements, while she used the addition algorithms. 

Similarly, we studied the second student in the first situation. This 
student paid more attention to the change of the number that was 
reflected on the switch with the rotating counter. Moreover, he could 
discern which way was essential for using the algorithms. So he judged 
that his classmate had wasted accessory in building the orbit. We 
concluded that he was good at thinking in function and approach. 

In conclusion, base on the analysis of the above two situation, we 
argue that there are individual differences in cognitive structure 
(functional or predicative) in solving mathematics problems. 


e The different representations can shape the learn environment in 
which children could be facilitated to think actively, construct 
important concepts initiatively, for example, concept of variable, or 
condition of running algorithms. 


Situation T. Children worked in the first session. They acted as a robot 
and learned basic concepts by using algorithms. In order to control this 
approach, children tried again and then brought forward several 
suggestions. Eventually, one student found an activity for controlling 
algorithmic approach with reasons. The student suggested that robot 
should touch the box and then judged whether this process could be 
carried on. Let’s look at the following dialogue between two children (S1 
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and S2) and teacher (T): 


T: Why did you let the robot stop the operation? 

SI: I have counted, the robot has taken 8 sticks. Maybe it 
must stop. 

T: Maybe? 

S1: Idon't know how many sticks in this box. 

T: The robot works automatically, he cannot know how many 
sticks. 

S2: Can the robot touch the box? 

T: yes, I have mentioned it. 

S2: I think we can order the robot. At first he should touch the 
box, if there are some Sticks. 

T: Then? 

S2: When there are some, then do it again. 

S1: Oh, I know, when he doesnt touch sticks, then he will 


stop. 
S2: Yes, I think so. 
T: Good idea.. 


Situation II: Children worked in the seventh session. They inputted the 
algorithmic program into the computer and observed how the computer 
ran the program (see the appendix of this chapter). One student found 
something was changing, i.e., on the left of the screen, one scalar, which 
displayed the number of operational steps the computer took, would be 
changed, when different input data were used. After a period of 
observation, the student claimed that the number of operational steps was 
related to the input data. She expressed the following: 


S: I think this amount is related to the input data. When we 
have another input data, then another amount has 
appeared. When I know input data, then I can count the 
amount of running operations. 

T: Very good. 


Observation and comment: In the first situation, the student (S2) 
concentrated on constructing addition algorithms. On one hand, he 
looked into the activity by another children, on the other hand he 
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initiatively manipulated the sticks. Gradually, he realized that the 
addition algorithms would be conditioned. A crucial idea emerged. He 
suggested that through the activity ‘touch the box’, one can control the 
approach to construct algorithms. This self-constructed concept 
‘algorithmic condition’ was the foundation for analyzing, constructing 
and understanding algorithms. 

The three representations provided children with the opportunities to 
exhibit their preferred thinking and construct key concepts initiatively. In 
the second situation, we could see how the student learned the idea of 
variable and function. While observing the running of algorithms and the 
changes in elements, the student was inspired to consider the variance of 
several elements, including output. Then she boldly explained that the 
number of operational steps depended on the input data. She also pointed 
out that the relationship between the number of operational steps and 
input data. It was to show that the elementary idea on variable and 
function was constructed. 


e Through this project, children were be encouraged to reflect on their 
approach to solve problem in different representation formats, verbal 
or nonverbal. Children learned to analyze their mistakes or 
misunderstanding during problem solving. Children’s ability in 
reflection would be facilitated. 


Situation I. Children acted in the sixth session. Children and teachers 
worked interactively. After the children did exercises in the classroom, 
they were asked to reflect on their work. In particular, children discussed 
about misunderstandings in the exercises, explored the reasons why they 
were produced, and how they should be eliminated. About some errors in 
the exercises, two children (S1, $2) talked to each other as follows: 


Si: I have forgotten where I should put the symbols. [SI 
pointed to the pair of symbols “(, )”.] Now I know how I 
Shall use the symbols. I must write this symbol at the end 
of the program. 

S2: No, I dont think so. When we need this operation only 
once, it means, we don t repeat it, so we don t use of this 
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symbol. 

S1: Yes, I know the meaning of symbols. It means “repeat”. 
Oh, I only remember the position of symbol, it is not 
enough. It is “repeat”. 

S2: Yes, the function of the symbol is “repeat”, the stick will 
shift again. It is easy to know, when we let the computer 
work, we tell him with this symbol whether it should 
repeat. 

S1: Oh, this symbol means “repeat”. 


Situation IT. Children worked in the eighth session. At first, the addition 
algorithm about three numbers was reviewed. The Children were asked 
to write corresponding programs and explain the meaning of the 
programs. Some children found their errors and modified them, while 
they listened respectfully to the explanation from other children. 


Observation and comment: In some exercise papers, while there were 
several question marks, children were encouraged to reflect their 
misunderstanding. Some children analyzed their errors by means of 
different representations. For example, one student stuck to the structure 
of symbols, and seldom thought of the function in symbolic form. But 
another student paid attention to the meanings, which were represented 
by symbols. We concluded that different representations would motivate 
children to reflect and evaluate by themselves. Also we observed that 
while some children reflected on their errors or misunderstandings, other 
children listened to their explanation. During the process, the latter 
analyzed their classmates’ explanation and then reflected on their own 
problem solving procedures. We supposed that children had experienced 
an interactive reflection; reflection made by one child would affect 
another children’ reflection action. 


e The different representations provided children with multiple 
learning situations, in which children choose their preferred thinking 
structure, meanwhile their learning motivation were strengthened. 


Situation: Children acted in the third session. In this session, the learning 
action taken by the children was to construct a circle orbit to solve an 
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addition problem with the switches from Dynamic Labyrinth. This was 
new to the children. However, the teacher encouraged the children to 
make use of those materials to present their ideas bravely. Initially, the 
children experienced several frustrations, but they gradually finished the 
task through the cooperation with other children. 


Observation and comment. We established an environment in which 
children experienced the nonverbal actions, which might be ignored 
during the routine mathematics teaching and learning. In the front of 
their completed addition orbits, most of the children relaxed and laughed 
loudly. They vied with each other to test and validate their algorithmic 
orbits. Spontaneously, several groups marked their solutions as art 
products (see Figure 2). All these actions made us believe that children 
were proud of their efforts and achievements. They worked on 
mathematics problems under internal driven motivation. This learning 
motivation is like a roll booster, which pushed the participants forward in 
their learning, so that children experienced interest and challenges of 
learning mathematics concepts. Such experiences would be more 
valuable for our Chinese children, because in our traditional instruction, 
the children worked more on mathematics exercises than did 
mathematics interactively. 


6 Conclusion and Discussion 


After analyzing the children’s learning processes, we can conclude that 
the Chinese children exhibited their individual cognitive structures 
(functional versus predicative) through mathematics problem solving. 
The different external representations provided the children with 
opportunities to select such representations to make the resonance 
between external representation and children’ preferred cognitive 
structures. 
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Figure 2. The children were proud of their work 


We also realized that using different representations, children would 
be more actively participating in constructing and analyzing mathematics 
concepts. They were not only satisfied with the mathematics solutions 
they have achieved, but also paid attention to the approach of getting the 
solutions. Gradually, the children gain knowledge about this form of 
active learning. By going through such an experience, children 
understood the meaning of mathematics concepts more than just surface 
learning. 

In addition, children reflected their internal motivation during 
constructing or analyzing concepts with different tools. They were more 
interested in mathematics learning, which seldom happened in the 
traditional instructional environment. Children were able to experience 
the achievements obtained by themselves. These were important factors 
which facilitated children to learn initiatively. 

By investigating and reflecting the projects with the children, we 
found disadvantages which might be brought on by our traditional 
instruction. Some of the remarks pointed out by the children in our study 
were as follows: “in the classroom, sometime classmates spoke so light 
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and that I couldn’t hear from them, so that I couldn’t understand some 
exercises.”; “sometimes, the teacher explained so few, therefore I 
couldn’t understand it. Please say and explain something more.” From 
the above comments, we can see clearly that those children’s learning 
process heavily relied on their teacher or other children. They were in 
passive learning status. They were merely waiting for others’ input. The 
reason why they couldn’t understand was the knowledge came from 
others, not themselves. Their learning approach was just memorization. 

In conclusion, the study shows that such programs have positive 
effects on children’s learning of mathematics. That is to say, problems 
given in different external representations activate individual’s preferred 
cognitive structures. The programs provide children with effective 
environment in which children take the initiative in constructing 
mathematics concepts. Children experience the effective learning, i.e., 
learning is to construct knowledge, learning is to negotiate with social 
interaction, and learning is to actively practice. 

In order to design such a learning environment, we have to deal with 
two kinds of challenges. One is that children must know they are not just 
recipients of knowledge. They must take initiative in learning and work 
cooperatively. This will result in maximizing their personality and 
potential. The other is that teachers must change their conception about 
learning. Our teachers must understand the new meanings of learning. 
Teachers must recognize that they are not just initiators, but they must 
gradually shift their roles as guiders, dialogists, or learners. Teachers 
must know that individuals have different cognitive structures and 
recognize the resonance between external and internal representations of 
knowledge or problems. 
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Appendix 


Three different representations’ tools that children used in our project are 
followings: 


e Register box with sticks 


VEU ETAT 
VL Va 


Figure 1. Register box 


Register box has a finite number of cases that represent registers. 
There are sticks, which amounts represent data. In the experiment the 
cases will be shut out with hanging. Children act as robot and use this 
representation’s tool to do algorithms. 

For example, there is a data x, in the case 1, and data x, in the case 2, 
the addition (;+x2) will be run by means of this representation as 
following: Touch the case 1, when there isn’t stick, stop the activity, or 
else take one stick from the case 1, then put one stick into the case 2. The 
process will be repeated. 


e Dynamic Labyrinth 


Figure 2. Dynamic Labyrinth 


Note. Retrieved from _ http:/Awww.ikm.uni-osnabrueck.de/aktivitaeten/di/dynamic_ 
labyrinths/d]-construction-kit.html 
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Dynamic Labyrinth includes different kits that have special functions. 
Children use kits (specially, switch with rotating number counter) for 
building different algorithmic machine. The following is an adding 
machine. 


Figure 3. An adding machine 


Note. Retrieved from http://www.ikm.uni-osnabrueck.de/akitvitaeten/dl/dynamci_ 
labyrinths/dl-construction-kit.html 


The Addition will be run, while children shift a stick through the 
machine (orbit). It will be observed that the number in the rotating 
number counter will be greater, while children shift a stick through the 
right way of the switch. But the number will be smaller, while children 
shift a stick through the left way of the switch. 


e Program language 


R= 6 R=2 R;=0 R=0 
R=0 R0 R=0 R=0 
RS=0 


Figure 4. The screen of the computer. 


By means of this representation children use symbols for 
programming. There are following symbols that children meet: “S,” 
denotes subtract 1 from the register i; “4,” denotes add 1 in the register i; 
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“(; indicates judgment: when it is zero in the register i, then algorithm is 
finished, or else it is going on; “)” indicates repeat. (,5,4,) is an adding 
program. It means: repeat the following procedure, till it is zero in 
register 2: subtract 1 from the register 2, then add 1 in the register 1. 

Such program will be run in the computer. Figure 4 shows, the 
adding program (624:1) has been inputted and now the data has also 
been inputted, 6 in the register 1 (R; = 6), 2 in the register 2 (R= 2). 
After inputting a special instruction, the computer is running the 
algorithm and children can observe the data changing in different 
registers. RS records the total amount of running S and A, while one 
algorithms is running. 


Section 4 


INSPIRATION AND 
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Chapter 19 


The CHC Learner’s Phenomenon: 
Its Implications on Mathematics Education’ 


WONG Ngai-Ying 


In the past decades, the outstanding performance of Asian students, 
especially in the subject of mathematics, had raised the eyebrows of 
sociologists, educationalists, and psychologists. Many of the studies 
attributed the success of CHC learners to the ideology of Confucianism 
itself. At the same time, cautions were made not to “over-Confucianize” 
in such explanations. The attention has also turned to the identification 
of good practices (or even just practices) in various regions irrespective 
of their cultural origins (whether it is “Confucian”, “Daoist”, “Eastern” 
or “Western”), aiming at shedding light to contemporary pedagogical 
practices. In this chapter, after reviewing the trend of CHC studies in the 
past fifteen years, the author would like to inspect the three Chinese 
traditions of calligraphy, martial art, and seal carving. We will look into 
their courses of training and philosophies of pedagogy, especially their 
view to practices, to see what lessons we can learn from them. The 
chapter is concluded by the description of the author’s perception of the 
“CHC script”. 


Key words: Confucian Heritage culture, repetitive learning, practices, 
memorization, rote learning 


For centuries, the Chinese have been fleeing from wars and 
famines, fighting for survival from North to South, and from East 
to West. Through it all, they have tried to build a brighter future 
for their next generation through education. This mentality has 


! The author wishes to pay tribute to his PhD thesis supervisor, Dr. David Watkins, for 
initiating the author into the fruitful research field of the CHC (Confucian Heritage Culture) 
learner’s phenomenon. 
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made the children of the CHC the hardest working learners on 
earth. 
(N. Y. Wong, in press; italics original) 


1 The Unfolding of a Myth 


In the past decades, the outstanding academic performance of Asian 
students, especially in the subject of mathematics, had raised the eyebrows 
of sociologists, educationalists, and psychologists (Bond, 1996a; Lau, 
1996; Watkins & Biggs, 1996, 2001; N. Y. Wong, 1998a). “The New Whiz 
Kids,” the cover story appearing in Time magazine (Brand, 1987), may 
have been the first to bring this phenomenon to the notice of the public, as 
well as sociologists and educationalists. Since then, such a “myth” (as 
described by scholars like Biggs, 1994, 1996a; Watkins, Regmi, & Astilla, 
1991) persisted. CHC regions (including Mainland China, Taiwan, Hong 
Kong, Singapore, Japan, and South Korea) scored high in international 
comparisons such as the International Mathematics Olympiads (IMO), 
International Assessment of Education Progress (IAEP), the Third 
International Mathematics and Science Study (TIMSS), and Programme 


for International Student Assessment (PISA). 
In the article “The New Whiz Kids”, Brand (1987) stated a number of 


facts that may have been disturbing those who believed in Western 
superiority to the Oriental system in respect of educational system and 
who saw the latter relying mostly on drilling and rote learning (Murphy, 
1987). The article also deliberately drew a distinction between the 
Confucian and the Buddhist traditions among various Asian cultures and 
argued that “immigrants from Asian countries with the strongest 
Confucian influence — Japan, Korea, China, and Vietnam — perform best. 
By comparison, ... Laotians and Cambodians, who do somewhat less well, 
have a gentler, Buddhist approach to life” (p. 45). Thereafter, the CHC 
learner’s phenomenon has become one of the most researched areas 
worldwide. 

In this chapter, we would start off by giving a summary of the 


The CHC Learner 5 Phenomenon: Its Implications on Mathematics Education 505 


discourse in the past decades (which can be conceptualized in Figure 1)? 
With such a background, we would like to report on a recent attempt to 
bridge between “basic skills” and “higher-order abilities” by the 
systematic introduction of variations. After that, we would like to offer 
speculations on the search of the “CHC way” of teaching, if there is 
anything as such. 


CHC 
phenomenon 


Confucian vs. Confucian 


a m Buddhist culture ideology of Faradox 
Cota s catal ae (Brand, 1987; Leu laming (W. O. (Watkins & Biggs, 
telationehips posib! & C. J. Wu, 2002) Lee, 1996; J. 1996) 
(N. Pikes aig Y. Li 20034) 
pea) Cultural Cates ; In search of 
er toa) laming (N. Y. “true” picture 


Precautions on “over- Wong, 19984) 


Confucian” 
explanations 
(N. Wen 2002) K Who are the Disregard who are the 
Chinese? (cultural) Chinese : search for 
good ways of work (Dahlin & 
Confucianism mingled with Watkins, 2000; Marton, 
other traditions and What are Watkins, & C. Tang, 1997) 
institutionization (including (“mainstream”) 
exam culture) (F. K. S5. Chinese cultures? 
Leung, 2001; P. Y. Lee, D.- What is actuall 
Z. Zhang, & Zheng, 1997; Where eae 1s actually 


; happening 
Pong & Chow, 2002) find the Chinese? among the 


Traditional ways 
of learning (N. Y. 


Wong, in press) 


(Chang, 2000) Chinese (Biggs, 


& Watkins, 
. Chinese classics 
(Siu, 1995} 


Figure 1. Research on the CHC learner’s phenomenon for more than a decade 


? Earlier versions of some parts of this chapter may appear in the author’s previous 
publications like N. Y. Wong (1998b, 2002, in press) and N. Y. Wong and W. Y. Wong 
(2002). 
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2 Common Conceptions and Misconceptions of the CHC Learning 
Environment 


With the brilliant performance of CHC learners, some researchers turned 
to more in-depth studies on mathematics problem-solving among CHC 
students (see e.g., Cai, 1995; Stevenson & S. Y. Lee, 1990), while others 
began to identify features particular to the CHC learning environment. It is 
generally perceived that the CHC learning environment stresses recitation 
and memorization, large class with passive learners, teacher-centered, and 
authoritative teacher. This kind of setting is in sharp contrast to what is 
found to be conducive to learning (Biggs & Moore, 1993). For instance, an 
international visiting panel commented in its report to the Hong Kong 
government that Hong Kong mathematics classroom “has a large size and 
is crowded, ... with students filling the entire room” (Llewellyn, Hancock, 
Kirst, & Roeloffs, 1982). In addition, the same report pointed out that the 
Hong Kong curriculum is examination-driven, putting great emphasis on 
lecturing, memorization, and preparation for in-school and public 
examinations (see also Morris, 1985, 1988). Furthermore, disapproval is 
also a frequently used technique to control social behavior (Winter, 1990). 
As noted in Biggs (1994), CHC classes are “typically large, usually over 
40, and appear to Western observers as highly authoritarian; teaching 
methods appear as mostly expository, sharply focused on preparation for 
external examinations. Examinations themselves address low level 
cognitive goals, are highly competitive, and exert excessive pressure on 
teachers and exam stress on students” (p. 22; see also Biggs, 1991; D. Y. F. 
Ho, 1991; Morris, 1985). On top of this, modern Chinese parents place 
great emphasis on academic achievements of their children (#2 F JÈ) (D. 
Y. F. Ho, 1986; see also Cai, 2003). Their children, on the other hand, 
study hard to meet the expectations of their parents (RHA); they often 
attribute their academic success and failure to the efforts they have put 
into their work (Hau & Salili, 1991, 1996). However, all these could not 
satisfactorily explain the CHC learner’s phenomenon. 
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3 Revelations from Empirical Studies 


On the contrary to the above impressions, it was repeatedly found that 
CHC students have strong preference to deep approaches to learning, 
which is the opposite of rote learning, than Western students have (Biggs, 
1990, 1991, 1994; G. Y. Chan & Watkins, 1994; Kember & Gow, 1991; 
Watkins & Ismail, 1994; Watkins et al., 1991). Biggs (1994) made a clear 
distinction between rote learning and repetitive learning. Other research 
supported the hypothesis that excellent academic performance of CHC 
learners may be due to a synthesis of memorizing and understanding 
which is not commonly found in Western students (Marton, Dall’ Alba, & 
Tse, 1996; Marton, Watkins, et al., 1997; Watkins, 1996). It was also 
found that recitation was common among CHC learners to bring about 
sharp focus and better understanding (Dahlin & Watkins, 2000). 

Biggs (1994) offered a new perspective on “the teacher as the 
authority in the classroom” which was often regarded as having a 
dampening effect on students formerly. He identified the relationship 
between teacher and students as one of “mentor/mentee relationship.” 
Besides, Hess and Azuma (1991) noted a mixture of authoritarianism and 
student-centeredness in the CHC classroom. However, regardless of these 
new insights, the academic success of CHC learners is still largely 
inexplicable (see also Biggs, 1996a, 1996b). Various empirical research 
also made similar observations. The CHC teacher was found to bear a 
moral responsibility of caring for their students and an implicit influence 
(especially on character cultivation) exists behind the façade of the 
transmission of knowledge (Gao & Watkins, 2001; I. T. Ho, 2001). In 
addition, students seem to be passive in the CHC classroom, yet it may be 
demonstrating a socialization of “listenership” (as opposite to 
“speakership”). Thus students appear to be silent and passive in class, yet 
they are attentive and mentally involved (Hatano & Inagaki, 1998; Inagaki, 
Hatano, & Morita, 1998; J. Li, 2003a, 2003b, this volume). 

Series of studies were performed to investigate CHC students’ 
performance in non-routine problems (open-ended problems in particular) 
and their conception of mathematics. For instance, besides revealing that 
U.S. students performed in non-routine mathematics problems not much 
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poorer than Chinese students (Cai, 1995), Cai (2000) further discovered 
that though Chinese students performed better in process-constrained 
problems than their US counterparts, US students performed much better 
in process-open problems (see also Cai, Lin, & Fan, this volume). 

If CHC learners perform brilliantly in routine problems but not so in 
non-routine ones, could it be a consequence of how they view 
mathematics? A series of studies were conducted to investigate students’ 
and teachers’ conceptions of mathematics among students in Hong Kong 
and Mainland China (Figure 2). It was found that CHC learners possess a 
relatively restricted conception of mathematics In brief, they tend to 
identify mathematics by its terminologies and perceive it as a subject of 
“calculables.” They consider problem solving in mathematics as being not 
much more than a process of searching of rules by picking out various 
clues from the question. Some even do this by identifying the topic (or 
chapter of the textbook) to which the problems belong. Thus, CHC 
learners may solve various mathematical problems quickly and with 
precision, but whether they possess a genuine conceptual understanding of 
the mathematics concerned is open to conjecture (N. Y. Wong, 2001, 
2002). 


Students’ conceptions 
of mathe matics! 


Teachers’ Teachers’ mathe matics leaming 
conceptions of teaching behavior: 
mathe matics! shaping of the 
mathe matics leaming “lived space” 


Students’ problem- 
solving be havior and 
performance 


Figure 2. Research framework of conception of mathematics studies 


We have similar findings on teachers too. Though CHC teachers 
possess relatively broader conceptions of mathematics, their conceptions 
of mathematics basically resemble those of the students (N. Y. Wong, 
2001). However, this does not mean that either the CHC learner or CHC 
learning tradition lacks potential for deep understanding (Siu, 1995, 1999, 
this volume; Siu & Volkov, 1999; Stevenson & Stigler, 1992; Stigler & 
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Hiebert, 1999; Watkins & Biggs, 1996, 2001; N. Y. Wong, 1998a). We 
will return to this point in subsequent sections. 


4 The CHC Learner in Prototype 


Since the notion of “Confucian heritage” is repeatedly stressed, some 
scholars turned their attention to the ideology of Confucianism per se. 
Bond (1996b) integrated classic studies of Hofstede (1983) with the 
studies of Chinese Culture Connection (1987) and Schwartz (1994), and 
identified hierarchy, order, discipline, and a strong achievement 
orientation as the salient values common to such CHC regions as Hong 
Kong, Singapore, and Taiwan. CHC was often identified as a collective 
culture too (Kim, Triandis, Kagitcibasi, Choi, & Yoon, 1994). The 
following are often regarded as salient characteristics of learning in the 
CHC: social-achievement orientation (as opposed to individual- 
achievement orientation; see Yu, 1996), emphasizing diligence, attribution 
of success to effort, a competitive spirit, and a strong belief in the maxim 
“Practice makes perfect” (A fPg#Æ 13) (Bond, 1996b; Bond & Hwang, 
1986; Cheng, 1994; Hau & Salili, 1991, 1996; D. Y. F. Ho, 1986; W. O. 
Lee, 1996). In fact, two sayings demonstrate this belief: first, “diligence 
could remedy mediocracy” (# ff Zh fil); second, “familiarity breeds 
sophistication”. In brief, the CHC learner is envisioned as one who works 
harder instead of one who is smarter. 

It has been argued that Confucianism is “congruent with the cultural 
system of traditional China, basically an agrarian state” (Stover, 1974). 
This agricultural economy tied the vast majority of the population to the 
land and peasants can only maintain their livelihood on a subsistence level 
(Bond & Hwang, 1986, p. 215). The factor contributing to such 
outstanding performance among CHC students seems to be their 
orientation toward social achievement, the origin of which could be traced 
to the Confucian ideology and culture of de-emphasis of individual 
non-mundane pursuits. When Confucius was asked about life after death, 
he replied: “We know so little about this life, how can we know about life 
after death!” (RAE, 407E?) (The Analects, 11:12 EW ° Hitt 
—~]) Thus, it was perceived that the CHC philosophy of life is the 
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concentration of one’s efforts in achieving secular goals of this life. 
Moreover, the degree of a person’s success in life is judged not only by 
whether his or her achievement is passed on to the next generation (+ il), 
but also by a person’s worldly career and his or her contribution to the 
welfare of society (—7#%9); it is believed that though life is perishable, 
there are “three imperishables”: namely, erecting an example of a moral 
life, contributing to the country or his/her fellow people (or to the welfare 
of society), and establishing a school of thought. These factors are often 
seen as the origin of the achievement orientation of CHC societies (Qian, 
1945/1976, pp. 7-10). Since it is thought that the target of one’s life can be 
fully achieved by the continuing efforts of one’s descendents, parents 
always have high expectations on their children in respect of academic 
success. Retrospectively, children try to repay their parents by working 
hard in school, aiming at honoring them by obtaining good academic 
results (D.-X. Zhang, 1989). However, some other results of empirical 
studies are contradictory to this notion. For example, Ray and Jones (1983) 
discovered that Hong Kong students’ achievement motivation was lower 
than that of Australian students (other studies include Iwawaki & Lynn, 
1972; Yang, 1987. For details, see D.-X. Zhang, 1989, pp. 254-269). 
Following the above line of thought on the particular concern for 

mundane success and passing the success to descendents, what is 
commonly regarded as external motivation could have another meaning. 
While survival situates at the lowest level in Maslow’s (1954) hierarchy, it 
could represent an intrinsic motivation among those in the CHC since it 
refers not only to the survival of the self, but also the survival of the 
community, of the clan, and even of the whole lineage. Though external 
motivation is often seen as a characteristic of “East Asian” education (F. K. 
S. Leung, 2001), it is commonly perceived that having high academic 
achievement (resulting in a high social status) is a means to honor one’s 
ancestors (3t.3<%#4H), and can even be seen as another form of spiritual 
pursuit which is in line with the CHC culture of ancestor “worship.” 


5 Where Is the CHC? 


When we try to portray the CHC in this light, we may be subconsciously 
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identifying Asian/Chinese culture with Confucianism and equating 
Confucianism with what was said by Confucius himself’. 

Though phrases like “the Asian learner,” “the Chinese learner,” and 
“the CHC learner” were used interchangeably, it is doubtful what CHC 
really represents. During an international conference (the First East Asian 
Regional Conference on Mathematics Education, South Korea, 1998), a 
participant from Singapore objected the classification of Singapore as a 
CHC region on the grounds that Singapore was a country of multi-cultures. 
Hatano and Inagaki (1998) also showed skepticism on whether we can 
group the Chinese and Japanese mathematics classrooms as “Asian” (p. 
94). We can also doubt whether Hong Kong, being greatly influenced by 
Western culture, could be classified as a CHC city. It is not easy to account 
for the case of Mainland China when traditional culture was once wiped 
out by Communism. There are 28 provinces and 56 ethnic groups in China. 
Geographically, it is not easy to identify central China (“the Central 
Kingdom”) too. It would be difficult to apportion a precise degree of 
“Chineseness” in this statement: “A girl dressed in Cheongsam, playing a 
Er-hu’ under a Buddhist pagoda,’ is sitting on a chair,’ drinking jasmine 
tea® and watching a lion dance” (see N. Y. Wong & W. Y. Wong, 2002). 
No wonder was it that Chang (2000) asserted we were all searching the 
Chinese from the wrong place! 

Some scholars even mistakenly equate Confucianism with traditional 
Chinese culture (J. Tracey, 1983, p. 30). Though it was often asserted that 
“the unifying intellectual philosophy in the Chinese ‘great tradition’ was 
Confucianism” (Yu, 1996, p. 231), it must be remembered that the CHC 
was also affected by Mohism, Daoism, Buddhism, and other traditions. 
Chan Buddhism (a school of Buddhist teachings which has flourished in 
China since the 11th century) received high regard from Western scholars 
such as Fromm (1960), who took it as a blend of Daoism and Buddhism. 


3 Often, just a few sporadic sayings of Confucius are quoted in the literature. 

* A tribal dress of the Manchus. 

> A Chinese musical instrument originally from the Northwestern regions. 

é The Chinese architectural form of “stupa” from India. 

7 Chairs were also brought into the “Central Kingdom” from tribal regions. Ancient 
“Chinese” knelt on mats while “seated.” 

? Imported originally from Arabia. 

* Originated from the Tibetan region. 
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In fact, some later empirical research also found distinctions between 
Confucian and Buddhist beliefs in teaching and learning. It was found that 
those teachers influenced by Buddhism stress self-improvement, whereas 
those influenced by Confucianism stress teachers’ modeling (Leu & C. J. 
Wu, 2002; see also Leu, Y. Y. Wu, & C. J. Wu, 1999). 

Even if we confine our understanding of CHC to Confucianism, the 
Confucian schools at different historical periods’? held very different 
ideologies. In some instances, Confucianism was modernized whereas in 
others, it was blended with other schools of thought such as Yin-Yang, the 
“Five Elements” school of thought, Legalism, Daoism, and Buddhism (see 
e.g., Lao, 1988). In some cases, Confucianism was simply advocated ‘by 
the ruling class for governing purposes. 

Because it is also fashionable to quote from Confucius (and other 
philosophers), we must be careful in making interpretations. Ancient 
Chinese words often carry different levels of connotation. Besides the case 
of “Practice makes perfect” mentioned above, there are a lot more (for 
more cases of this kind, see e.g., N. Y. Wong & W. Y. Wong, 2002). 

Chang (2000) suggested that the “search” for “Chinese” shall not be 
targeted at the geographical regions or kinship. Rather, it should be 
targeted at the “vernacular culture that common people endorse” which 
includes “the beliefs and values held by ordinary folks who identify 
themselves as Chinese.” This approach no doubt could possibly sidetrack 
an issue only to find another. Yet, W. O. Lee (1996) did make a brief 
analysis on the shared beliefs in education (e.g. high regards on education, 
the educability for all ...) of CHC. This analysis could probably form the 
basis of further investigation along this line. However, there were 
counter-arguments to the effect that the above associations could be an 
“over-Confucianization”; there is also doubt as to whether a “causal 
relationship” between cultures and phenomena (“Culture X — Behavior 
Y”) exists (see N. Y. Wong & W. Y. Wong, 2002). 


10 E.g., Zhou Dynasty (770BC-221BC) in which Confucius lived, Han Dynasty 
(206BC-220AD) when Confucianism was institutionalized, neo-Confucianism in the 
Song Dynasty (960-1126) and Ming Dynasty (1368-1644), and contemporary 
Confucianism since the turn of this century. 
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6 What Counts — Confucianism or Examination? 


In CHC, an individual is valued not as an individual but for his or her role 
(XH) in a vast network of kinship. Thus, it is of utter importance that a 
person plays precisely the role he or she inherits by birth. In fact, rites (4L) 
and social norms (cardinal relations, Fi 4) are central themes of 
Confucianism. As a result, one of the major functions of education is to 
cast youngsters into a certain role that they will take up in society, and act 
and behave accordingly in the light of their family background and 
socioeconomic status. This predisposition, however, can be reversed when 
the examination system comes into play — because this system could 
bring about social mobility. Social mobility, in turn, sets new rules for a 
new game. Thus, education, in conjunction with the examination system, 
has the function of enabling an individual to strive for the best role he or 
she could attain (JJ F-E, HH AAH). It is understandable, therefore, 
that the CHC (albeit an adapted one) learner would be strongly motivated 
toward high academic achievement when it is measured against 
conventional tests and examinations (N. Y. Wong, 1998a). 

Regarding the excellent academic results of CHC students, the 
“examination culture” (see P. Y. Lee et al., 1997; Pong & Chow, 2002) 
designed for governance purposes could have a far greater impact on 
achievement orientation than Confucianism. As remarked in Llewellyn et 
al. (1982), the curriculum in Hong Kong is “examination driven” and “the 
examinations are structured so as to dominate style and content of learning 
in the classroom” (p. 33). Individuals, regardless of their family 
background, could climb up the social ladder by striving to pass a 
hierarchy of examinations (see N. Y. Wong, 1998a, 2001, in press). As 
such, whether CHC students are really more brilliant or just skilful in 
passing examinations could be another issue worthy of more in-depth 
investigations (Peterson, 1979; Siu, 1999; Siu & Volkov, 1999). 

Rote learning, which is the outcome of an examination-oriented 
system (of which examinations itself constitute only a part), not only 
hampers intellectual growth, but may also have a detrimental effect on 
seeking out new talents since those succeeding in examinations may have 
passed by means of memorizing standard solutions to stereotyped 
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examination questions. This is obvious if one studies the examination 
system of the Ming Dynasty (1368-1636) when the “Eight-legged 
esSay-type” (a rigid format of essays comprising eight paragraphs in 
length) examinations were almost the only channel for the selection of 
government officials (Peterson, 1979). However, the situation is even 
more intensified in modern societies since almost all the people who aim 
at getting a place in the government have to sit for high-stake 
examinations, whereas in ancient times, the general public (e.g., peasants) 
are untouched. Besides, the examination system in ancient times did not 
exert control over curriculum or teaching. In contrast, we see in recent 
years an expanding scope of educational contro! through various types of 
assessment mechanisms (N. Y. Wong, Han, & P. Y. Lee, this volume). 

Based on the above, we see that there are no grounds for believing that 
the examination culture, which is “spoon-feeding” education, is an 
integral part of the Confucianism. Neither is there any reason to legitimize 
over-drilling by asserting that CHC learners excel only in rote learning 
and do not aim for genuine understanding. 


7 Looking for Good Ways of Work: Entering the “Way” 


Despite the argument of “where is CHC,” some turned their attention to 
the identification of good ways of work in various regions irrespective of 
their cultural origins (whether it is “Confucian” or “Daoist,” “Eastern” or 
“Western”). By “good ways of work,” we only refer to cultural potentials 
rather than what is actually practiced currently in CHC regions. In fact, 
despite the conception that CHC education relies on transmission and 
learning by rote, among all other citations of Confucius, this saying on the 
process of education is the most oft-quoted: “Enlightenment comes when 
one is stunned and understanding when one is aroused; if one can’t 
respond with the other three corner if a corner is shown, then one is not in 
the proper track (of learning).” (AHERN A, DATDA; 48 — BBA = 
RA, WAS HE.) (The Analects, 7:8 EW iA M0 B-L]) Confucius talked 
about experiencing rather than indoctrination, and later Confucians like 
Zhu Xi stressed on arousing skepticism and reflections of learners in 
addition. We will have more discussion in the section that follows but we 
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will focus our attention here on the development of “basics,” which is seen 
to be indispensable for further developments. Before that, let us first look 
at the relationship between “basics” and “higher-order abilities” in the 
CHC perspective. . 

Some of the critical aspects in the “middle zone” between the “East” 
and the “West” have already been identified (Gu, 2000; F. K. S. Leung, 
2001; N. Y. Wong, in press; N. Y. Wong, Han, et al., this volume). The two 
extremes of “product” (content, basic skills, drills, etc.) and “process” 
(higher-order abilities, creativity, discoveries, etc.) is one such aspect, for 
which the debate can be dated back at least to the 1960s when there was 
the “New Math Reform” and the subsequent “Back to Basics” movement 
(N. Y. Wong, Han, et al., this volume). This may draw a similarity with the 
notion of Gei (art,Z) in Japanese education, which comprises both Jutsu 
(technique, Ñ) and Do (way, 18) (Hirabayashi, 2003). It is clear from the 
above discussion that CHC pedagogy may recognize the continuum 
between “content” and “process,” not just recognizing that the acquisition 
of the former is a foundation on which the latter could be developed. 
Chinese people may believe that the basics are essential for enhancing 
process ability as it has been pointed out that these abilities cannot be 
developed out of the mathematics context. The key issue does not lie in 
striking a balance but in letting the introduction of mathematics 
knowledge be the foundation of the development of higher-order abilities 
N. Y. Wong, 2002). This can be echoed by a common saying in Chinese 
martial art that “If you only practice combat skills and not develop the 
inner energy, your efforts will be in vain when you become old; but if you 
only practice the inner energy and not the combat skills, you would be like 
a boat that has no rudder.” (AERA, FEZ; RIAA, JOM 
FCHEAA. ) In this regard, repetitive learning by performing a lot of 
practices becomes an essential part. 

As remarked by Biggs (1994), we have to distinguish rote learning 
from repetitive learning in our discussions. Marton (1997) also pointed out 
in a public lecture that continuous practice with increasing variations 
could deepen understanding (see also Watkins, 1996). Confucius’ words 
“Learn the new when revising the old” (7 4X ft 41%) (The Analects, 2:11 
[ie i> AKE ]) were also quoted in the lecture. In fact, scholars have 
pointed out that the first stance of The Analects of Confucius on 
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learning — “Learn and practice frequently” (F fT HY JZ) (The Analects, 
1:1 [ii +44 if —]) — should be interpreted as “Learn and put your 
knowledge into practice frequently.” Confucius did not particularly 
advocate rote learning and over-drilling (see also W. O. Lee, 1996). 
Research studies do support the hypothesis that excellent academic 
performance of Asian learners may be due to a synthesis of memorizing 
and understanding, a practice that is uncommon among Western students 
(Marton, Dall’ Alba, et al., 1996; Marton, Watkins, et al., 1997; Watkins, 
1994). It was also found that recitation is a common practice among CHC 
learners to bring about sharp focus for better understanding (Dahlin & 
Watkins, 2000). 

One of the central beliefs in Confucianism is that there is always a 
right way to do anything. The right way is the “rite” that we ought to 
follow no matter whether the issue is big or small (@ FE: [L2H 
INKHZI. ) (The Analects, 1:12 [W Eem —]). When Confucius 
entered the great ritual hall, he asked about the details (of the proper way) 
in each step. Someone called him ignorant but he replied, “This is the 
rite.” ([4L] FAATE, FE h. RE: FRB A ZF ALF? AA, F 
Hla). TEZE: Æt. ) (The Analects, 3:15 EE. EE]. This 
is also true in learning. As pointed out in Biggs (1994), “Chinese 
educators ... believe that art should not only be beautiful but morally good; 
the idea of one right way pervades teaching” (p. 28). So, there is a standard 
path, a routine that the learner can and should follow. In mathematics, 
though there are sometimes different ways to solve a problem, the one 
posed in the textbook is often the “best” (i.e., most elegant and simplest) 
way to solve it. Along this line of thought, it may not be advisable for 
beginners to deliberately create solutions different from the standard ones 
(H. Wu, 1994). 

Following stringently the standard way and practice until one acquires 
“fluency” could be the first step in learning. N. Y. Wong (2002b) 
illustrated the case by the example of Chinese calligraphy, a tradition that 
almost all school pupils have to learn in olden days. The conventional way 
of learning is to start working with “copy books” (4fi2L). Various basic 
skills (e.g., the application of brush to effect different kinds of strokes) are 
also performed during the teaching lesson. Then, the master will choose 
for the disciple an exemplary calligrapher, say Yan Zhenqing (HAH), so 
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that the disciple may imitate (Ki) the calligraphy of Yan to a state that 
one cannot easily distinguish the calligraphy of Yan from that of the 
disciple. That is called “entering the Way” (A3&). The emphasis is on 
doing each thing (brush-painting in this case) in the prescribed (or right) 
way. 

Chinese martial art (kung fu, JJK) shares the same approach. 
Practicing of footwork as well as other kinds of basic physical training like 
sandbag punching comprise the basics of Chinese martial art. Then there 
are standard sequences for one to practice. In simple terms, these 
sequences are “fictitious” courses of fighting. In other words, this is 
another kind of imitation of the “right” way to attack and defend. 
Afterwards, there come “paired practices” and other kinds of combat skill 
training. Of course, the final stage is free fight. In other words, the right 
way of learning is imitating the “right” way of fighting, accompanied by 
training of basic skills. These can only be done with a lot of drill and 
practices. 

Certainly, there are other goals of repetition. Automation, which is 
necessary in some disciplines (for instance, martial art), is one. In 
mathematics, we often solve problems by applying the “fastest strategies” 
before going for “backup strategies” (Kerkman & Siegel, 1997). The 
notion of “techniques”, being a bridge between tasks and conceptual 
reflection, was also put forth; and application of any such techniques 
should go through the process of naturalization and internalization 
(Artigue, 2001). We may conclude the role of practices in Figure 3 (for 
more details, see N. Y. Wong, in press). 


aims at automation 
may lead ta 

Practice mere repetition == leaming by rote 

aims at 

understandin repetition with ™ayleadto 

8 P 
variation 
Figure 3. The role of practices 


understanding 
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8 Looking for Good Ways of Work: Exiting the Way 


However similar the imitation is to the original, even in a state that the 
imitator’s work and the original work are hard to be distinguished, it is still 
considered as the first step in learning. Using once again the example of 
calligraphy, one enters the “gate” (i.e., getting to know the basics of a 
certain specialized knowledge) by way of painting in exactitude the 
calligraphy style of Yan’s. Ultimately, a “personalized Yan-style” should 
emerge so that people well-versed in calligraphy can see the character of 
the calligrapher in his or her calligraphy and identify clearly the 
calligrapher’s style originating from the Yan style. This “looking similar 
but being different” (KAW. KHAU) phenomenon shall be called 
“exiting the Way” (47%) — transcending the original cast. However, 
there is no obvious way to tell how a learner can arrive at this stage. Some 
believe that through incessant practices and a long period of “indulgence” 
and “hatching,” then, mystical though it may sound, insight could be 
obtained at a certain point. This is clear from the maxim “familiarity 
breeds sophistication” (commonly translated as “practice makes perfect”, 
#gEET5). Familiarity is a necessary but not a sufficient condition for 
sophistication. The case is similar for martial art. It was said that “when 
one has practiced for a long time, ‘it’ [the skills] will naturally be 
acquired” (J Z4 EA, 7H ARK #) (Y. Tang, 1986, p. 38). Eventually, 
the learner might come to a stage where he would exclaim “aha”, when the 
posture comes about naturally without deliberation (EJE 4h ILA) (p. 
126). 

The master’s guidance and initiation are of vital importance. It is not 
easy to show a clear path of instruction, because initiation strategies are 
situation-dependent. Skilful teachers are able to grasp the right moment to 
trigger students’ “sudden enlightenment” with appropriate means when 
they know that the disciple is ready. That is why the great Chan (Zen, ##) 
master Huang Bo (#4) exclaimed, “I did not say that there is no Chan, I 
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peal (for more details, see N. Y. Wong, 


only said that we don’t have masters 
1998b, in press) 

In brief, reflection forms the core of Confucian and Chan’s way of 
“pedagogy” (bringing about realization). Thus the major task of the master 
is to arouse a disciple’s reflection by generating a state of discomfort and 
perplexity. To quote from a popular citation of Confucius: “Enlightenment 
comes when one is stunned and understanding when one is aroused” (7% 
HEART, PETK) (The Analects, 7:8 EERE]. Doubt and 
realization form the central theme of learning in Confucianism. Zhu Xi, 
the central figure of neo-Confucianism in the 12th century, pointed out 
that “Reading books [learning] is to arouse doubt when one does not doubt 
and let those in doubt settle in the state of no doubt. This is how one 
grows” (<PARAM AA SE. AEA MBE. IAEN EKIH. 
—kF BR A+—EBIE PF) ) d. D. Li, 1270/1990, p. 296). 

Arousing doubt in a disciple is also a main theme of Chan initiation. 
As it was said, “It is essential to arouse a sense of doubt in Chan practice. 
A little doubt leads to small understanding while strong doubt leads to 
deep understanding.” (Æ # 2 Æ E SETH, SEC) TR, KBE AT. ) 
(Progressing through the Chan Gates [4X 5834)). It was also said, “To 
make effort, one is only to have great doubt.” (BAMHI EK HAI AN SR: 

TAAL, BRAS.) )— (StS At) 4+) Nie, 1968, 
p. 759). “Great faith, great doubt and great diligence” are also identified as 
the “three pillars of Zen (Chan) Buddhism” (Kapleau, 1980). It seems that 
“doubt — reflection — realization” is a formula for “exiting the Way.” This 
principle can clearly be seen from the words of the Sixth Patriarch of Chan 
Buddhism, Hui-Neng (#6). Chapter 10 of his Platform Sutra teaches his 
disciples how to transmit the doctrine: 


1 Abbot Huang Bo told the mass, “Do you people know that there is no Chan masters in 
the entire Tang Empire?” At that time a monk came out from the audience and said, “There 
are so many masters teaching in so many monasteries, why you said there is no Chan 
master?” Huang replied, “I did not say that there is no Chan, I only said that there is no 
master!” (HERRE: DEBRA, eos CHARA B HA?) HARR: TH 
NUE TE GES OR, MPF ED) BE ZS: REE, AE FCI | ! — Records of Green Cliff, 
344 & (Chinese Buddhist Electronic Text Association, 2001, Vol. 48, p. 1051b) 
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If someone asks you for the meaning [of something], use 
“emptiness” in response to questions on “reality”; use “reality” 
in response to questions on “emptiness”; use “saint” in response 
to questions on “mundane”; use “mundane” in response to 
“saint”. When two phenomena are contrasted together, the 
middle way will emerge. So we have questions and answers. All 
other questioning will follow this method and the truth will not be 
lost. Suppose someone asks, “What is darkness?” The answer 
could be, “Brightness is the cause, darkness is the condition; 
where there is no brightness, there is darkness.” We use 
brightness to illustrate darkness and use darkness to show 
brightness. Our minds go to and fro between these two notions, 
and the middle way will emerge. Other questioning will follow 
this. When you transmit the dharma [doctrine] in the future, you 
should adopt this kind of teaching so that the spirit of our school 
will be maintained. iA AMIE, HAKAN, EHAR. 

le) PLUAZEXY, ÆA. ETHAN, EPR XY, 
CR — ARETE, BIN. RAA HATEAN. EN: HAE 
FA, Pate, BAYNE. DAB SCRA, DARA. RAAB, aep 
HX. CRIA ASS aes HETE EIA, RUB, IRER 
Ho — (ARRAZA. mY )(see N. Y. Wong, 1998b) 


9. Variations: A Bridge over “Basic Skills” and “Process Abilities”? 


Repetition until internalizing understanding could be a general strategy 
employed to bring about reflection and hence deeper understanding. This 
is well explained in the following words of Zhu Xi: 


Generally speaking, in reading, we must first become intimately 
Jamiliar with the text so that its words seem to come from our own 
mouths. We should then continue to reflect on it so that its ideas 
seem to come from our own minds. Only then can there be real 
understanding. Still, once our intimate reading of it and careful 
reflection on it have led to a clear understanding of it, we must 
continue to question. Then there might be further progress. If we 
cease questioning in the end there'll be no more progress. (KiK 


WAAR, ELS SEHR CO. Se, HE 
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GUS. AELA. AAA BERG, LI 
SER ILI. FILA. BUAILMIR, WAS AH th. 
(RFA + E+E LE) ) (see also W. O. Lee, 1996) 


In addition, recitation, when undertaken with reflection, is a means of 
bringing about repetitive learning. The following words of Zhu Xi give a 
clear explanation: “The method of reading books is, read once then reflect 
once; reflect once then read once again. Recitation is a means of 
enhancing reflection ... if reading is just done in the mouth and not 
reflected in the mind, you cannot remember the passage well” (£732 V4, 
if kh Msi; Bek. MA, PIU Ree 
4 Ake I. LEDARE, AUWERA. — CR FIBRE 
BYE) ) (see J. D. Li, 1270/1990, p. 170). 

In fact, reinterpreting earlier findings in phenomenography (e.g., 
Bowden & Marton, 1998; Marton & Booth, 1997) leads to the conclusion 
that one way of experiencing a phenomenon can be characterized in terms 
of those aspects of the phenomenon that are discerned and kept in focal 
awareness by the learner (see also Runesson, 1999). Since discernment is 
an essential element in learning and variation is crucial in bringing about 
discernment, repetition by systematically introducing variations could be 
the key to bringing about learning and understanding. 

In this light, repetition and practices of basic skills (entering the 
“Way”) form the basis for developing process abilities (exiting the “Way”) 
and thus should not be overlooked. The heart of the matter seems to lie in 
the quality rather than quantity of these practices, including the systematic 
introduction of variations. 

N. Y. Wong (in press) projected the case to mathematics and looked 
into the example of introducing the formula for factorizing quadratic 
polynomials. After students have learned how to factorize quadratic 
polynomials for completing squares, a series of related problems could be 
set to let students experience the generalization of the completing square 
method into the quadratic polynomial formula. For a first trial, one can 
easily factorize polynomials like x*+4x+4 and x?+6x-7 by 
completing square. Gradually, we can introduce some variations like 
2x? +8x-8, 2x? 4+4x-7 and3x? +5x~—4. Later on, some parameters can 
be further introduced, such as x? +4x+k , x° +2bx+4 , x° +2px+q , 
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and x? + px+q . Finally, the factorization of ax?+bxe- would come 
about naturally. Huang (2002) also concluded that learning through 
exercises with variations is one of the characteristics of Chinese 
mathematics teaching (p. 236; see also Huang & F. K. S. Leung, 2002). Gu 
et al., (this volume) further distinguish two theories of variation, 
originated independently from Marton and Gu. In brief, despite the great 
communality between the two, Marton’s focuses more on concept 
formation whereas in Gu’s theory, skill acquisition is the central part. 

Hence, less variation is associated with narrower ways of 
experiencing a phenomenon and more variation with wider ways of 
experiencing that phenomenon. Such a restricted conception may be the 
outcome of a “lived space” shaped by their teachers. In simple terms, we 
may say that CHC learning is strong in the “basics” but not so strong in the 
enhancement of “process abilities.” This is a notion derived from the 
studies on teachers. There is a similarity in students’ and teachers’ 
conceptions of mathematics. In particular, both students and teachers 
perceived mathematics as, by and large, a set of rules. Though teachers’ 
conception is not as restrictive (for instance, some appreciated the esthetic 
aspect of mathematics), this is not realized when setting up students’ lived 
space. The mathematics problems given to the students are found to be 
closed-ended and stereotyped and required only low-level skills (N. Y. 
Wong, Lam, & C. S. Chan, 2002). This may be due to the acute 
examination orientation of CHC, coupled with the cultural expectations of 
parents. The systematic introduction of non-routine problems should help 
in widening the “lived space” of mathematics learning; students could 
acquire broader conceptions of mathematics and become more capable 
mathematical problem solvers (N. Y. Wong, Marton, K. M. Wong, & Lam, 
2002; see also Watkins, 1996). Such an attempt was just made in 
2001-2002, arriving at meaningful results (N. Y. Wong, Lam, K. M. Wong, 
& Chiu, 2003). 

One class from each of ten schools in Hong Kong were involved in the 
project. After establishing shared views about the pedagogy of variation in 
the group through joint study activities and discussions, the mathematics 
tasks to be used in the ten classrooms during a school year were designed. 
To begin with, exemplars of non-routine mathematics problems were 
given to teachers, and they started designing more problems of the same 
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type afterwards. Here “non-routine” mathematics problems mean those 
problems that are not frequently met by students or are not usually found 
in standard textbooks (see Figures 4 and 5). These problems include 
open-ended problems, problems found in overseas textbooks, problems 
found in the Internet, and even problems found in local textbooks that 
appear very different from those used in individual schools. Such 
non-routine tasks may include mathematics problems that: (1) appear in 
unfamiliar formats, (2) have more than one answer, (3) allow openness in 
the solving process, (4) contain missing or irrelevant data, (5) can be 
solved by a variety of means (for instance, by algebraic means, geometric 
means, graphical methods, concrete objects, calculators and 
micro-computers), or (6) involve problem posing (S. S. Leung, 1997). 
Problem posing here refers to the formulation of new problems or the 
conversion of existing problems into new ones. 


Process 


Open Open Open 


Figure 4. Definition of Open-ended Problems 


open-ended 
problem s 


non-routine 
problems 


Figure 5. Relationship between non-routine and open-ended problems 


The idea was that: at least half of all the tasks used in each classroom 
were taken from a common pool of tasks. These were constructed by more 
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teachers, including more variations and a greater number of open-ended 
problems than was usually the case. In sum, variation in the students’ 
learning experience would be introduced through the open-endedness of 
each task. The variation between such tasks came from: (1) the design of 
more open-ended tasks by individual teachers, (2) shared tasks developed 
by different teachers, (3) reflection in sharing session within the teacher 
groups, or (4) student sharing and discussion of different solutions offered 
by others in the classroom. In other words, students would encounter not 
only different tasks authored by other teachers, but also different solutions 
to the same problem offered by other students. In such a way, the lived 
space of variation of the students’ mathematical experience was widened, 
and so did the live space of the teachers. In general, it was found that the 
exposure to non-routine tasks improves students’ performances in solving 
open-ended problems, but the appropriate amount of tasks depends on the 
academic standards of the students. In brief, students from schools with 
higher academic standards benefit from high and medium doses of 
non-routine tasks whereas those from schools with lower academic 
standards only benefit from medium and low doses (N. Y. Wong, Lam, et 
al., 2003). 


10 In Search of the “CHC” Script 


Obviously the CHC learner’s phenomenon, like most other phenomena, 
rests on “cultural” assumptions. That is why Biggs and Watkins (2001) 
alerted us that teaching and learning traditions that may work well in a 
certain culture may not necessarily work in another: “adopting Chinese 
teaching tactics will not solve this one.'” Rather, Western educators need 
to develop their own script, using things that work in Western culture and 
that will engage students socialized the Western way in productive 
learning” (p. 291). The (classroom-) learning environment (“cultural” 
setting) is shaped by cultural beliefs, social assumptions, and beliefs on 
students and student learning. Huang (2002) tried to portray a scene of a 
Chinese mathematics lesson as follows: 


The paradox of the Western class having a smaller size but with low performance. 
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There are teacher, students and mathematics. The teacher 
presents mathematics and help students engage in the process of 
exploring the mathematics by providing proper scaffoldings and 
asking a series of heuristic questions. The students are eager to 
listen and engage themselves in the process of learning. (p. 237) 


Huang (2002) continued to comment that “according to Western 
concepts such as teacher-centered or student-centered, this description is 
difficult to understand. However, it seems to be quite understandable and 
practical in the Chinese cultural setting, which may be due to cultural 
differences” (p. 237). 

Biggs and Watkins (2001) also noted the components of 
“concentrated learning,” “vicarious learning,” “careful planning, timed 
questioning, and associated activity,” and “learner-trained learning” in a 
“good” “CHC learning environment” which is seen to be repetitive, 
teacher-dominated in the “Western eye” (p. 285). From the discussions of 
the above sections, we may identify general descriptions of the CHC 
classroom environments such as: 


o> cs 


- obedient and attentive students sitting properly listening to the 
teacher 

- teachers with their lessons well-prepared and structured 

- students seldom interrupting the flow of the teaching by 
asking questions 

- teachers checking whether students follow through by asking 
questions 

- teachers not attempting to cater for individual differences in 
class yet 

- students having a lot of guided after-class learning (including 
homework and tutorial classes) 

- teachers giving individual guidance after class 

- teachers seeing the moral responsibility of providing 
individual care, including those not directly related to 
learning (e.g., personal growth and transmission of cultural 
values such as listenership) 


Research on Hong Kong students repeatedly revealed that a good 
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mathematics teacher as perceived by the students is one who explains 
clearly, shows concern toward them, treats them as friends, makes sure 
that they understand, teaches in a lively way, is conscientious and 
well-prepared, and answers students’ queries (after class). A good 
mathematics teacher should also provide more exercises and generate a 
lively atmosphere but keep good order; and a good learning environment 
is one which is not boring, but is quiet, with classmates engaged in 
learning, where order is observed but discussion with classmates after 
lesson is possible (N. Y. Wong, 1993, 1996; N. Y. Wong, Lam, K. M. 
Wong, F. K. S. Leung, & Mok, 2001). 

The above picture of the CHC classroom may be in accord with the 
learning environment that is “both teacher led and student centered” as 
advocated by Ausubel (1961, 1963, 1988a, 1968b), who argued that his 
notion of meaningful verbal learning is different from learning by rote (in 
fact empirical research revealed that “transmission” and 
“child-centeredness” are distinct dimensions; see Perry, D. Tracey, & 
Howard, 1998). In such kind of learning environment, the basics of 
knowledge are transmitted with high efficiency and in large scale in class, 
so that students are led to “enter the Way.” Individual guidance is 
provided after class, hoping that “exiting the Way” could happen (that 
may only need to happen occasionally). In order to actualize such a 
scenario, one can envisage that attention and discipline (in class) is of first 
priority. By “discipline”, it is much more than obedience. Besides as an 
ends in itself, students should be acquired and accustomed to the various 
routines in flow of classroom teaching: when to talk, when to do seat work, 
when to open one’s book, when to look at the chalk-board (or computer 
projection), and so on. Without such a cultural assumption (that students 
know what should be done in every moment of the class), the above 
“teacher led and student centered” script cannot be put onto show. These 
“trainings” are developed through reinforcement, social contracts, 
conformities, and social negotiations which are so common in the CHC 
classroom and CHC teacher education programs (e.g., students at a very 
young age have already known that one should put up one’s hand and 
being called by the name before one can stand up and speak). 

The establishment of classroom discipline has dual purposes. It is also 
a part of moral education. In fact, Gao and Watkins (2001) pointed out that 
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CHC teachers believe that individual guidance should be handled outside 
rather than inside the classroom. Furthermore, CHC teachers were found 
to bear a moral responsibility of caring for their students and an implicit 
influence (especially on character cultivation) exists behind the façade of 
knowledge transmission (Gao & Watkins, 2001; I. T. Ho, 2001). It has 
long been a tradition that teachers should not only “teach books” (which 
can be done by “lecturing”) but “teach the person” (22 )ii5a 44, AMX 
sk— «dk Y ) (which can be done by modeling [F #. 4 AC]). The 
relationships between “entering the way”, “exiting the way” can be 
conceptualized, in broad strokes, in the “script” depicted in Figure 6. 


Attentive, 


Means: obedient and Teac her-led 
develo pme nt —* mentally ———* but student 


Ends: moral education 


Discipline 


of “routine?” involved centered 
students learning 
environment 


Classroom teaching: 
entering the Way 


Initiation: exiting the 
Way 


Figure 6. A possible “CHC script” 


As remarked by Biggs and Watkins (2001), the West should find their 
own script, and the CHC regions should find their script too. One should 
not be satisfied merely with the superficial success in international 
comparisons since good achievements in international studies should not 
be the central aim of mathematics education (see N. Y. Wong, Han, et al., 
this volume). Siu and Volkov (1999) remind us that placing too much 
focus on practical aspect of (mathematics) education may hamper the 
development of those talented in mathematics. Likewise, letting 
high-stake assessments remain the driving force of learning may result in 
rote memorization. While there is a general misconception that 
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examination is the built-in component of CHC, the above analyses 
precisely show the opposite. CHC contains full cultural potential for deep 
understanding. Ideologies of Confucianism and other Chinese 
philosophies possess nurturing goals far beyond crossing examination 
hurdles and getting a place in the official hierarchy. In many points in 
history, it was precisely the aim of those who advocated these 
philosophies to counteract governments’ educational control mechanism. 
As said by Confucius himself, “the purpose of learning in ancient time is 
for (enriching) oneself and the purpose of learning nowadays is for 
(pleasing) others” (4 2 ZA WG, 42724 WA.) (The Analects, 14:24 
[i iS e. Ie) 3 + PU). The “soul” of CHC education can never be 
retrieved if one only searches for scores, achievements, and performances 
instead of self-actualization (see N. Y. Wong, Han, et al., this volume). 
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Chapter 20 


How Do Chinese Learn Mathematics? Some 
Evidence-Based Insights and Needed Directions 


CAI Jinfa LIN Fou-Lai FAN Lianghuo 


This chapter summarizes some research-based evidence that 
characterizes how Chinese learn mathematics, and then points out 
needed directions to understand Chinese learners and their learning of 
mathematics. The discussion is situated in a comparative context by 
focusing on the following four important issues: (1) Are Chinese 
learners really higher achievers in mathematics? (2) Does the teaching 
of Chinese learners necessarily lead to rote learning? (3) How is the 
intended curriculum structured to support teaching and learning? and 
(4) How do Chinese families support students’ learning? Available 
research evidence that addresses each issue is first reviewed, and then 
research needed to further address the issue is suggested. 


Key words: Chinese learners, conceptual development, rote learning, 
family support, curriculum features, instructional practice 


1 Why Do We Care How Chinese Learn Mathematics? 


How Chinese learn mathematics is the theme of this volume. This 
chapter aims at summarizing some research-based evidence for 
characterizing how Chinese learn mathematics, and then pointing out 
needed directions to understand Chinese learners and their learning of 
mathematics. But why should we and readers care about how Chinese 
learn mathematics? As an attempt to answer this question, we start with a 
true story about Howard Gardner, a distinguished professor and scholar 
from Harvard University. In the spring of 1987, Gardner was visiting 
China studying arts education in kindergartens and elementary schools. 
During the visit, he, his wife, and son (Benjamin) stayed in the Jinling 
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Hotel in Nanjing. The key to their hotel room was attached to a large 
plastic block, which made noise when it was shaken. His son, Benjamin 
loved to carry the key chain around, shaking it vigorously. He also liked 
to try to place the key into the slot. Because Benjamin was one and a half 
years old, it was a challenge to correctly orient the key into the slot. 
However, Benjamin seemed to enjoy the sound it made when the key 
banged against the slot, and he also loved this exploratory activity. Since 
Gardner and his wife were not in a hurry at the time, they allowed 
Benjamin to have a good time. But they soon observed an intriguing 
phenomenon. Any Chinese attendant nearby would come to watch 
Benjamin. At one point, an attendant noticed Benjamin’s lack of initial 
success in placing the key into the slot, so she would hold onto 
Benjamin’s hand and directly help Benjamin insert the key. Then she 
smiled at Gardner or his wife, as if having done a favor for them and 
awaiting for “thank you.” Interestingly, neither Gardner nor his wife 
appreciated the intervention of the attendant since what mattered to them 
was that Benjamin was having a good time exploring. Later Gardner 
realized that this incident pointed to important differences in the 
educational and artistic practices between the US and China. After 
studying Chinese education in general and arts education in particular, 
the world renown scholar wrote: “Some of my most entrenched beliefs 
about education and human development had been challenged by my 
observations in Chinese classrooms.” (Gardner, 1989, p. vi) 

The above story sheds some light on why we should care how 
Chinese learn mathematics. Like arts education, the teaching and 
learning of mathematics is also a cultural activity. Clearly, there are 
cultural differences in both the views and practices of the teaching and 
learning of mathematics among different countries. In particular, there 
are at least three compelling reasons for studying how Chinese learn 
mathematics. 

First, studying how Chinese learn mathematics would broaden our 
experience and provide different perspectives for addressing practical 
issues related to the teaching and learning of mathematics. For example, 
it is widely accepted that to achieve the goal of “algebra for all,” students 
in the early grades should have experiences that prepare them for more- 
sophisticated work in algebra in the middle and high school (National 
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Council of Teachers of Mathematics [NCTM], 2000). However, 
curriculum developers, educational researchers, teachers, and policy 
makers are just beginning to think about and explore the kinds of 
mathematical experiences elementary school students need in order to 
prepare them for the formal study of algebra in the later grades. The 
Chinese elementary school mathematics curriculum includes a variety of 
activities and ideas to provide students with rich experiences of algebraic 
thinking in earlier grades. The overarching goal of learning algebra in the 
Chinese elementary curriculum is to better represent and understand 
quantitative relationships, with a focus on equations and equation 
solving. Students in elementary school are consistently encouraged and 
provided with opportunities to represent a quantitative relationship both 
arithmetically and algebraically. Furthermore, students are asked to make 
comparisons between arithmetical and algebraic ways of representing a 
quantitative relationship. The first-describing-and-then-calculating is one 
of the key features that make algebra different from arithmetic. The 
comparisons of arithmetic and algebraic approaches can highlight this 
unique feature of algebra. Throughout the Chinese elementary school 
curriculum, there are numerous examples and problems in which 
students need to identify quantitative relationships and represent them in 
multiple ways. The Chinese experience in developing students’ algebraic 
thinking in earlier grades may increase teachers’ ability to address the 
issues and challenges they face in other countries (Cai, 2004). 

Second, studying how Chinese learn mathematics may provide a 
unique opportunity for people to reflect on theories and conceptions of 
teaching and learning mathematics in their own culture. For example, in 
Western countries, memorization and rote learning are generally 
considered the same (Marton, Dall’ Alba, & Tse, 1996). Western scholars 
also believe that memorization does not lead to understanding. However, 
through extensive interviews with 20 Chinese teacher educators, Marton 
et al. (1996) provided a new way of seeing the relationship between 
memorization and understanding. For Chinese teacher educators, 
memorization can be used to deepen and develop understanding. In 
addition, studying how Chinese learn mathematics may provide a unique 
opportunity for generating new knowledge and theories. Through 
examining a group of Chinese teachers’ mathematical knowledge, for 
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example, L. Ma (1999) proposed that in order to teach mathematics 
effectively, teachers should have a profound understanding of 
fundamental mathematics. Her study not only contributes to our 
understanding of teachers’ subject matter knowledge but also challenges 
the current practices of teacher preparation around the world. 

Third, studying how Chinese learn mathematics can foster Chinese 
“insiders” to reflect on and systematically synthesize the current 
practices for the purpose of building theories about the teaching and 
learning of mathematics. There is no doubt that Confucianism has an 
impact on the conceptions and practice of mathematics teaching and 
learning among Chinese. Wong (this volume) has indicated that it is very 
helpful to use the Confucian Heritage Culture (CHC) to understand and 
explain some phenomena of Chinese learners. However, we lack 
empirical data to systematically document and describe Chinese learners. 
In addition, Chinese teachers and educators have accumulated ample 
experience about curriculum development and instructional practices. 
There is an urgent need to systematically synthesize these experiences 
and generate theories about how Chinese learn mathematics. 

In this chapter, we situate our discussion in a comparative context. 
However, our comparative perspective is limited to comparing Chinese 
learners with learners in Western countries. Moreover, to characterize 
Chinese learners, we decided to focus on four important issues: (1) Are 
Chinese learners really higher achievers in mathematics? (2) Does the 
teaching of Chinese learners necessarily lead to rote learning? (3) How is 
the curriculum structured to support teaching and learning? and (4) How 
do Chinese families support students’ learning? In the discussion of each 
issue, available research evidence that addresses each issue is first 
reviewed, and then research needed to further address the issue is 
suggested. 


2 Are Chinese Learners Really Higher Achievers in Mathematics? 


In the past several decades, a number of cross-national studies have 
consistently showed that Chinese students outperformed their Western 
counterparts on tasks routinely learned in schools [See Cai (1995), Fan 
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and Zhu (this volume), and Robitaille and Travers (1992) for reviews]. In 
fact, a general finding across almost all existing cross-national studies in 
mathematics was that Chinese students consistently outperformed their 
Western counterparts across grade levels and mathematical topics. For 
example, Geary, Bow-Thomas, Liu, and Siegler (1996) examined the 
development of arithmetical competencies of US and Chinese children in 
kindergarten, and first, second, and third grades. They found that Chinese 
children have higher success rates than do US children at each grade 
level. Stevenson and Lee (1990) used samples of first- and fifth-grade 
students from Chicago (US) and Beijing (China) to compare their 
achievements in mathematical topic areas including word problems, 
number concepts, mathematical operations, measurement and scaling, 
graphs and tables, spatial relations, visualization, estimation, and speed 
tests. They found that there were almost no areas in which the children in 
Chicago performed as well as children in Beijing. 

Since recent studies have shown the relative performance between 
US and Chinese students on various tasks (see Cai & Cifarelli, this 
volume), however, we may not be able to simply claim that Chinese 
students are higher achievers in mathematics. Nevertheless, cross- 
national studies did provide sufficient evidence showing that Chinese 
students are higher achievers on tasks measuring basic mathematical 
knowledge and skills in mathematics. 

While a number of studies examined Chinese students’ achievement 
in the wider comparative contexts, there are at least three unanswered 
questions for future exploration. The first unanswered question is related 
to mastering basic knowledge and skills and the development of higher- 
order thinking skills. Research has shown that having routine problem- 
solving skills does not imply having creative, nonroutine problem 
solving skills (Cai, 2000; Hatano, 1988; Steen, 1999; Sternberg, 1999). 
As indicated before, Chinese students clearly outperform US students on 
tasks measuring basic knowledge and skills, but not necessarily on 
complex, open-ended tasks measuring creativity and nonroutine problem 
solving. In a recent study, C. Chen et al. (2002) examined whether 
European Americans and Chinese differ in their creation and evaluation 
of drawing of geometric shapes. They found high consensus between 50 
European Americans and 48 Chinese college students and great 
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similarity in the creativity of drawings generated by the two samples. Cai 
(2000) found that Chinese students outperformed US students on 
process-constrained tasks, but on process-open tasks, US students 
outperformed Chinese students. Therefore, the question is: Does the 
development of Chinese students’ basic skills come at the expense of the 
development of higher-order thinking skills? 

The second unanswered question is related to instructional practice. 
Given the fact that Chinese students have strong basic skills, a natural 
question is to explore possible factors contributing to Chinese students’ 
mastering of basic skills and knowledge. How do Chinese students 
develop basic mathematical skills and knowledge? It is clear that Chinese 
students in Mainland China, Hong Kong, and Taiwan spend more time in 
schools than do US students, and many Chinese students also attend 
cram schools (H. M. E. Huang, this volume). Both in and out of schools, 
Chinese students are required to do a great deal of practice and 
memorization. In fact, according to Chinese teachers in Taiwan, cram 
schools mainly focus on basic skills rather than higher-order thinking 
skills. Would it be possible that the Chinese students’ mastery of basic 
knowledge and skills necessary resulted from the practice and 
memorization? As Marton et al. (1996) pointed out, such practice and 
memorization may lead to rote learning, but it may also lead to 
understanding (also see Wong, this volume). Under what conditions 
would the practice and memorization lead to rote learning? Similarly, it 
is important to explore what kind of practice and memorization would 
lead to conceptual understanding. 

The third unanswered question is related to the interpretation of the 
achievement results from some of the cross-national studies. Using 
national representative samples, the TIMSS Video Study (Stigler & 
Hiebert, 1999) showed that — when compared to German and Japanese 
teachers’ teaching — US teachers focused more on mathematical 
procedures and techniques and practice of routine problem solving, and 
less on mathematical exploration and conceptual understanding. If that is 
the case, why did US students perform so poorly on computation and 
routine problem-solving tasks requiring procedural knowledge, in 
contrast to Chinese students and students from other countries? One may 
argue that since US teachers focused more on procedures, US students 
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might not understand the principles behind the procedures (Hiebert, 
1986); thus, they performed poorly on computation and routine problem 
solving. However, if US teachers focused less on mathematical 
exploration and conceptual understanding, according to Stigler and 
Hiebert (1999), and Chinese teachers had a better understanding of 
elementary mathematics than their US counterparts, according to L. Ma 
(1999), then why did the US students perform better than the Chinese 
students on the process-open, non-routine problems? Furthermore, why 
did US students in Cai’s study (2000) perform better on the process-open 
problems than on the process-constrained problems and vice versa for the 
Chinese students? 


3 Does the Teaching of Chinese Learners Necessarily Lead to Rote 
Learning? 


This is a commonly asked question for those who are interested in 
knowing how Chinese learners learn mathematics in their schools. Many 
scholars and observers found that mathematics teaching in Chinese 
classroom is very traditional, content-based, examination-driven, and 
teacher-centered. Classroom instruction is usually conducted in a whole 
classroom setting, with a large class size of 40-50 students, and with little 
interaction between teachers and students (Leung, 2002). These external 
characteristics of classroom organization and structures are likely to give 
people impression that the teaching of Chinese learners may lead to rote 
learning. In fact, a number of authors in this volume consistently 
identified these characteristics of instruction in Chinese classroom and 
suggested the potential link with the rote learning (e.g., see An, this 
volume; Y. Ma, Zhao, & Tuo, this volume). 

However, other researchers found that underlying these external 
features of classroom instruction, students might engage in deep thinking 
of important mathematics (see Wong, this volume). For example, R. 
Huang and Leung (this volume) provided an in-depth analysis of lessons 
from Shanghai and Hong Kong on the topic of Pythagoras’s theorem. 
Their findings suggest that even though students were not actively 
involved in the classroom discussion in the setting with a large class size, 
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teachers used well-developed instructional activities and guided students 
to exploring activities, justification, and exercises with variations. While 
there was no external observable discourse between students and 
teachers, it is quite possible that teachers did pay attention to helping 
students engage in the learning process through these well-structured 
activities. In fact, one important feature of the mathematics teaching in 
Chinese classroom can be described as “teaching with variations” (Gu, 
R. Huang, & Marton, this volume). According to Gu et al. (this volume), 
in the setting of teaching with variations, even with a large class size, 
students still can actively involve themselves in the process of learning, 
make connections, and understand the critical features of mathematical 
concepts and relationships. 

Apparently, there is no simple answer to the question: does the 
teaching of Chinese learners necessarily lead to rote learning? However, 
it is clear that the vast majority of the Chinese lessons analyzed are all 
well structured, even though teachers may have different teaching styles, 
and teaching in urban and rural areas might be different. Some 
researchers (e.g., Mok, Cai, & Fung, 2004) have started to explore the 
advantages and disadvantages of well-structured lessons. One of the 
desirable future directions is not just to explore, in a superficial sense, if 
the teaching in Chinese classroom does lead to rote learning; instead, the 
emphasis should be on understanding underlying circumstances and 
conditions in which the teaching in Chinese mathematics classrooms 
leads to rote learning, and how we can avoid the rote learning in 
classroom. Wong (this volume) proposed that mere repetition of practice 
may lead to rote learning, but repetition with variations may lead to 
understanding. This proposal appears to have incredible merit, but 
empirical studies are needed to reveal what is actually happening in 
classrooms. The findings from empirical studies can not only provide 
evidence to verify Wong’s proposal, but also provide insightful 
information in an effort to improve mathematics learning in both Chinese 
and international societies. 

Perhaps a more fundamental question is: After all, what is effective 
teaching for Chinese teachers? This question is fundamental because 
answers to this question can not only help researchers and educators to 
understand what teachers do in classroom, but also help them to interpret 
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why they teach the way they do. We take a position that teaching is a 
cultural activity (Bruner, 1996; Stigler & Hiebert, 1999). Although there 
is no universal agreement about what effective mathematics teaching 
should look like, no one questions the idea that the teachers’ instructional 
practices are influenced by their cultural conceptions of effective 
teaching. In fact, cultural beliefs about teaching do not directly dictate 
what teachers do, but teachers do draw upon their cultural beliefs as a 
normative framework of values and goals to guide their teaching 
(Bruner, 1996). Limited evidence revealed significant differences in US 
and Chinese teachers’ beliefs about the desirable methods for teaching 
mathematics (e.g., Stigler & Perry, 1988). US teachers tend to believe 
that young children need concrete experiences in order to understand 
mathematics, at times asserting that concrete experiences will 
automatically lead to understanding. Chinese teachers, however, 
apparently believe that even young children can understand abstraction 
and that concrete experience only serves to mediate an understanding of 
abstract mathematics. Chinese teachers also believe that the more a 
student struggles, the more the student can learn; therefore, teachers in 
China usually pose difficult problems to challenge students. US teachers, 
in contrast, tend to pose problems that will reinforce the idea that 
mathematics problems should be solvable in a single, insightful motion 
(Stigler & Perry, 1988). Furthermore, US teachers reported that 
mathematics was rather easy to teach, whereas Chinese teachers stated 
that it was difficult to teach. Systematic efforts are needed to understand 
how Chinese teachers view and practice effective mathematics teaching. 
There are two other related and unanswered questions: What are the 
characteristics of effective mathematics teachers? How do Chinese 
teachers learn to be effective teachers? It is suggested that effective 
teachers should know and understand mathematics, students as learners, 
and pedagogical strategies (NCTM, 2000). Such understanding can be 
characterized as “profound understanding of fundamental mathematics” 
(L. Ma, 1999). Teaching is a profession requiring continuous learning 
and development (Darling-Hammond & Sykes, 1999). It is well- 
documented that teachers' university preservice experience (including 
course work and student teaching) sometimes has little direct impact on 
their subsequent teaching (e.g., Eisenhart et al., 1993; Grossman, 
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Valencia, & Hamel, 1997; Kennedy, 1998). After a series of studies of 
elementary and secondary preservice teachers, Ball (1990) concluded 
that requiring teachers to study more traditional mathematics would not 
improve their understanding of school mathematics. Instead, teachers 
need learning opportunities to analyze mathematical ideas and make 
connections. Teachers learn to become effective teachers through the 
practice of teaching: not only do they better understand the topics they 
are teaching, but they also learn the pedagogy for teaching these topics 
(also see Fan, 1998). 

In China, for example, teachers engage in continuous school-based, 
collegial professional development through "lesson study" or "teaching 
research groups" (L. Ma, 1999; Paine & L. Ma, 1993). It is possible that 
they not only engage in situational learning in their process of induction 
into teaching, but they also actively use a large repertoire of cultural 
knowledge of teaching shared by experienced teachers. Besides lesson 
studies or teaching research groups, Chinese teachers also get involved in 
district-wide "teaching-research activities" that lead to long-term and 
short-term plans, as well as lesson plans. Despite the wide agreement 
about the importance of teachers’ continuous learning and development, 
we know little about what Chinese teachers actually learn through lesson 
study or teaching research groups or how what they learn impacts on 
their teaching and consequently on students’ learning. 

One of the unique features of Chinese teachers is their use of the 
teaching reference books. Besides student textbooks, each Chinese 
teacher has a set of corresponding teaching reference books. The 
teaching reference books used by Chinese teachers are quite unique in 
the sense that they are very different from the teacher’s edition of 
textbooks in the United States. Li Jianhua (this volume) made an attempt 
to describe the features of Chinese teaching reference books. The 
teaching reference books provide not only an overall analysis of the 
treatments of mathematical topics in students’ textbooks, but also 
detailed instructional guidance for teaching these topics. More work is 
needed to systematically analyze teaching reference books and to 
understand how teachers use the reference books to teach and learn to 
teach in classrooms. 
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4 How Is the Intended Curriculum for Chinese Learners Structured 
to Support the Teaching and Learning? 


A curriculum is an operational plan for instruction that details what 
mathematics students need to know and what teachers are to do to help 
students develop their mathematical knowledge (NCTM, 1989). Cross- 
cultural studies showed a relatively wide consensus that the observed 
performance differences among students in different countries could be 
attributed to, at least in part, the variations in mathematical curricula 
(e.g., Westbury, 1992). For example, the Third International 
Mathematics and Science Study (TIMSS) clearly showed that across 
countries, students’ learning is highly correlated with curricular 
treatment of related topics (Schmidt et al., 2002). As revealed in the 
study of the textbook use in Chinese classrooms, Fan, J. Chen, Zhu, Qiu, 
and Hu (this volume) found that intended and implemented curricula in 
Chinese classroom settings are quite consistent. Thus, to understand 
Chinese learners, it is quite natural and important to look into the 
intended curriculum. 

Analyses of intended curriculum showed that for Chinese learners, 
curriculum generally supports effectively their acquisition of basic 
knowledge and basic skills, including pre-identified mathematics 
concepts, facts, algorithms, procedures, and formulas. Such acquisition is 
planned in the curriculum structure to be achieved through providing 
students with experience and exposure so they can gain more 
memorization of, more familiarity with, and more practice on the so- 
called basic knowledge and skills. The evidence is consistently shown 
that mathematics curricula across Mainland China, Taiwan, and Hong 
Kong promote students’ acquisition of basic knowledge and skills (Cai, 
Lo, & Watanabe, 2002; H. M. E. Huang, this volume; Wong, this 
volume; Zhang, S. Li, & Tang, this volume). For example, in a recent 
study, Cai et al. (2002) analyzed the intended treatment of arithmetic 
average in US and Asian school mathematics. Two US Standards-based 
and two Chinese curricula were included in the analysis (Division of 
Elementary Mathematics, 1996; Elementary School Teacher Training 
Center in Taiwan, 1997; Lappan, Fey, Fitzgerald, Friel, & Phillips, 1998; 
National Center for Research in Mathematical Sciences Education and 
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Freudenthal Institute, 1997-1998). It was revealed that the Chinese 
curricula focus more on understanding the concept of arithmetic average 
as a computational algorithm than on understanding the concept of 
arithmetic average as a representative of a data set; however, the two US 
Standards-based curricula focus more on the latter exposition of the 
concept. 

In addition, a number of curriculum and textbook analyses conducted 
in this area have consistently found that Chinese curricula placed more 
emphasis on applying basic knowledge and routine procedures, on 
abstract reasoning, and on solving non-contextualized and conventional 
problems, but less on investigation, on intuitive thinking and visual 
representation, and on solving contextualized and non-traditional tasks 
(Bao, 2002; Fan, 1999; Y. Li, 1999; Zhu, 2003). In solving traditional 
types of tasks, the Chinese curricula provide more challenge for learners 
(Zhu, 2003). In addition, Chinese mathematics curricula offer a relatively 
narrow scope of content, but the coverage is often deeper. A larger 
percentage of content is repeated in US curricula than in Chinese 
curricula. Flanders (1987) examined the percentage of new content 
introduced at each grade level (K-8) in three US mathematics textbook 
series. He reported that the average percentage of new content in the 
three series ranged from about 40% to 65% at each grade level and much 
of the new content is introduced at the end of the year. Using the 
Flanders' coding method, however, Cai (1995) reported that over 95% of 
the content is new at each grade level (grades 1-6) in the Chinese 
textbook series published by the People’s Education Press and the old 
content is primarily found in the review section at the end of each 
textbook. 

The curricula in China are usually designed to support individual 
learning, but not for cooperative learning. For example, Zhu (2003) 
examined two seventh and eighth grade mathematics textbooks widely 
used in China and revealed that almost all problems provided in the 
textbooks are those that support individual learning, whereas many 
problems in the US books are designed for group work, which supports 
cooperative learning. Less opportunity is provided in the Chinese 
textbooks for students to write and present their ideas. 
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In summary, available evidence from curriculum analyses showed 
that the intended curricula in Mainland China, Taiwan, and Hong Kong 
are well structured and support students’ acquisition of basic knowledge 
and skills well. However, it seems to us that few, if any, empirical 
studies have been conducted to actually document how well these 
curricula support both students’ acquisition of basic knowledge and skills 
and conceptual development of mathematical knowledge. In the past 
several years, education reforms in general and mathematics education in 
particular have been advocated in these regions. For example, in 
Mainland China, there has been a movement of systematic mathematics 
curriculum reform. One of the major focuses of reforming school 
mathematics curriculum is to not only foster students’ acquisition of 
basic knowledge and skills, but also to foster conceptual development of 
students’ learning. Future studies may focus on investigating what 
students know and are able to do when they use the “reform-oriented” 
mathematics programs in China. 

Classroom teachers are at the heart of the implementation of 
mathematics education reform. Their interpretation and implementation 
will determine the ultimate success of the systematic reform initiative. In 
fact, the effectiveness of the reform-oriented mathematics programs is 
critically dependent on how they are understood and handled by teachers. 
Studies are needed not only to empirically document the effectiveness of 
school mathematics programs, but also to examine the roles teachers play 
in implementing reform ideas in Chinese educational systems. 


5 How Do Chinese Families Support Students’ Learning? 


Recognition of the importance of family support in students’ learning is 
not new. In fact, in 1897, Hauschmann indicated that "[a]ll are looking 
for reform in education. ... If [the] building is not to be solid, we must 
look to the foundations — the home" (as cited in White, Taylor, & Moss, 
1992, p. 91). A strong relationship between home background variables 
and student performance is well-documented (Robitaille & Garden, 
1989; Wang, Haertel, & Walberg, 1993). For example, researchers have 
known that the involvement of parents contributes to both their children's 
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higher academic achievement and their positive behaviors and emotional 
development. 

Previous cross-national studies have surveyed the educational and 
occupational status of the parents, parental help, the study environment at 
home, time spent on homework, parents' expectations of their children, 
and parents’ beliefs about their children's future happiness and the way to 
achieve success. The educational and occupational status of the parents 
and the study environment at home were not found to contribute to 
performance differences in mathematics (e.g., Robitaille & Garden, 
1989; Stevenson & Lee, 1990). However, time spent on homework, 
parental help, parents’ expectations of their children, and parents' beliefs 
about their children's future happiness and the way to achieve success do 
seem to be related to children’s school work (e.g., Cai, 2003; Lapointe, 
Mead, & Askew, 1992; Robitaille & Garden, 1989; Stevenson & Lee, 
1990). 

Compared to US students, Chinese students not only have longer 
school year, but also spend more time on homework in all subjects. As 
far as the time spent particularly on mathematics homework is 
concerned, data from the second International Assessment of Educational 
Progress (IAEP) showed that students from Mainland China and Taiwan 
spent more hours on mathematics homework each week than did US 
students (Lapointe et al., 1992). In particular, 72% of the students from 
Mainland China reported that they spent two hours or more on 
mathematics homework each week, but only 37% of the US students 
reported doing so. In addition, not only did Chinese students spend 
longer time on homework, but also the majority of them attended cram 
schools according to a survey of teachers in Taiwan (H. M. E. Huang, 
this volume). The time spent on homework is one kind of measures for 
students’ learning in home setting. It is quite possible that for doing the 
same number and types of homework problems, one group of students 
may take much longer than the other. Future studies should focus on 
actually documenting the kinds of homework Chinese students have and 
the kinds of mathematics-related cram schools they attend. Studies are 
also needed to investigate the actual impact of the homework and cram 
schools on students’ learning of mathematics. 
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Regarding parents’ involvement in their students’ learning, US 
parents were more likely to help their children with homework than to 
ask them about their mathematics classes. In contrast, Chinese parents 
were more likely to ask their children about their mathematics classes 
than to help them with their homework (Lapointe et al., 1992). US 
mothers appeared to be less interested in their children’s specific 
academic achievement than in their children’s general cognitive 
development, so they attempted to provide experiences for fostering 
cognitive growth rather than academic excellence. While both Chinese 
and US mothers emphasized diligence as a way to achieve success, US 
mothers stressed independence, innate ability, and acceptance of 
diversity. Chinese mothers held higher standards for their children’s 
achievement than did US mothers, and they gave more realistic 
evaluations of their children’s academic, cognitive, and personality 
characteristics. Chinese mothers appeared to believe that the route to 
future happiness is through hard working and high academic success, 
while US mothers gave greater emphasis on innate ability (Stevenson & 
Lee, 1990). 

Recently, Cai (2003) conducted a cross-national study to examine 
parental roles in students’ learning of mathematics in the home setting. A 
Parental Involvement Questionnaire (PIQ) was developed and used to 
examine five parental roles: motivators, resource providers, monitors, 
mathematics content advisors, and mathematics learning counsellors. 
There are several differences and similarities between US and Chinese 
parents. For example, Chinese parents had a significantly higher mean 
score than did the US parents on the variable of parents as monitors, 
while US parents had significantly higher mean scores on the variables 
of parents as resource providers and content advisers. The findings from 
the study suggest that Chinese parents are less directly involved in 
students' learning of mathematics. Instead, Chinese parents tend to 
support students’ learning through monitoring and motivating them (Cai, 
2003). The finding of the study supports the argument that the Chinese 
parenting style is more monitoring and organizational in nature (Chao & 
Sue, 1996). 

US and Chinese parents realized the importance of having a nice 
learning environment for their children at home. However, there were 
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statistically significant differences between the two samples regarding 
the mathematics-related books and availability of mathematics tools such 
as calculators. For example, nearly 90% of the Chinese parents agreed or 
strongly agreed that they often buy mathematics-related books for their 
children, but only about 30% of the US parents said so. US parents may 
buy fewer mathematics-related books for their children because many 
US parents purchase computer software for their children’s learning of 
mathematics. Over 95% of the US parents said that they had mathematics 
tools such as calculators available at home, but only about 25% of the 
Chinese homes had such mathematics tools available. Over 70% of the 
Chinese parents tried to monitor the amount of time their children spent 
on mathematics at home while about 50% of the US parents tried to do 
so. It should be noted that the vast majority of both US and Chinese 
parents realized the importance of motivating their children to learn 
mathematics. However, a considerable number of US and Chinese 
parents stated that sometimes they did not know how to motivate their 
children to do a good job on mathematics assignments (Cai, 2003). 

Cai (2003) also found that parental involvement measured by the 
PIQ is closely related to students’ mathematical achievement. The 
contribution of the five parental roles together for both US and Chinese 
students’ performance was statistically significant. Although this study 
has show the important roles US and Chinese parents play in their 
children’s learning in the home setting, how specifically these parents 
play their roles at home is not documented. One direction for future 
studies is to systematically document how parents motivate and monitor 
their children’s learning at home, as well as to explore ways to help 
parents motivate and monitor their children's learning. 


6 Final Remarks 


How do Chinese learn mathematics? This chapter clearly shows that 
Chinese students have some unique characteristics in their mathematical 
performance. This chapter also describes in and out of school contexts in 
which Chinese learners are nurtured. Chinese students have strong basic 
knowledge and skills in mathematics. Chinese teachers usually deliver 
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well-structured lessons following the alignment of curriculum. Although 
Chinese parents are less likely to be directly involved in their children’s 
learning, they seem to be one of the major driving forces behind their 
children’s success in education. 

While we believe the contribution of studying how Chinese learn 
mathematics in the wider educational context, we also realize that it is 
still too early to paint a clear picture of Chinese learners in mathematics. 
As we indicated in this chapter, it may not be fruitful by just focusing on 
cultural explanations (e.g., Confucianism) to characterize Chinese 
learners, but to clearly characterize Chinese learners, much more effort, 
research, and development must take place. In this chapter, we have 
pointed out a number of research issues for empirical investigations. 
There is a need for researchers in this area to more systematically explore 
these issues in order to understand Chinese learners better. 

It should be indicated that this chapter has a limitation in that we 
were not able to include a large body of mathematics education literature 
in Chinese in our review. Otherwise, we might have had an even better 
picture about how Chinese learn mathematics. In this sense, our work on 
exploring how Chinese learn mathematics from insiders’ perspective is 
just the first step of a long and exciting journey. 
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